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Abstract

In this paper, we establish the concept of a common fixed point theo-
rem for new type of generalized contractive mappings. Furthermore,
we employ our main result to shows a common fixed point theorem
for a pair of self-mappings (R,S) in b-metric space via (a, 3,)-
admissibility type contractive condition. An example is also given to
verify the main result.
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1 Introduction

In the last fifty years, fixed point theories lie in finding and proving the unique-
ness of solutions for many questions of Applied Sciences such as Physics, Chem-
istry, Economics, and Engineering. In 1922, Stefan Banach [S.Banach [1922]]
proved a fixed point theorem for contractive mappings in complete metric spaces.
In 1969, Nadler [Nadler [1969]] introduced the concept of multi-value function.
Later, Czerwik [Czerwik [1993]] and Bakhtin [Bakhtin [1989]] initiate the con-
cept of b-metrics metric space. Khan [Khan et al. [1984]] introduced the altering
distance mapping to formulate a new contractive condition in fixed point theory
in order to extend the Banach fixed point theorem to new forms. For some ex-
tension to the Banach contraction theorem. Recently, Abodayeh et al. [Abodayeh
et al. [2017]] introduced a new notion, named almost perfect function, to formu-
late new contractive conditions to modify and extend some fixed point theorems
known in the literature. Now, we mention the notions of altering distance function
and almost perfect function.

2 Preliminaries

Definition 2.1 (Khan et al. [1984] ). A self-function 1) on R™ U {0} is called an
altering distance function if 1) satisfies the following conditions:

(1) Y(s) =0«<==s=0.
(2) ) is a nondecreasing and continuous function.

Definition 2.2 (Abodayeh et al. [2017]). A nondecreasing self-function 1) on R*U
{0} is called an almost perfect function if 1 satisfies the following conditions:

(1) Y(s) =0<=s=0.
(2) If for all sequence (s,) in RT U {0} with ¢(s,) — 0 it holds s, — 0.

Definition 2.3 (Samet et al. [2012]). Let R be a self-mapping on X and o :
X x X — Rt U{0} be a function. Then, R is called a-admissible if for
all v, w € X with a(v, w) > 1 it holds a(Rv, Rw) > 1.

The definition of triangular a-admissibility for a single mapping

Definition 2.4 (Karupinar et al. [2013]). Let R be a self-mapping on X and « :
X x X — RTU{0}. Then, we call R triangular c-admissible if

(1) R is a-admissible; and
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(2) Forallv, w, u € X witha(v, w) > 1 and o(w, u) > 1it holds a(v, w) >
1.

Definition 2.5 (Abdeljawad [2013]). Let R and S be two self mappings on X
and a : X x X — R* U {0} be a function. Then, the pair (R, S) is called
a-admissible if z, w € X and a(z, w) > 1 imply o(Rz, Sw) > 1 and
a(Sz, Rw) > 1.

Definition 2.6 (Hussain et al. [2014]). Let Dy be a metric on a set X and o, [ :
X x X — R*U{0} be functions. Then, X is called o, 3-complete if and only if
{z,} is a Cauchy sequence in X and oz, Tny1) > B2y, Tper) foralln € N
imply (x,,) converges to some v € X.

Definition 2.7 (Hussain et al. [2014]). Let Dy, be a metric on a set X and o, 7 :
X x X — RT U {0} be functions. A self-mapping S on X is called o, (-
continuous if {x,} is a sequence in X, x, — x asn — oo and a(x,, Tpi1) >
B(xp, Tpy1) foralln € N imply Sz, — Szt asn — oo.

Definition 2.8 (Mehemet and Kiziltunc [2013]). Let X be a non-empty set and let
s > 1 be a given real number. A function D, : X x X — R* U {0} is called a
b-metric provide that, for all x, y, z € X,

(1) Dy(z, y) = 0if andonlyif x = y (non-negative axiom)

(2) Dy(z, y) = Dy(y, ) (symmetric axiom)

(3) Dy(x,2) < s[Dy(x, y) + Dy(y, 2)]. (s-Triangular inequality).
A pair (X, Dy) is called a b-metric space.
Definition 2.9. Let R, S, be two self-mappings on the set X and o, f : X x X —
R* U {0} be functions. We say that (R, S) is a pair of (v, [()-admissibility
if z, w € X and oz, w) > p(z, w) imply a(Rz, Sw) > B(Rz, Sw) and
a(Sz, Rw) > B(Sz, Rw).

Example 2.1. Define self-mappings R and S on a set of real numbers by Ru = u?

and
—u?, ifu<0;
SU_{UQ, if u>0.

Additionally, define o, 5 : X x X — RTU{0} via a(u,v) = e**" and B(u,v) =
e". Then, (R, S) is a pair of («, B)-admissibility.
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3 Main Results

Definition 3.1. Let ¢ be a nondecreasing function on R™ U {0} . We call 1) a
perfect control function if the following conditions hold:

(i) Y(t) = 0 == ¢t = 0.

(ii) If (t,) is a sequence in R U {0} and 9 (t,) — 0 as n — +oo implies
t, — 0asn — +o0.

(iii) Y(u+v) < Y(u) + () forall u, v € RTU{0}.
(iv) ¢"(Ax) = A" ().

Definition 3.2. Let (X, D,) be a b-metric space with constant s > 1. Let R, S
be two self-mappings on X, 1 be a perfect self-mapping on R™ U {0}, o, § :
X x X — Rt U {0} be functions. We say that the pair (R, S) is an («, 8, ¥)-
Admissibility type contraction if there exists X\ € [0, 1) such that z, w € X and
a(z, w) > B(z, w) imply

(Dy(Rz, Sw)) < Mp(Dy(z,w)) + Mp(Dy(z, Rz)) + Mp(Dy(w, Sw))

FAG(Do(w, R2)) + Ab(Dyz, Sw)) o
and
G(Dy(S2 Ruw)) < M (Dyfz,w) + No(Du(z,52)) + Mo Dufw, Ru))
+A(Dy(w, Sz)) + Mp(Dy(z, Rw))

Theorem 3.1. Let (X, Dy) be a b-metric space with constant s > 1. Let o, [ :
X x X — R*™ U{0} be function and (R, S) be a self-mappings on X. Assume
following conditions:

(i) (X, Dy) is an «, 3-complete b-metric space.
(ii) R and S are o, -continuous.
(iii) (R, S) is pair of (o, B)-admissibility.

(iv) If v,w, z are in X, with a(v,w) > fB(v,w) and a(w, z) > B(w,z), then
a(v, z) > B(v, 2).

(v) There exists vy € X such that o( Rz, SRxo) > B(Rxo, SRxg) and a(SRxgy, Rrg) >
ﬂ(SRZL’o, R.To)

Then R and S have a common fixed point.

248



Common fixed point for a contractive mapping via («, [3, 1)-admissibility in
b-metric space

Proof. Inview of condition (v) we start with xq € X in such away that o( Rzo, SRxg) >
B(Rxg, SRxo) and o(SRxy, Rrg) > PB(SRxo, Rxg). Now, let 1 = Rxy and

o = Sx1. Then oz, x1) > [(xo,x1) and a1, x0) > [(x1,%0). In view of
condition (iii), we have

a(zy,x2) = a(Rxo, Sr1) > B(Rxg, S1) = B(211, 22)

and

O{(.T27x1) :OC(SIMRIO) ZB(thRJ;O) :B(I27II)
Again we put x3 = Sxo. Then condition (iii) implies that
a(xy, x3) = a(Sxy, Rry) > f(Sxq, Rrs) = B(x2, x3)

and
a(xs, x3) = a(Rxe, Sx1) > B(Rxg, Sx1) = B(T3,29)

Putting x4, = Sz and referring to condition (iii) we conclude
a(r3, v4) = a(Rxg, Sx3) > B(Rwy, S13) = B(13,74)

and

o(ry, v3) = a(Sxs, Rry) > B(Sw3, Rwy) = (14, 73)

Continuing in the same manner, we contract a sequence (x,) in X with xa,.1 =
Rxo, and w9, 19 = Sxo,.11 such that

O‘(l‘nal‘n-l—l) Z B(xnaxn—i-l) VnelN

and
Oé(anrl; xn) Z ﬁ(anrl; xn) VnelN

From condition (iv) we see that
Ty, ) > B(Tp,zm) Yn,meN

If there exists ¢ € IN such that xo; = Taq11, then xo; = Ry, and hence R has a
fixed point. From contractive condition (1), we have

V(Dy(T2g11, Tagr2)) = Y(Dy(Ra2q, STag11))

< ()\<Db(«r2qv Tag11)) + M Dy(xag, RToq)) + M Dy(22g11, STagi1))
FA(Dp(2g41, RTag)) + M Dp(T29, STog41))

(2)\(Db($2q, Tag+1)) + AN Dp(2g+1, x2q+2))>
+AS[(Dy(ag; T2g11) + Dp(Tag41, Tag12))]

A2 + 8)(Dy(72g, T2911)) )
A

FA(L + 8)(Dp(2g41, Tag+2))
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< (2R (D220, 22000)) 3

The last inequality is correct only if (= )\2&_‘?8) (Dy(24, X2g41))) = 0. The prop-

erties of 1 and Dy, imply that xoq.1 = Xaq10. Hence, 19y = Rxoy = Swoq. Thus,
R and S have a common fixed point of R and S. If there exists ¢ € IN such that
Togr1 = Tagro then Togr1 = TTo441 and hence S has a fixed point.

From contractive condition (2), we have

V(Dy(Z2g12, Tag+3)) = V(Dp(STag41, RTog12))

< A Dy (2941, Tag+2)) + A(Dp(@2g41, STagt1)) + A Dp(22g+2, RTogt2))
o +A( Db($2q+2, 5332q+1)) + )\(Db($2q+1, R$2q+2))
< (2>\ (Dy(2q11, T2g12)) + M Db (2442, x2q+3)))
=\ HAS[(Do(22g41, T2g12) + Do(2g42, T2g+3))]
A2+ 3)(Dy(z2g+1, T2g+2))
+)\ 1 + 8 Db $2q+2, $2q+3))
< ¢ <1>\()\2—;j_ )(Db($2q+1> x?q-i—?))) (4)
The last inequality is correct only if @/J(l’\fJ{i)s)(Db(mqu, Tag+2))) = 0. The

properties of \ and Dy imply that x40 = Tag3. Hence, 19411 = Roqqy1 =
Swoq41. Thus, R and S have a common fixed point of R and S.
Now, assume that x,, # x,+1 ¥ n € IN. Forn € INU {0}, we get

w(Db(xan, $2n+2)) = ¢<Db(RSU2n, 52172n+1))

()\(Db(fhm Tont1)) + A(Dp(Tan, Rran)) + M Dy(T2041, 5$2n+1))>
+)‘(Db($2n+1a Rw?n)) + A(Db(z2n7 Sx2n+1))

2M(Dy(22n; Ton+1)) + A(Dp(T2n+1, $2n+2)))
+As[(Dy(T2n, Tont1) + Do(Tont1, Tant2))]

(2 + 5)(Dy(w2n, T2nt1)) )
(1 + 8)(Dy(T2nt1; Tani2))

PR (D (w20, 2n11)) ) 5)

IA

<
T~ I/~

+

> >

(Dy(T2n 11, Tany2)) < Y(6(De(Tan, Tans1)))
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Using argument similar to the above, we may show that

¢ Db $2n7$2n+1 ) ¢(Db(5$2n 1,R$2n))
( (Dy(2n—1,T2n)) + M Dp(z2n-1, STon_1)) +)\(Db(l’2n,Rl‘2n)))
+N(Dy(z2n, Stan—1)) + M Dp(x2n—1, Rxay))

IN

" (2)\ (Dy(z2n—1,%2n)) + A(Db($2n,$2n+1))>

+AS[(Dp(@2n—1, Tan) + Dp(Ton, Tant1))]

IN

w 2 + S Db Ton— 1,(132”))
A1+ 5)(Dy(22n, Tant1))

< 1+S (Dy(22n— 17$2n)))>

U ((6(Dy(x2n-1,220)))) (6)
Combmzng equation (5) and (6) together, we reach

P(Dp(n; Tn11)) = P(Dp(STn-1, Ran))

/\(Db<l’n_1, l’n)) + )\(Db(l‘n—l’ SIn_1)> + /\(Db(xn, Rl‘n)))
+A(Dy(xp, Stp1)) + AN(Dp(x—1, Rxy,))

M Dp(Tn-1,20)) + )\(Db(ﬂﬁmxnﬂ)))
—i—)\S[(Db(l’n 1, In) + Db(xnvanrl))]

IN
<
TN TS D

A2+ 8)(Dy(Tn_1, 7)) )
+A(1 + 8)(Dyp(xp, Tpy1))

< 6 (2525 (Dolwn-1,72)))

< Y (0(Dy(p-1,20))) (N

By recurring equation (7) n-times, we deduce

¢(Db<xna xn+1)) < ¢<5(Db<x”_1’ x")))
< 0Y(Dy(wn—2, Tn-1))
< 5(6¢(Dp(Tp—2, n-1)))

= 8%)(Dp(Tp—2, Tn-1))
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< 0"p(Dy(wo, 71))- (&)
On allowing n — oo in equation (8), we get
lim w(Db(l’m In-{-l)) =0 (9)
n—+00
The properties of 1) implies that
lim Dy(z,, zp11) =0 (10)

n—-+o0o

We intend to prove that (x,,) is Cauchy sequence in X, take n,m € IN withm > n.
We divide the proof into four cases:

Case 1: n is an odd integer and m is an even integer. Therefore, there exists
t € N and an odd integer h such thatn = 2t + 1 and m = 2t + 1 4+ h. Since
Ty, Tp) > B(xp, ), we have

V(Dy(Tn, Tm)) = V(Dy(T2t11, Tary14n))
= ¢(Db(Rl'2t, SSU(QHh)))

<4 M Dy(xot, Totn)) + M Dp(z2t, Rror)) + AN Dy(@atsn, STortn))
- +N(Dp(x21hy Rxar)) + AN Dp(x2r, STorin))

" <)\(Db(l‘2t, Tatin)) + MDp(@ar, Tar11)) + A Dp(T2t4h, $2t+1+h)))
+N(Dy(T2t4hs Tary1)) + AN Dy(T2r, Torr14n))

IN

b ()\ Zfi;?il(Db(xg mﬁﬂ)) + M Dy (221, T2t11)) + M Dp(T204 1,5 $2t+1+h)))
+A th—gt+1 (Dy(w5, w411)) + A Dy (w26, Tatr141))

M2+ 8) Do (Dy(ws, wiv1)) + AN Dp(wor, Tor1))
s¥ ( +>\(Db(x2t+hax§t+1+h);_+ AS(Db(;zt,i?Cm;)r) )

Where,k = A2+ s)

< ( kZiQt(Db(xi7xi+l)) + /\(Db($2t7$2t+1)) )
- +A(Dp(@2t1hy Tarr14n)) + AS(Dy(Tor, Tar1))

<4 ( kwrl (Db(l‘m 1)) + M Dy(x2r, T2141)) )
o +>\(Db($2t+h, Togr14n)) + As(Dp(Tor, To11))

By permitting n, m — oo in above inequalities and considering equation (9)

lim ¢(Dy(zp, m)) =0

n—-+00
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The properties of 1 implies that

lim Dy(zp, ) =0 (11)

n—-+0o

Case 2:n and m are both even integers. Applying the triangular inequality of the
b-metric dy, we have

Db(xnvrm) < S[Db<xna xn—i—l) + Db<xn+1a l‘m)]7 fOT m=>n
Letting n — o0 and in view of equation (10) and (11),we get

lim ¢(Db(mna mm)) = 0.

n—-+o00

Case 3: n is an even integer and m is an odd integer. Applying the triangular
inequality of the b-metric Dy, we have

Db(l’n, ZCm) < S[Db(xTH anrl) + Db(l’n+1, l'm)]

Dy(n, wm) < 8[Dy(Tn, Tpg1) +8[Dy(Tng1, Tn—1) + Dy(Tm—1, )], form >mn

On permitting m,n — oo and considering equation (10) and (11), we get

lim ?/)(Db(%, xm)) = 0.

n—-+o0o

Case 4: n and m are both odd integers. Applying the triangular inequality of the
b-metric Dy, we have

Dy(wn; xm) < 8[Dy(Tn, Tm—1) + Dy(Tm—1,Tm)], form >n
On permitting n — oo and in view of equation (10) and (11), we get

lim w(Db<xnyxm)) = 0.

n—-+00

Combining all cases with each other, we conclude that

nl—lgloow(Db(x”’ Tm)) = 0.
Thus, we conclude that (x,,) is a Cauchy sequence in X. The «, [3-completeness
of the b-metric space (X, Dy,) ensures that there is v € X such that x,, — .
Using the o, [-continuity of the mappings R and S, we deduce that xs,,1 =
Rxo, — Rx and v9,,9 = Sx9,11 — Sx . by uniqueness of limit, we obtain
Rx = Sx = x. Thus, x is a fixed point of R.O
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Example 3.1. Define Dy, : RS xRd — Ry by Dy(2,w) = |z —w| and let R, S be
two self-mappings on Ry define by Rz = 2 and Sw = 7. In addition, define the
function vy : RS — Ry by ¥"\x = A" (z), where 1)(z) = 11 Furthermore,
the functions o, 3 : X x X — Ry define by

a(p.q) = e’ if p,q € [0,1]; and Blp.q) = 1 I PaE [0, 1];
7 0,ifp>lorg>1 ’ 1, ifp>1lorqg>1.

Then:
1. ) is a perfect control function.

2. There exists ug € X such that

a(Rug, Ruy) > B(Rug, Ruy) and a( Ruy, Rug)| > S(Ruy, Ruyg).
3. (R, S) is a pair of («, B)-admissibility.
4. Rand S are o, B-continuous.
5. (X, Dy) is an o, -complete b-metric space.
6. (R,S) isan (o, B,1)-contraction.

Proof. It is an easy matter to see equations (1) to (3). To prove (4), let (u,,) be any
sequence in Ry whenever u,, — u € R{ and a(un, uny1) > B(tn, uny1) V0 €
N.

Case 1: If u, = wu for all n, where u, € [0,1] V n € N. We conclude that
Ru,, — Ruas n — oo.

Case 2: If u,, # u, for all n, we notice that u = 0. Hence, u, — 0 in ([0,1], |.|).
Therefore, |%,0] — 0 = Ru in (Ry, Dy); that is R is a, f-continuous.

To prove (5), let (u,) be a Cauchy sequence in (R, Dy) such that

a(un7 un—i—l) Z B(una un—l—l)'

Then, u,, € [0,1] Vn € IN. If there exists w € [0, 1] such that u,, = u for all n,
then, u, — u as n — +o00. Now, suppose the elements of (u,,) are distinct. Give
€ > 0, since (uy,) is a Cauchy sequence in (R{, Dy), then there exists ng € N
such that |u,,u,| < €V m > n > ng. Therefore, |u,,0] < 0Y n > ng. So,
u, — 0 in (R, Dy). Thus, (R, Dy) is an o, B-complete b-metric space.

To prove (6), let z,w € X be such that o(z,w) > B(z,w). Then, z,w € [0,1].
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So,

1(_lzwl

< §U(Dy(z,w))
(Dy(Rz, Sw)) < g9 (Dy(z,w)) + §u(Dy(2, R2)) + g (Dy(w, Sw))+
sV (Dy(w, R2)) + §(Dy(z, Sw)), (- A= 75)
Similarly, we can show that
(Dy(Sz, Rw)) < g9 (Dy(z,w)) + gub(D(2, Sz)) + g9 (Dy(w, Rw))+
)

Hence, R and S satisfy definition 3.2. Therefore, R and S satisfy all the condition
of theorem. Therefore, R and S have a common fixed point.

S(Dy(w, Sz)) + 39(Dy(z, Rw)), (- A=

[

4 Conclusions

In Theorem 3.1 we have formulated a new contractive conditions to modify
and extend some common fixed point theorem for a pair of self-mappings (R, S)
in b-metric space via («, 3, 1)-admissibility type. The existence and uniqueness
of the result is presented in this article. We have also given some example which
satisfies the condition of our main result. Our result may be the vision for other
authors to extend and improve several results in such spaces and applications to
other related areas.
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