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1. Introduction

The Fractal Analysis was introduced by Mandelbrot in 1975 [8] and popularized by
various mathematicians [6], [3], [4]. Sets with non-integral Hausdorff dimension, which
exceeds its topological dimension, are called Fractals by Mandelbrot [8]. Hutchinson [6]
and Barnsley [3] initiated and developed the Hutchinson-Barnsley theory (HB theory) in
order to define and construct the fractal as a compact invariant subset of a complete
metric space generated by the Iterated Function System (IFS) of contractions. That is,
Hutchinson[6] introduced an operator on hyperspace called as Hutchinson-Barnsley
operator (HB operator) to define a fractal set as a unique fixed point by using the
Banach Contraction Theorem in the metric spaces. Recently in [5], [15], HB operator
properties were analyzed in fuzzy metric spaces. Here we introduce the concepts and
properties of HB operator in the intuitionistic fuzzy metric spaces.

Atanassov [2] introduced and studied the notion of intuitionistic fuzzy set by
generalizing the notion of fuzzy set. Park [10] defined the notion of intuitionistic fuzzy
metric space as a generalization of fuzzy metric space. In 1998, Smarandache [12,13]
characterized the new concept called neutrosophic logic and neutrosophic set and
explored many results in it. In the idea of neutrosophic sets, there is T degree of
membership, | degree of indeterminacy and F degree of non-membership. Basset et al.
[1] Explored the neutrosophic applications in different fields such as model for
sustainable supply chain risk management, resource levelling problem in construction
projects, Decision Making. In 2019, Kirisci et al [9] defined NMS as a generalization of
IFMS and brings about fixed point theorems in complete NMS. Later Jeyaraman at el.,
[7, 11] proved Fixed point results in non-Archimedean generalized intuitionistic fuzzy
metric spaces. In 2020, Sowndrarajan Jeyaraman and Florentin Smarandache [14]
proved some fixed point results for contraction theorems in neutrosophic metric spaces.

In this paper, we prove the neutrosophic contraction properties of the HB operator
on the neutrosophic hyperspace with respect to the Hausdorff neutrosophic metrics.
Also we discuss about the relationships between the Hausdorff neutrosophic metrics on
the neutrosophic hyperspaces. Here our theorems generalize and extend some recent
results related with Hutchinson-Barnsley operator in the metric spaces.

2.Preliminaries

Definition 2.1. [3] Let (Z,d) be ametric space and #,(Z) be the collection of all
non-empty compact subsets of Z.
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Define d(¢,Q) = infyeod(¢,n) and d(P, Q) := sup,epd((,Q) for all {€X
and P,Q € K,(X). The Hausdorff metric or Hausdorff distance (H;) is a
function (Hy) : Ky(Z)Xx Ky(Z) — R defined by H,;(P,Q) = max{d(P,Q),d(Q,P)}.

Then Hy; is a metric on the hyperspace of compact sets #,(X£) and hence
(Ko (2),Hy) is called aHausdorff metric space.

Theorem 2.2. [3] If (Z,d) is a complete metric space, then (K,(Z),H;) is also
a complete metric space.

Definition 2.3. [3] Let (Z,d) be a metric space and f, : X = X, n=1,2,,..Ny(N, €
N) be N, - contraction mappings with the corresponding contractivity ratios k,,
n=12,..Ny,. The system {Z; f,,n=1,2,.. Ny} is called an Iterated Function
System (IFS) or Hyperbolic Iterated Function System with the ratio k =
max,’fglkn. Then the Hutchinson Barnsley Operator (HBO) of the IFS is a

function F : Xo(Z) —» K,o(Z) defined by F(Q) = UM, £,(Q), for all Q € K, (2).

Theorem 2.4. [3] Let (Z,d) be a metric space. Let {%; f,,n=1,2,... Ny; Ny E N}
be an IFS. Then, the HBO (F) is a contraction mapping on (#,(Z),H,).

Theorem 2.5. [3] Let (Z,d) be a complete metric space and {Z; f,,n =
1,2,3... Ny; Ny € N} be an IFS. Then, there exists only one compact invariant set
P, € K,(Z) of the HBO (F) or equivalently, F has a unique fixed point
namely P, € ¥, (Z).

Definition 2.6. [3] The fixed point P, € X,(X) of the HBO F described in the
Theorem (2.5) is called the Attractor (Fractal) of the IFS. Sometimes P, €
K,(Z) is called as Fractal generated by the IFS and so called as IFS Fractal.

Definition 2.7. A binary operation = : [0,1] x [0,1] — [0,1] is a continuous t-
norm, if * satisfies the following conditions:

(@) * is commutative and associative;

(b) * is continuous

(c)ax1=a for all a € [0,1];

(d)axb <cx+d whenever a<c and b <d, and a,b,c,d € [0,1].
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Definition 2.8. A binary operation ¢ : [0,1] x [0,1] — [0,1] is a continuous t-
norm, if o satisfies the following conditions:

(@) ¢ is commutative and associative;

(b) ¢ is continuous

(c)aoc0=a for all a € [0,1];

(daob <cod whenever a<c and b <d, and a,b,c,d € [0,1].

Definition 2.9. A 6-tuple (Z,Z,0,Y,x,0) is said to be an Neutrosophic Metric Space
(shortly NMS), if £ is an arbitrary set, = is a neutrosophic CTN, ¢ is a neutrosophic
CTCand g, © and Y are neutrosophic on X x ¥ satisfying the following conditions:
Forall {,n,6,w € Z,A,u € R*.
() O<E(n AH<L0<0({,n, H<L0<Y(q,n V<1,
(i) E(¢m, )+O(4m A)+Y(4n, 1)<3;
@iii) E(¢,n, A)=1ifandonlyif { = n;
(iv) E(¢,n, )=E(n,{,A) for >0
V) E(¢,n, V)xE(n,6,W)<E({, 8,1+ p),forall 1,u>0;
(vi) £(¢,n, .):[0,00) = [0, 1] is neutrosophic continuous ;
(viiy )™ E(¢,n, A)=1 forall 1> 0;
(viii) ®(¢,n, A)=0 ifandonlyif { = n;
(ix) ©(¢,n, A)=0(n,¢,A) for 2> 0;
xX) ©(¢,n, A)eB(n,6,u)>0(, 6§,A+pu),foral A,u>0;
(xi) ®(¢,n, .):[0,00) — [0,1] is neutrosophic continuous;
(xii) ;"™ ©(¢,n,4)=0 forall 1> 0;
(xiii) Y (¢,n,A)=0 ifandonlyif { = n;
xiv) Y (¢,n, A=Y (n,¢,A) for 1> 0;
xv) Y(¢,n, A)oY (n,6,)=Y ({, 6,1+ p),forall 1,u>0;
(xvi) Y({¢,n, .):[0,0) — [0,1] is neutrosophic continuous;
(xvii) "™ Y ({,m, 1) =0 forall 1> 0;
Then, (£,0,Y) is called an NMS on X. The functions =, @ and Y denote degree
of closedness, neturalness and non-closedness between ¢ and n with respect to 1
respectively.

Example 2.10. Let (X,d) be a metric space. Let Z;, 0, and Y; be the

functions defined on X2 x (0,%) by Z;(¢,n, 1) :#@n)’ 0.,,n 1) = Afg(’g;)

andY;(¢,n, 1) = %’"), for all {,n e X and A > 0. Then (X,Z4, 04, Y;,%,°) IS a
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NMS which is called standard NMS, and (&g, 0,4,Y;) is called as standard NM
induced by the metric d.

Definition 2.11. Let (X, %,0,Y,*,0)be a NMS. The open ball B({,r,A) with { € X
and radiusr, 0 <r < 1, with respect to A > 0 is defined as
B({,r,)={neX : E({nA)>1—-r,0({nA)<rand Y ({nA)<r}
Define
PclX:for each {€EP,31>0
teon = {and r € (0,1) such that B({,r,1) c P}'

Then 75y is a topology on X induced by a NFM (&,0,Y).

The topologies induced by the metric and the corresponding standard NM
are the same.

Proposition 2.12. The metric space (X,d) is complete if and only if the standard
NMS (X, 2,4, 04,Y,%,0)is complete.

Definition 2.13. A neutrosophic fuzzy B-contraction (neutrosophic fuzzy Sehgal
contraction) on an NMS (%, Z,0,Y,*,0) is a self -mapping f on X for which

E(F(O, (), kA) = E(¢,n,A), O(f(Q), f(n),kA) < ©(¢,n,2) and

Y(F(O, f(),kA) < Y(¢,n,A) forall {,n €% and A >0,
where k is a fixed constant in (0,1).

3. Hausdorff Neutrosophic Metric Spaces

Definition 3.1. Let (X,Z,0,Y,x,0)be a NMS and 7z¢y) bethe topology induced
by the NM (E,0,Y).We shall denote by X,(X), the set of all non-empty
compact subsets of (Z, 7z er))-

Define 2(2,0.0) := "2 gz 5P0.0) = .M =z 02

erine ‘-‘(C:Q: )_nEQH(Zln: )I H( :Q: )'_zepu((;Q; );
inf

0.0 =, ¢ OGN, O(P.QY) = ;g pO(,Q.N) and

YN =, T TGN, Y(.0N) = e pOE. QN

forall { €X and P,Q € Ky(X).
Then, we define the Hausdorff NM (Hz, Hy, Hy,*,0) as

HE(PJ Ql)\) = mln{E(P, Q’}\)’E(Q’P;)\)L
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Hy(P,Q,)) = max{®(P,Q,)A),0(Q,P,)}and H,(P,Q,\) =
max{Y'(P,Q,1),Y(Q,P,\)}.

Here (Hz, Hg, Hy) is @ NM on the hyperspace of compact sets, K,(Z) and hence
(Xy(2),Hz, Hy, Hy,%,0) is called a Hausdorff NMS.

Proposition 3.2. Let (¥,d) be a metric space. Then the Hausdorff NM
(Hz, Ho Hy ;) of the standard NM (B4, 04,Y,) coincides with the standard NM

(Hz, Ho 4 Hy,) Of the Hausdorff metric (Hy) on X, (Z).
ie., Hz,(P,Q,A) = Ey,(P,Q,7), He,(P,Q,A) = 0y4,(P,Q,A) and
Hy ,(P,Q,2) =Yy ,(P,Q,2), for all P,Q € ¥(X) and A > 0.

Proof: Fix A >0 and P,Q € K,(Z).We recall that
sup A inf 1

1nf

BEQ peg d@p

,for all a € P.It follows that

S ACY IS

inf

BEQd(aﬁ)
= = = r all « €P.
d(ar Qr )\) }\+d( Q) Od(a Q }\) 1+d(2‘Q)and Yd(al QI}\') d(aQ)fo a a
inf A sup 1
Then "™ = L0, A 1T E— 0,(a, 0,\) = ——and
ae PP OO T ey a e PO ON = T

1

su
pyd( Q)\)_sup A

a€Pd(a,Q)
It follows that
_ B 1 drQ)
‘-‘d(PJ Q!)\) 7\+d(P Q) Qd(P Q )\) - + AT A+d(P,Q) and
d(p,Q)
1 d(p,Q)
Yq(P,QN) =——= ——.
d(P,Q)

Similarly, we obtain
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- _ A _ _d@p) _ d@p)
"‘d(Q! P; )\) - A+d(Q,P) ) @d(Ql P, }\) - A+d(Q,P) and Yd(QI Pr )\) - A .

Therefore, Hz ;(P,Q,A) = Ey,(P,Q,A), He,(P,Q,2) = Oy,(P,Q,A) and
Hy ,(P,Q,2) = Yy,(P,Q,7). The proof is complete.

Using the Proposition 3.2., we can easily compute distances with respect
to the Hausdorff NM (Hgz, He, Hy,) of the standard NM (E4,04,Y,) by
computing distances with respect to the Hausdorff metric (H;) implied by the
metric d. Here, we illustrate this situation with two examples.

Example 3.3. Let (R,d) be the Euclidean metric space and P = [a;,a,] and Q =
[B1,B>] be two compact intervals of R. Then d(P,Q) = |a; — B4| and d(Q,P) =
|a, — B,land hence H;(P,Q) = max{|a; — B1l, |a; — B21}; So, by Proposition (3.2),
We have

A
Amax{la;—Billaz—B21}

04(P,0,2) = —axllm-pillaz=fal} o

Atmax{|a—B1l.|laz—pB1}

Ed(P! Q!)\) =

Yy(P, Q) = mellazbulleaBall for 411 3> o.

Example 3.4. Let (X,d) be the discrete metric space such that |Z| > 2. Let P
and Q be two non-empty finite subsets of X, with P = Q. Then d(P,Q)=1=

d(Q,P) and hence H;(P,Q) = 1; so by Proposition 3.2., we have
1

Hzy(P,Q,2) === Ho, = — and Hy, =, for all 1> 0.
Definition 3.5. Let (2,Z,0,Y,%,0)be an NMS and 754y bethe topology induced
by (£,0,Y). We observe that (¥o(%, (%)), Hy., Hup Hpy%0) is also an NMS,
where ?CO(JCO(Z)) is the hyperspace of all non-empty compact subsets of
(Ko(2),Hg, Hy, Hy,%,0) and (}[HE,}[H@,}[HY) is the Hausdorff NM on
Ho(7o()) implied by the Hausdorff NM (E4,04,Y;) on K,(). That is, for all
P €Xo(Z) and B, Q € Ky(HK,(2)),

Hy, (B, Q) = min{HzP, Q, Hz(Q, B)},Hy,, (B, Q) = max{He (P, Q), He (X, P)}
andHy, (B, Q) = max{Hy (B, Q), Hy (Q, B)} where
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H Q) = (P, ), Ha(PR) = g e =P, Q)
HoB.R) = e o (PR, Ho(PR) = ' Ho(P,Q) and
sup inf

u
HY(SI;iD) = p (= SI;HY(PrQ)rHY(PVQ) = Q I= QHY(P' Q)
Proposition 3.6. Let (¥,d) be a metric space and let (¥,(Z),Hy) and
(JCO(GCO(Z)),}[Hd) be the corresponding Hausdorff metric spaces. Then, the

Hausdorff NM (HEHd,}[@Hd,}[YHd) of the standard NM(Zy,, Oy, Yy, ) coincides
with the standard NM (EHHd'QHHd'YHHd) of the Hausdorff metric (#;,) on

jCO(‘?CO(Z))! Ie HEHd(SI;,Q,)\) = E}[Hd(slg, 'Q;)\)! H@Hd($l ’QI)\') = QHHd(G’B; Q; A)
and Hy, (B,Q,1) =Yy, (BN forall B,Qe Ho(3(Z)) and A > 0.
Proof: Proposition 3.2. completes the proof.

4. Neutrosophic Hutchinson-Barnsley Operator

In this section, we define the Neutrosophic Iterated Function System
(NIFS) and Neutrosophic HB Operator on the NMS.

Definition 4.1. Let (Z,%,0,Y,*,0) bean NMS and f,: 2 - 2,n=1,2,3...Ny(N, € N)
be N, - neutrosophic B-contractions. Then the system {X; f,, n=1,2,3...Ny} is
called a NIFS of neutrosophic B-contractions in the NMS (X2, =, 0,7 ,x,0).

Definition 4.2. Let (Z,%,0,Y,x,0)be a NMS. Let {X; f,, n=12,3..N,} be an
NIFS of neutrosophic B-contractions. Then the Neutrosophic Hutchinson-Barnsley
Operator (NHBO) of the NIFS is a function F: X,(Z) -» K,(X) defined by

F(Q) = U, £(Q), for all Q € Ko(2).

Definition 4.3. Let (X,Z,0,Y,x0)be a complete NMS. Let f,:2->X,n=
1,2,3...Ny(N, € N) be a NIFS of neutrosophic B-contractions and F be the
NHBO of the NIFS. We say that the set P, € K,(Z) is Neutrosophic Attractor
(Neutrosophic Fractal) of the given NIFS, if P, is a unique fixed point of the
NHBO F. Such P, € K,(2)is also called as Fractal generated by the NIFS and
so called NIFS Fractal of neutrosophic B-contractions.
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Properties of NHBO

Now, we prove the interesting results about the neutrosophic B-contraction
properties of operators with respect to the Hausdorff neutrosophic metric on
Ko (2).

Theorem 4.4. Let (Z,d) be a metric space. Let f:X — X be a contraction function
on (Z,d), with a contractivity ratio k. Then

HEd(f(P)J f(Q)'}\) = Hgd(P, Qr A)1 HQd(f(P)!f(Q)')\) = HQd(Pr Q' A)and
Hy, (f(P), f(@),A) < Hy,(P,Q, 1), forall P,Q € X,(2) and A > 0.

Proof: Fix A >0 andlet P,Q € K,(Z). Since f is contractionon (Z,d) with the
contractivity ratio k € (0,1) and by Theorem 2.4. for the case @ = 1, we have

Hy(f(P), f(Q)) < kHy(P,Q). Since A >0 and k € (0,1),

2 S 2 Ha(f(P)f(@) _ _kHa(PQ) _ Ha(P,Q)
kA+Hg(f(P),f(Q)) — kA+kHy(P,Q)  A+Hg(P,Q)’ kA+ Ha(f(P),f(Q)) — kA+kHy(P,Q)  A+Hg4(P,Q)

Ha(f(P).f (@) _ kHa(P.Q) _ Ha(P,Q)
KA = koA
By using the above inequalities and the Proposition 3.2., we have

He, (f (P), f(Q),KA) = Ey,(f(P), f(Q), KA
= kA > A
KA+ Ha(f(P), f(Q) ~ A+ Ha(P,Q)
= Zy,(P,Q,2) = Hg,(P,Q, 1),
He,(f(P), f(Q),KN) = 0y, (f(P), f(Q), kAN
__kHa(f(P).f(@) _ _Ha(P,Q)
KA + Ha(f(P), £(@) ~ A+ Ha(P,Q)
= 0y,(P,Q,2) = Hg,(P,Q,2) and
Similarly, Hy,(f(P), f(Q),kA) = Yy, (f(P), f(Q), kM)
_ _kHa(f(P),f(@) _ _Ha(P,Q)
KA+ Hy(f(P),f(Q)) ~ A+ Ha(P,Q)
= Yy,(P,Q,2) = Hy,(P,Q, ).
The above theorem 4.4. shows that f isa neutrosophic B-contraction on K,(Z) with
respect to the Hausdorff neutrosophic metric (Hsd, Hog,, Hyd) implied by the

standard metric (£4,04,Y,), if f is contraction on a metric space (Z,d). The
following theorem is somewhat generalization of the Theorem 4.4.

and
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Theorem 4.5. Let (X,5,0,Y,x0) be a NMS. Let (K,(X),Hz, Hy, Hy,*,0) be the
corresponding Hausdorff NMS. Suppose f:X — X be a neutrosophic B-Contraction
on (2,%,0,Y,%,9). Thenfor k € (0,1),

Hz(f(P), f(Q),kX) = Hz(P,Q. 1), Ho(f(P),f(Q),kX) < Ho(P,Q.1) and

Hy(f(P), f(Q),kA) < Hy(P,Q.A) forall P,Q € Ky(Z) and A > 0.

Proof: Fix A > 0. Let P,Q € K,(Z). For given k € (0,1), we get

EFD, f), kD) = E,n, ), forall {,neX, Z(f(),f(m), kD) =E(,n,N),
forall { € Pandn € Q,

p e 0EF@FLI) = 0z 0, forall { € P,
(O, F(Q, ) = 2, Q) for all ¢ € P,

inf inf - —
(e pEU@.F@,00) 2, CpEC QD). E(F(P), £(Q) KA) 2 E(P, Q).
Similarly E(f(Q), f(0),kA) = E(Q,P,1).
Hence HE(f(P)!f(Q)J k)\) = HE.'(PJ Q)\)
Now, @(f({), f(m),kA) <O(,n,A), for all {,n e, 0(f($),f(n),kA) <6({,nN),
forall { € Pand n € Q,

inf inf
ne @U@ fm kN < ' 0G0, forall ¢ € P,

O(f( D), f(@),kN) <0(,Q,2), for all { €P,
qsgpp 0(f(9), f(Q) kD) < {Sgpp 0(Z,Q, ).

o(f(P),f(Q),kA) <0(P,Q,N.
Similarly @(f(Q),f({),kA) <60(Q,P,N).
Hence Hy(f(P), f(Q),kA) < Hy(P,Q.2) and
Y(f (O, fm), kA) <Y (,n,N), forall {,n e X, Y(f(),f), kD) <Y({,n2),
forall e Pandn € Q
inf inf

ne QV(f(C)'f(U),kl) < yEQ Y(¢,n,2), forall e P
Y(f($),f(Q)kA) <Y(,Q,2), forall { €P,
sup sup

Y(f(P),f(Q),kA) <Y(P,Q,7).
Similarly Y (f(Q),f(0),kA) <Y(Q,P,0).
Hence Hy,(f(P), f(Q),kA) < H,(P,Q.A). This completes the proof.
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The above Theorem 4.5. shows that fis a neutrosophic B-contraction on
Ko(Z) with respect to the Hausdorff neutrosophic metric Hg, Hg, Hy, if f s
neutrosophic B-contraction on neutrosophic metric space (X, %,0,Y,x,0).

Lemma 4.6. Let (2,Z,0,Y,x,0)be a NMS. If Q,R c X suchthat Q c R, then
20,0 < E(R N, 6(,Q,N) = 06(RN and Y(,Q,1) = Y({,R,A) for all
(eX and A > 0.

Proof: Fix A > 0. Let (€2 and Q,R c X suchthat Q < R. Then,
. sup _ sup _ ~
:‘((’ Q’)\) = Q ‘:‘((i ql)L) S q E R 5((: CI:A) = 5((: R:)\)a

q €
060N = 000G > 1664 = 0GR and

i

rEON = 0o Gan = TG an =TGR,

Lemma 4.7. Let (2,%,0,Y,x0)be a NMS. If Q,R <X suchthat Q c R, then
E(P,Q,\) < E(P,R,»), ©OP,Q,1») = 0O0(P,R,A) and Y(P,Q,A) = Y(P,R,A) for
all Pc X and A > 0.

Proof: Fix A > 0. Let P,Q,R c X suchthat Q < R. By the lemma 4.6., we have
2,00 = 'L @00, 50N < 5,0, forall pe P

2P, 0,0 < E(p, RN, for all p € P,5(P,0,0) < plgfp E(p,R 1),

Z(P,Q,A) <E(P,RN).
Similarly, by the lemma 4.6.

6(P,0.0) = , ¢ pO(P. 0.1, O(P,0,1) = 6(p, Q1) forall pe P,
0(P,0,0) = 0(p,R,A) forall p e P, OCP,Q,A) = pszpp 0(p, R, 1),
o(P,Q,0) = 6(P,R,) and

(PO =, ¢ pY @O, Y(P,Q.N) 2 Y(,Q 1) forall peP,
Y(P,QNZ V(RN forall peP, Y(P,QN 2 ) ¢ pY(B,RN)
Y(P,Q,A) =Y (P,R,}).

Lemma4.8. Let (X, Z,0,Y,x,0)be a NMS. If P,Q,R c X, then



V. B. Shakila and M. Jeyaraman

Z(PUQ,R,AN) = min{Z(P,R,A),Z(Q,R,)}, @(P UQ,R,A) =
max{6(P,R,1),0(Q,R,)}and Y(PUQ,R,A) =max{Y(P,R,1\),Y(Q,R,N}for all
A>0.

Proof: Fix A > 0. Let P,Q,R c 2. Then

- _inf _ . inf _ inf
EPUQRN =, py o FGRY) = mm{p e pEBRD, e Qu(q,R,)\),}
— min{Z(P, R, 1), Z(Q, R, )},
sup sup sup

= max{®(P,R,1),0(Q,R,\)}and

sup sup sup
Y(PUQRD = cpy ol GRN =max{, ¢ pY @R, ¢ oY (@R}

= max{Y(P,R,71),Y(Q,R, 1)}

Lemma 4.9. Let (X,%,0,Y,x0) be a NMS. Let (K,(2),Hz Hy, Hy,*,0) be the
corresponding Hausdorff NMS. If P,Q,R,S € K,(Z) then

H:(PUQ,RUS,A) = min{Hz(P,R,)\),H:(0Q,S,M)},

Hy(PUQ,RUS,A) <max{Hy(P,R,\),Hy(Q,S,N)} and

Hy(PUQ,RUS,)\) < max{Hy(P,R,\),Hy(Q,5,M)}, forall A> 0.

Proof: Fix A > 0. Let P,Q,R,S € K,(2).
By using Lemma 4.7. and Lemma 4.8., we get
E(PUQ,RUS,N) =min{E(P,RUS,A),5(Q,RUS, N}
> min{Z(P,R, 1), Z(0,S,\)}
> min{Hz(P,R,\), Hz(Q, S, 1)}
Similarly, Z(RUS,P U Q,A) = min{Hz(P,R,)),Hz(Q,S,))}.
Hence, Hz(P U Q,R U S,A) = min{H=(P,R, ), Hz(Q,S,7)}.
O(PUQ,RUS,A) =max{@(P,RUS,1),0(Q,RUS,N)}
< max{0(P,R,1),0(Q,S,1)}
< max{H,(P,R,\),Hy(Q,S,N)}.
Similarly, (R U S,P U Q,A) < max{Hy(P,R,7),Hy(Q,S, M)}
Hence, Hy,(RUS,P U Q,)) < max{Hy(P,R,)1),Hy(Q,S,A)} and
Y(PUQ,RUS,A) =max{Y(P,RUS,A),Y(Q,RUS,\)}
< max{Y(P,R,N),Y(Q,S,1)}
< max{H,(P,R,\),H,/(Q,S,\)}.
Similarly, Y(R U S,P U Q,)A) < max{Hy,(P,R,\), Hy(Q,S,\)}.
Hence, H,(RU S,P U Q,A) < max{Hy,(P,R,)), H,(Q,S,A\)}. This completes the proof.
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The following theorem is a generalized version of the Theorem 4.5.

Theorem 4.10. Let (X,Z,0,Y,x,0)be a NMS. Let (,(X),Hs, Hg, Hy,*,0) be the
corresponding Hausdorff NMS. Suppose f,:X—->X,n=12,..Ny;NyEN, is a
neutrosophic B-Contraction on (X, %, 0,Y,x,¢). Then the neutrosophic HBO is also
a neutrosophic B-Contraction on (¥,(Z), Hz, Hy, Hy,*,9).

Proof: Fix A > 0. Let P,Q € K,(Z). By using the Lemma 4.9. and Theorem 4.5. for
a given k € (0,1), we get

(PP F@,00 = | | o @101
n=1 n=1

N,
> min Hs(£,(P), £u(Q),k0) = Ha(P, Q. ),
n=1

HoFP) F(@, 0 = Ho | | ] P ) @102
n=1 n=1

N,
< max Ho(f,(P), £u(Q),k0) < Ho(P,Q,2) and
n=1

HFP,F@,0 = Be | | @) R @
n=1 n=1

A%
< max Hy(f,(P), f»(Q),kA) < Hy(P,Q, 7). This completes the proof.
n=1

From the above Theorem 4.10., we conclude that the operator Fis a
neutrosophic B-contraction on #,(2) with respect to the Hausdorff neutrosophic
metric (Hg, Hg, Hy), if f, is neutrosophic B-contraction on an neutrosophic metric
space(X, =, 0,Y,x,0) for each n € {1,2,... Ny}.

5. Hausdorff Neutrosophic Metrics On X,(X) and
Ho(Ho (D))

Now, we investigate the relationships between the hyperspaces #,(X) and
Ho(Ho(2)) and the Hausdorff neutrosophic metrics Hz and 3.



V. B. Shakila and M. Jeyaraman

Theorem 5.1. Let (X,%,0,Y,x0) be a NMS. Let (#,(Z),Hs, Hg, Hy,*,0) and
(3¢ (7o (X)), Hyy, H g, Hygyv,0)  be the corresponding Hausdorff Neutrosophic hyper
spaces. Let B, Q€ Ky(K,(X)) be such that {p e P:PeP}{gE€Q Q eV} €
Ko(Z). Then H-:({p € P:P € PL{q € Q : Q € QL) = Hy (B, Q, M),

Ho({p € P:P € B}, {q €:Q € Q},N) < Hy, (B, Q) and

Hy({p € P:P € B},{q € Q:Q € Q},N) < H, (B, Q,A) forall 1> 0.

Proof: Fix A > 0. Firstly, we note that

- inf _
EQpePPERN = 05 peP:PEBL
_inf sup -
=geqpeprpeyp@r
_inf sup sup _ sup inf sup _

sup _
=pe ;B.:(Q,P,A).

M)

It follows that

- inf _
E{9€QQERWPEPPERN = c.gc i@ EPPERLY
: nf :
= ngfmqngE(q,{peP:PE‘B},A)= ngfQE(Q,{pEP:PEEB},A)
inf sup

>0 eqpepi@PN.

Similarly, 5({p € P: P € B},{q € Q,Q € Q},A) > P“Elf;B ngpas(p, 0.

Hence, H:({p € P:P € B}, {g € Q,Q € Q}, )
. {5({10 EP:PEP}L{qeEQQE Q}.A).}

“™MME({{g e Q.0 e QL peP:PeEPLL)
] inf sup _ inf sup _
Zmln{PesngEQ:‘(P’Q’)\)'QEQPE%S(Q’P’}\)}

. inf sup inf sup
> mm{P CpoealPan. o' tope s1;11(5(42,13,;\)}

= min{Hz (B, Q,N), Hz(Q, B, 1)}
= }[HE (G_B’ ,Q, A)
Secondly, we note that

0(Q.(pP:PEPLN) = ¢ p 0 {peP:PEBLY)
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_ Sup inf 0(q.p,1) = sup inf inf
“qeQ{peppep} PPNV T qgeQpeppeP
inf sup inf _inf

0(q,p, M)

It follows that

6(lg€:Q €Y {pePPEPN = ¢ ¢ S?Qp e )0 (b € PP ETLY)

= ngpg qssz 0(q,{p € P:P € P}, 1) = QSEPQQ(Q,{p € P:P € B},1)

sup  inf

Similarly, 0({p € P:P € BL{g € 0:0 € QL) < o0 M Hp o,

SPEPQe
Hence, Hy,({p € P:P € B},{q € Q,Q € Q}, 1)
_ O({p e P:P € P}, {q €Q:Q € Q},N),
max {9({{q €Q:QEQ}L{pEP:PE qs},x)}

< max {pSlelpsB QiZfQ O(P,Q,2), Qsng Pirelng 0@Q,P, 70}

<max{p ey Qizfa Ho(P.0.). g g p”équ Ho(0.P. 1)}

= max{H@ (%, Q, )\)' H@ (Q, SB' }\)}
= Hy,(B,Q,A) and

Lastly, we note that

Y(Q,{p € P:P € B}, ) = qssz Y(q,{p € P:P € B}, 1)

sup inf up inf inf

S
inf sup inf _inf

It follows that
Y({q€e:QeQ},{peP:PEPLA) = (qe qug € Q}Y(q, {p eP:P €PB}LN)

= Qsng qssz Y(q,{p € P:P € B},A) = ngpgy(q, (peP:P €PN
sup  inf
<oeqpe iB}f(Q,P,A).
imi sup  inf
Similarly, Y({p € P:P € B},{q €:Q € Q},A) < PEPQ e Qy(p'Q,)\).

Hence, Hy({p € P:P € B},{q € Q,Q € Q},)
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B Y({p e P:P € BL{q € Q:Q €Q}N),
- max Y({{geQ:Q e Q) {peP:PeB}L)
sup inf sup inf
<mar{pegoenl PN genp og!@PY)]
< max {78 o W 2.0 S 0. )
= max{HY(s‘Br Q, )\)'HY(Q' 5_13’ A)} = }[Hy(s‘Br 'Qr A)
The proof is complete.

6. Conclusions

In this paper, we proved the neutrosophic contraction properties of the
Hutchinson-Barnsley operator on the neutrosophic hyperspace with respect to the
Hausdorff neutrosophic metrics. Also we discussed about the relationships
between the Hausdorff neutrosophic metrics on the neutrosophic hyperspaces.
This paper will lead our direction to develop the Hutchinson-Barnsley Theory in
the sense of neutrosophic B-contractions in order to define a fractal set in the
neutrosophic metric spaces as a unique fixed point of the Neutrosophic HBO.
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