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Abstract

Fixed point theorems were established by using contractive condi-
tions. In this paper we prove a common fixed point theorem for
three weakly compatible selfmaps of a S-metric space by utilizing
a contractive condition of rational type.Further we deduce a common
fixed point theorem for two weakly compatible selfmaps of a S-metric
space.
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1 Introduction

Fixed point theory is an important branch of non-linear analysis due to its
application potential. In proving fixed point theorems, we use completeness, con-
tinuity, convergence and various other topological aspects. Banach’s Contraction
Principle or Banach’s fixed point theorem is one of the most important results in
nonlinear analysis. This theorem has been generalized in many directions by gen-
eralizing the underlying space or by viewing it as a common fixed point theorem
along with other selfmaps.

In the past few years, a number of generalizations of metric spaces like G -metric
spaces, partial metric spaces and cone metric spaces were initiated. These general-
izations were used to extend the scope of the study of fixed point theory. Recently
one more generalization, namely S -metric spaces, was introduced by Sedghi S ,
Shobe N, Aliouche.A [2012]. Among all generalizations, S-metric spaces evinced
a lot of interest in many researchers as they unified, extended, generalized and re-
fined several existing results onto these S -metric spaces.

Commutativity plays an important role in proving common fixed point theorems.
As it is a stronger requirement, Sessa [1982] introduced the notion of weakly
commuting maps as a generalization of commuting maps. Afterwards the idea of
compatibility was introduced by G. Jungck [1986]. Later on Jungck and Rhoades
[1998]introduced the notion of weakly compatibility as a generalization of com-
patibility. They also proved that compatible mappings are weakly compatible but
not conversely.

In this paper we establish a common fixed point theorem for three weakly com-
patible selfmaps of a S-metric space using a contractive condition of rational type.
Our theorem which is established in the framework of S-metric spaces generalizes
the theorem of Sumit Chandok [2018] which is proved in metric space.

Now we recall some basic definitions required in the sequel in section 2 and es-
tablish main results in section 3.

2 Preliminaries

We now recollect the essential definitions which are useful for our discussion.

Definition 2.1. Let Y be a nonempty set. A function

S : Y3 — [0,00) is said to be S — metric if it satisfies the following conditions
foreach 3y, B2, B3, 1 €Y

(i) S(B1, Ba; B3) > 0,

(1) S(Br, B2, Bs) = 0 if and only if B = > = B3,

(iii) S(B1, Ba, Bs) < S(Br, B, Bs) + S(B2, B2, Ba) + S(B3, B3, Ba)-

Then (Y, S) is said to be a S-metric space.
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Example 2.1. Let Y = Rand S : R® — [0, 00) be defined by
S(B1, B2, Bs) = B2 + Bz — 21| + |B2 — Bs| for 1, B2, B3 € R, then (Y, S) is a

S-metric space.

Remark 2.1. It is shown in a S-metric space that

S(ﬁhﬁlaﬂ?) = S(ﬁ27ﬁ2751)f0rall 61752 ey.

Definition 2.2. Let (Y,S) be an S-metric space. A sequence {t,} in Y said to
convergent, if there is at € Y such that S(t,,t,,t) — 0; that is for each ¢ > 0,
there exists an ng € N such that for all n > ng, we have S(t,,t,,t) < € and we
denote this by nh_g)lo t, =1t.

Definition 2.3. Suppose (Y, S) is an S-metric space. A sequence {t,} in Y is
called a Cauchy sequence if to each ¢ > 0, there exists ng € N such that
S(tn,tn,t) < €foreachn,m > ng.

Definition 2.4. Let (Y, S) be an S-metric space, If there exists sequences {t, } and
{u,} such that lim t, =t and lim u, = wthen lim S(t,,t,,u,) = S(t,t,u),

n—00 n—00 n—0o0
then we say that S(t,u,v) is continuous in t and u .

Definition 2.5. Suppose ¢ and ) self maps of a S-metric space (Y, S) such that for
every sequence {t,} in Y with lim ¢t,, = lim ¢t, = t for some t € X we have
n—oo n—oo

lim S(¢Yot,, vot,, pit,) = 0, then ¢ and ¢ are called compatible mappings.
n—oo

Definition 2.6. In a S-metric space (Y, S),two selfmaps ¢ and 1 of Y are said to
be weakly compatible if o1t = ¢t whenever ¢t = Yt fort € Y .

Definition 2.7. If ¢, u and ¢ are self maps of a non empty set Y such that
YY) C oY), and (Y) C ¢(Y) then for any to € Y, if {t,} is a sequence
in Y such that ¢to, 1 = PYta, and Gty o = ptonq for n > 1 then {t,} is called
an associated sequence of t, relative to three selfmaps 1, ;i and ¢.

3 Main Theorem

We now state our main theorem of the section.

Theorem 3.1. Let P be a subset of a S-metric space (Y, S), 1, u and ¢ are three
selfmaps of P such that

(i) Y(Y)Up(Y) C oY) and (p(P),S) is complete.
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(ii)
Sy, py1, Yyo)
< hnd S(oy1, oY1, kan)-S(Py2, dya, Yys) )
S(oy1, dy1, dy2) + S(dyr, py1, Yya) + S(Py2, Yy, y1)
+ koS (dy1, dy1, dya)
forevery yi,ys € Pand ki, ky € [0,1) with 2ky + ks < 1.

(iii) The pairs (¢, 1)) and (¢, i) are weakly compatible.
Then 1, i and ¢ have a unique common fixed point.

Proof. Lettybe apointin Y. Since (Y )Upu(Y) C ¢(Y'), we obtain an associated
sequence {t¢,} in Y such that
Plon+1 = plan, Plonto = Ylontr.

From the condition (ii) of Theorem 3.1 we have,

S(Ptant1; Plans1, Plont2)
= S(utan, fiton, Ytoni1)
<k [ S(Ptan, Pton, fitan)-S(Ptani1, Plani1, Vtanir) 1
T LS(@ton, Plan, Gtony1) + S(Gton, Plon, Ytani1) + S(Ptontt, Ptoni, filan)
+ ko S(dton, Pton, dtoni1)
S(Ptan, Ptan, dlant1)-S(Hlant1, Ptan+1; Ptant2) 1
| S(@tan, Ptan, Ptant1) + S(Ptan, Plan, dlanta) + S(Slant1, Ptans1, Pant1)
+ ko S(ton, Pton, dtani1)
S(Ptan, Ptan, Plant1)-S(Hlant1, Ptan+1, Plant2)
S(Ptant1, Ptant1, Ptans1)
< (2k1 + ko) S(Ptan, Ptan, Ptani1).

Similarly, we can prove

S(Pton, ton, Ptony1) < (2k1 + k2)S(Ptan—1, Oton_1, Ptan)

< 2k

+ k25(¢t2n7 ¢t2na ¢t2n+l)

Therefore

S(gbtna gbtna (btn—i-l) S (le + k?) S(¢tn—17 thn—ly thn)
< (2k1 4 k2)® S(Ptn—o, Pty_o, Ptn_1)
<

(21 + ko) S(dty—3, Pto—s, dty—2)

< (2k1 + k)" S(gto, dto, Pt1) — 0,
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since (2k; + ko)™ — 0 as n — oo.
Now we claim that {¢t,,} is a Cauchy sequence.
For any m,n € N such that m > n we have,

S(Ptn, Ptn, dtm) < 2[S(Ptn, dtn, Ptni1) + S(Ptny1, Plngr, Ptga) + -+
+ S(Ptm—1, Ptym—1, dtm)]
< 2c"S(pto, pto, dt1) + LS (gto, Pto, dt1) + -
+ ™S (dto, Pto, Hty)
<2 (14 c+ P+ -+ "MS(gto, Pto, Pt1)

m—n

c
< 20”1—_(35(@0, Pto, Pt1)

c
1 — CS(¢t07¢t07¢tl) — 07

<2

since ¢ < 1 then ¢ — 0 asn — oo.

Therefore {¢t,, } is a Cauchy sequence in X.

Since (¢(P), S) is complete, there is a t € P such that ¢t,, — ¢t as n — oo.
We now prove that ¢ is a point of coincidence of y, 1) and ¢.

From the condition (ii) of Theorem 3.1 we have,

S(Ptant1, Ptansa, Pt)
= S(pton, pton, Pt)
[ S(Pton, Gton, ptan).S(dt, dt,Ut) }

| S(Pton, Gton, Pt) 4+ S(Ptay, Pton, Wt) + S(Pt, t, ptey)

+ ko S(dtay, Pton, Pt)
<k [ S(Ptan, dtan, Ptoni1).S(@t, gt, Yt) }
- _S((ﬁth Oton, (bt) + S(qﬁtzm Oton, wt) + S(¢t, ot, ¢t2n+1)

+ ko S(Ptan, Ptay, Pt),

which gives S(¢t, ¢t,t) = 0 as n — oo and hence ¢t = rt.
Also we have,

S(ut, ut, pt)
= S(ut, ut, Pt)

Skls

<k

S(t, gt, ut).S(¢t, ¢t t)
(01, 61, 6t) + S(L, o, o) + S(ot, ot ) | kaS(ot, ot, ot),

which implies S(ut, ut, ¢t) = 0 proving ut = ¢t.
Therefore we have ¢t = Yt = ut = a(say),
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proving that ¢ is a coincident point of y, ¢ and ¢.
Since the pairs (¢, ) and (¢, 1)) are weakly compatible, we have ¢put = p¢t and
ot = et which implies pa = a = pa.
Now we have,
S(¢a, ¢a,a) = S(pa, pa,pt)

<h [ S(¢a, ga, pa).S(4t, ot, Pt) }

=¥\ 5(6a 6a, 61) + S(6a, da, it) + S(ot, o, )

+ koS (¢a, da, Pt)

<k [ S(¢a, pa, pa).S(a,a,a)
— | S(¢a, da,a) + S(¢a, pa,a) + S(a,a, pa)
<ky S(¢a,g¢a,a),

} + k2 S(¢pa, ¢a, a)

leading to a contradiction, giving that S(¢a, ¢a,a) = 0 implies ¢a = a.
Hence ¢pa = vYa = pa = a, showing that a is a common fixed point of y, 1) and ¢.
We now prove that the common fixed point is unique.
Suppose @'(# a) is another common fixed point of y, 1) and ¢.
Thatis o’ = ¢d’ = Ya’' = ud'.
We have
S(a,a,a’) = S(ua, pa,pa’)
<k [ S(¢a, pa, pa).S(pd, pa’,pa’) }
— [S(9a, da, ¢a’) + S(¢a, pa, va’) + S(od, ¢, jua)
+ ]{725(@5(1, pa, Qba/)
S(a,a,a).S(d,d, a")
| S(a,a,a’) + S(a,a,a’)+ S(a,a,a)
< kyS(a,a,a),

<k

] + koS(a,a,a’)

which is a contradiction since ko < 1.
Therefore S(a, a,a’) = 0 implies a = @', Proving the uniqueness. ]

Corolary 3.1. Let P be a subset of a S-metric space (Y, S). Suppose that ¢, i are
two selfmaps of P satisfy

(i) w(Y) € ¢(Y) and (¢(P), S) is complete.

(ii)
Sy, py1, pye)
< k{ S(oy1, by, 11y1).S(dy2, dya, 11y2)
>~ vl

S(oyr, my1, dy2) + S(dyr, by, py2) + S(Pya, dys, uyl)}
+ ko S(dyr, dyr, Pya)
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forevery yi,ys € P and ky, ke € [0,1) with 2k, + ke < 1.

(iii) The pair (1, @) is weakly compatible.
Then v and ¢ have a unique common fixed point.

Proof. On taking v» = 1 in Theorem 3.1, the corollary follows. [

4 Conclusion

In this paper, a common fixed theorem for three weakly compatible selfmaps
of a S-metric space is established with the aid of an associated sequence of three
selfmaps.Moreover, we deduce a common fixed point theorem for two selfmaps.
As S-metric space is a robust generalization of metric space, our theorem gener-
alizes the theorem in literature.
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