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the solution of Lane-Emden differential
equations

Shyam Lal *
Deepak Kumar Singh *

Abstract

In this paper, two new moduli of continuity W ((f — Syr-10f) , 3¢).
W ((f = Sar-1.arf) , 5%) and two estimators Eoi—1 o(f) and, Egr-1 5/ (f)
of a functions f in Holder’s class H2?[0,1) by First kind Cheby-
shev wavelets have been determined. These moduli of continuity and
estimators are new and best possible in wavelet analysis. Applying
this technique, Lane -Emden differential equations have been solved
by the first of kind Chebyshev wavelet method. These solutions ob-
tained by first kind Chebyshev wavelet method approximately coin-
cided with their exact solutions. This is a significant achievement of
this research paper in wavelet analysis.
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1 Introduction

Recently, researchers are making attention on wavelets. Wavelets have con-
nections between several branches of mathematical sciences and play an impor-
tant role in signal processing, engineering and technology.The approximation of
functions of a certain class by trigonometric series is a common places of anal-
ysis.Approximation of functions belonging to some class by wavelet method has
been discussed by many researchers like DeVore[1], Morlet[4] , Meyer[3] and
Debnath[2]. Wavelets are new tools to solve differential equations and to estimate
the moduli of continuity & the approximation of functions.Wavelets help in the
most accurate representation of functions f € H fj]f [0,1) class. Several wavelets
are known like that Haar wavelet , Legendre wavelet , Chebyshev wavelet. Haar
wavelet is one of simplest in wavelet analysis . Due to its simplicity and better ap-
plications, it is used in solution of integral as well as differential equations . Haar
wavelet contains a non-smooth character. This is a difficiency of Haar wavelet
to estimate the moduli of continuity and the approximation of the smooth func-
tion by it. This weak point is almost removed by Chebyshev wavelets and more
accurate the moduli of continuity and approximations of functions are obtained.
Sripathy[14] discussed the chebyshev wavelet based approximation for solving
linear and non-linear differential equations.

Moduli of continuity of functions have been studies by Alexander Babenko[10].
In best of our knowledge, there is no work associated to the modulus of continu-
ity and approximation of a function f in Holder’s class by first kind Chebyshev
wavelet method. To make an advanced study in this direction, in this paper, the
moduli of continuity and approximation of functions have been determined in
Holder’s class H3:2[0, 1).

Several linear, as well as non-linear differential equations are solvable by
Galerkin, Collocation, and other known methods. These equations can be solved
by Chebyshev wavelet technique in very efficient and suitable manners. This mo-
tivates us to consider first kind Chebyshev wavelet method for the solution of
differential equations. Also, Babolian and Fattahzadeh[5] suggested a method to
solve the differential equations by using Chebyshev wavelet operational matrix of
integration.

In this paper, the Lane-Emden differential equations has been solved by Cheby-
shev wavelet technique. The main characteristic of this techique is that it reduces
the problem to a system of algebraic equations. The approach is based on convert-
ing the given differential equations into integral equations through integration by
approximating various signals involved in the equation through truncated orthog-
onal Chebyshev wavelet series and using the operational matrix P of integration ,
to eliminate the integral operations.

This paper is organized as follows: Section(1) is introductory in which the
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importance of moduli of continuity and Chebyshev wavelet of first kind related
literature are studied. In section(2), Chebyshev wavelet of first kind ,approxima-
tion of function and moduli of continuity of functions in class Hfjlf [0,1) are de-
fined.In section(3), theorem concerning the moduli of continuity of f—Sar-1 5/ (f)
has been established and also its detail proof is discussed in section(4).In sec-
tion(5) corollaries are deduced from theorem of section (3) . In section(6) first
kind Chebyshev wavelet operational matrix of integration has been constructed
and the product operational matrix has been obtained in section(7). In section(8),
Lane-Emden differential equations of index 0, 1 & 2 are solved by Chebyshev
wavelet method. Finally, the main conclusions are summarized in section (9).

2 Definitions and Preliminaries

2.1 Chebyshev wavelets of first kind

Wavelets constitute a family of functions constructed from dialation and
translation of a single function ¥ € L?(R) called mother wavelet .We write

Uy o(t) = a7 ¥ (?) , a0 ( Daubechies [6])

If we restrict the values of dialation and translation parameter to @ = ay*,b =
(2n — 1)bgag",a9 > 1,by > 0 respectively,the following family of discrete
wavelets are constructed:

Wy, (t) = ao| 50 (alt — (20 — 1)by) .

Now, taking ag = 2, ¥ (t) = T,,(t) & by = 1 the Chebyshev wavelet U (k, n,m,t)
of first kind , generally denoted by \Il;fn)l(t) over the interval [0,1), is obtained as
(Babolian [5])

£ ok n—1 n
c — <
U,yon(t) = BT l), gy st<gTy
0 , otherwise

m=20

o= VE

2
\/ij(t) , otherwise.
T

where n = 1,2,...,281 ,m = 0,1,2,...M and k is the positive integer. In above
definition, 7,,, are the first kind Chebyshev polynomials of degree m on the interval
[-1,1] which are defined by

T, (t) = cos(mf), 6O = arccos(t) )

where
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and also satisfy the following recursive formula:
T0<t) =1 Tl(t) = t, Tm+1(t> == 2tTm(t) - Tm_l(t>, m = 1, 27 3, ......

The set of {T,(t) : m = 0,1,2,3,...} in the Hilbert space L?[—1,1] is a or-
thogonal set with respect to the weight function w(t) = \/1;_7 Orthogonality of
Chebyshev polynomial of first kind on the interval [-1,1] implies that

1 T (t)T—(t) , m=n=0
T Tty = [ 2= ¢ 0, g
57 n=m .

In dealing with Chebyshev wavelets, the weight function w(t) for orthogonal
Chebyshev polynomials has to dilated and translated to construct orthonomal
wavelets. So the first kind Chebyshev wavelets are an orthonormal set with weight
function ( S. Dhawan[7])

WLk(t), 0 S t < Qk-;—la
wa i (t), S <t < 2,
() = { 240 S 3
' 2k—1_1
w?’“*l,k(t% ok—1 <t < 17

where w;, x(t) = w(2¥t — 2n+ 1). Furthermore, the set of wavelets 1), ,,, (¢) makes
an orthonormal basis in Hilbert space L2, [0, 1), i.e.

1
W Wil = [ VO (Ot = 5,08,
0
in which ¢ denotes Kronecker delta function defined by

n=n’

Opont =
o {O, otherwise

2.2 First kind Chebyshev wavelet expansion and approxima-
tion of function

The function f € Lik [0, 1) is expressed in the Chebyshev wavelet series as

FO =33 comWn(t), 4)
n=1 m=0
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where ¢,,,, = (f, U1 ),,,.. The (2", M + 1)" partial sums of above
series (4) is given by

ok=1 pp

St (B = D0 D camin(t) = CT (1) 5)

n=1 m=0

in which C and U"" (¢) are 25~1(M + 1) vectors of the form

T
ct = [CLO,CL]_,...CLM,02,0702,1...,6271\4, ...... ,Czk—170,...762k—17M] and
(1) (c1) (c1) (c1) (c1) (c1) (c1) (c1) (c1) T
\II —_— [\1}170 ,\11171 7"'7\111,M7\]:12,0 7\112’1 7...,\Ij2’z "”7\]:121‘:_1,07"'7\Ij2k_l,M71]

The Chebyshev wavelet approximation Ea:-1 y,(f) of a function f € Lik 0,1)
by (2871, (M + 1))™ partial sums Sye—1 5,(f) of its Chebyshev wavelet series is
given by

Eyerpa(f) = | min f = S ()l

2k—1,A4(

where, 7 = ( | 1 !f(t)\ka(t)dtf

If Eor—1(f) = 0as k, M — oo then Egi-1 p/(f) is called the best approxima-
tion of f of order (2*~%, M + 1) ( Zygmund][8]).
2.3 Modulus of continuity

The Modulus of continuity of a function f € L2 [0,1) is defined as
W(f.0) = sup ||f( +h) =0l

up. (/ £+ 1) — 1) wk<t>dt)%.

It is remarkable to note that W ( f, ) is a non-decresing function of § and W (£, )
— 0as 0 — 07 (Chui[9]).

2.4 Function of Holder’s class

A function f is said to be in Holder’s class H:;k [0,1) of order o, 0 < o < 1,
( G.Das[11] ) if f satisfies

(flz+1) = f(x))wrlz
</0 |f(z+1t)— f(x)|2wk(x)dx> = O(t|%), Vax,t,z+te]0,1).

~—

O(|t|*), Vax,t,x+tel0,1).

[NIES
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then f is said to be a function of Holder’s class H_
The class H, [0, 1) is a proper subclass of H,,

Let f € H::k[O 1),a = 1. Then

(76 +0) = 1) rte)

([0~

[O 1) of order o, 0 < a < 1.
WU

= O([tl)

(x)|2wk(x)dx) = /01 O<|t|)2dx

wi ()

n=1 27;6_71

" do
_ 2 2, AU
_O(|t])nz:;/0 sm&zk
=0(1tP) §

2
ie feH,[0,1), a=1
2 0<t<li
Let, t) = T 2
1) {L l<t<i
1 € 1 € 1 €9 3 € €2
f(§ 5>—f(5—§) G- =1t 7

Therefore,

f ¢ H[0,1),

AWﬂw+w—

)‘ wi(x)dx

/ ‘2xt+t2|7dx 1 <w(zr) < 2

= — 422 + ¢4 + 4xt3) dx
ﬁ/ (
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1
/ |flz+1) —f(m)‘zwk(x)dx: %Eﬁ X é + t* x % + 2t x ﬂ
0

21, 1,1,
7 2
BENGE
(éﬁﬂx+w—fww%aww)2s ol

N

([ 16+ - s@u) = o)

feH’[0,1),a=
@ «@,2
Thus,Hwk [0, 1) - Hwk [O, 1)7 a=1.

3 Theorems

In this paper, following theorems have been proved.
Theorem 3.1. If f € H 5; 0, 1) and its first kind Chebyshev wavelet expansion be
e (c1)
f(t) = Z Z Cn,man,m(t)
n=1 m=0
having (2871, M + 1) partial sums

k=1 pp

(Se1r () () =D o (1)

n=1 m=0

Then the Moduli of continuity of | — (SQk—17M(f)> satisfies

)= sup [[(f = Sax-10f)(- + ) = (f = Sar10f) ()l

1
0<h§2—,C

1
=0 (2(k1)a)

Ly sup 10 = Spras ) 1) — (f = Saerar O]

2k .
0<h§2—,c

LIV((f — Spor0f)s o

i W((f — Sor-1.001),

1
= M > 1.
0 <2k(a+1/2) M+ 1) ’ -
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4 Proof

Proof of the theorem (3.1)
(i) Error between f(x) and its Chebyshev wavelet expansion in interval [ 2=F, 57 )
is given by

ealt) = cao¥ip () = X[ar oy (1)

= ( / F@) WG (@)wn(a)de | U5 () = fxpan o (1)

_ 3% (/ f(x)wk(:v)d:v> \2/% — Xy ) (®)

= 2? / f(as)wk<x>da:> - %kfx[;—_ll G / wi(@)de
2 (2 o st

el <= [T 100 - f<t>>uwk<x>\da:)

/%_lwm - f<t))H\/wk(x)l\\/wk(a:)\dx>

v <\<f<x>—f<t>>r>21w<zkx_zn+1>dx> ()

2 (i (P ) et Z—)
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0% (f (1r (= 5) o) w@)dv)%

- ([ (=) -0 o
+/ f(%) )| et >\dv)2

- %( / I (%) — F) 2w<v>|dv1

v [ s (F=) - 0 2|w<—v>rdv)2

- % ( / il (%) 1) 2w<v>dv>é
+% (/ f (LQ””) — f(t) 2w<v>|dv)é,
v+§z—1 [712;1%’%1) ond —v+22kn—1

2 1 ¢
- 770 (&)

2 T 2
leally = [ leatt) Pluste)

)
|

1 1
- 2_kO (22(k—1)a)
1 1
< 2k—10 (22(k—1)a)

1
2 _
leallz = O (m)

o
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2

n—1 n—;

2k—1"7 9k—1
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21@71

I~ aa) 2= [ (Z w) o

n=1

- / (Den(t»?wm) i ®)

n=1
YD / 1,
1< n#n/ < 2k—1

Due to disjointness of supports of e,,(¢)&e, (t), equation(8) becomes,

_ /0 (Z(en(t))%k(t)) dt

n=1

ok—1

n1/0
2k—1

= leen(t)H%

2k 1

o ZO( (k—1)(2a+1) )

2k—1 1
=0 (2(k—1)(2a+1)) =0 (22(k—1)a)

1
Hf—(SwlgﬂH2:(7(5zjﬁ) 9)
LV«f—%kmﬁ7%>— sup || (f = Sae-10f)(- + 1) = (f = Sae-10f)()l2
0<h< g

< (f = Sor=10f) |2+ 1] (f = Sas-10f) |2
= 2|| (f - SQkfl,of) ||2

(10)
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(ii) Consider

P () (o

-2 ( [ (o= (35) g<t>wk<t>dt>

+ 2\;;1 f 2n2; 1) /le_l g(t)wr(t)dt (11)
where g(t) = T,,(2"t — 2n + 21k)1

/ T g(Dwn(t)dt = / (25 — 20 4 1)w(2 — 20 + 1)dt

0 R
:/ Tm(cosé)w(cosé)< Zlkne)dQ

:/ cosm@(sm@)da 1 [smm&} _0 12
0 m

sinf 2k 2k 0

Therefore equation (11) reduces to,

([ (101 (252) o)

2% =T om—1\|? ’
el < 22 [* 0~ 1 ( ) rwk<t>!dt>
VT \Ja 2t
ok—1 9 %
X / |7, (25 — 2n 4+ 1)|” |wi(t)| dt
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1

255 [ [ on —1\|? :
=7 (/n_l f(t) —f( o ) |w (2%t — 2n + 1)ydt>
ok—1
x /2“ (T (25 — 2n + 1) | (2t — 20 + 1)|dt>
SR
_ 2% :

v—|—2n 2n —
2k
/ m(cosB)| |w(cosh)| sm@ )
12 /1 NEAEARANY S
S22k \ 2k 2k
(/ |cos mb)| sin@d@)
0

N\

N

sin 6

NI

-3 (Ll (25 - (5 o)
(/_ZQ cos(% - mt)‘ dt)
L () ()

3 mm . omm .
/ CoS 3 cos mt + sin > sin mt‘ dt

- Q\k/% </—11 g (HZZ_ 1) —f (QHQZ 1) zau(v)dv)é
(/om (cos(mp)] + sin(m)) dt)
<z (b () - ()

. [lsin(mt)]  Jeos(mt)|]?
S

m m

VB

0

() () E )
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1 2 1
mT\/; (2—) - (3)

f(@) = Sor-r g (F)(2)

2k—1 M
(61) (61)
Z Z Cnm Z Z Cnm
n=1 m=0 n=1 m=0
2k—1 oo M oo 2k=1 M
(Z+ Z )(Z+Z Cnm\Ifcl chnmqja
n=1 n=1 m=0 m= n=1 m=0
ok—141 M+1
gk—1 00
(c1) (c 1)
S S camWihi(t), by def of U,
n=1 m=M+1
21971 00 2 2k 1 9
Y cnthn ] =X Y @ (vno)
n=1 m=M+1 n=1 m=M+1
gk—1

ST Y o U (O (1)

n=1 M+1<m7$m’<oo

Z Z Z CrmCo m (C1)<t)\I’(C1) (t)

1< n#E/ < 2k—=1 m=M+1

Z Z Z Z CrmC m/\IJ(Cl)( )\11(01) ( )

1< n#ER/ < 2k=1 M+1<m#m’/<oo

/ () = S ar () (0) Peon(B)dt

9k—1

S0 el [ W OR 0
n=1 m=M+1
2k1

DD D CamCam / (Wi (W5 (@) ) wn(t)dt

n=1 M+1<m7ém’<oo

Sy Z ConnCotm / 1 (W (W (0)) wn(t)at

1< n#n'< 26—1 m=M+1

S Y Y ot / B U (Dt
0

1< n#En/ < 2k=1 M4+1<m#m’<oo

2k 1
Z Z |Cnml? by orthonormality of {\Ilifln)l
n=1 m=M+1
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2k71

[[EESEIES DS [m% %(%)]

n=1 m=M+1

By Cauchy integral test,

< 22 1 n -1\~
T o 2k 2%k | (M +1) m ) v

2 1 L]
S om2k 2% |(M4+1)  M+1

2 1
If = S pa(flll2 - < 2\/; k(a+1/2) /M + 1

1
=0
2k(at1/2) M+1

w ((f — Sy f) 2—114) = sup ||(f = Sp-rarf) (+h) = (F = S f) Ol

1
0<h§2—k

< (f = Sap-10f) 2+ 11 (f = Sas-1.00f) ]2

=2/ (f = Sae—1,00f) |2
1
=20 <2k(a+1/2) M+ 1>
1

=0 <2k(a+1/2) M+ 1) ‘
Thus, this theorem is completely established.
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S5 Corollary

Corolary5.1. If f € H z: [0,1) and its first kind Chebyshev wavelet expansion be

(Sp10(F) 1) = DD com Ty (t)

Then the first kind Chebyshev wavelet approximation Eq-1 (f) of f is given by

2k71

(i) a1 (f) = min||f — (Sse-10f)ll2 = minllf = cao¥yry ()]l2
n=1

1
=0 (2(k—1)a)
2k—1 M ( )
(id) Bye1 pg (f) = min| [ f = (Sae s H)lla = minllf =3 comPpm ()]]2

n=1 m=0

1
=0
2k(a+1/2) M+1

The proof of corollary (5.1) can be developed parallel to the proof of theorem
(3.1) independently.

Remark
If f e H:;f [0,1), then the moduli of continuity W ((f — SQk717Mf) , 2%) =
@) (Wm) and approximation Foi-1,/(f) = O <Wm> tends

to 0 ask — co, M— oo . Hence W ((f — Syr-1f) . 35) and Ege (f) are
best possible modulus of continuity and approximation of functions respectively
in wavelet analysis.It is also observed that

W (7= Saand) ) < Baovnl)

Hence modulus of continuity is sharper than the approximation of function in
H_"[0,1) by first kind Chebyshev wavelet method.

2
k
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6 First kind Chebyshev wavelet operational matrix
of integration

In this section, the operational matix P of integration of order 28~(M + 1) x
2k=1(M + 1)has been derived. This plays a great role in dealing with the problem
of Lane-Emden differential equations ( Babolian [5]) .

First the matrix Pgy«g has been obtained for M = 3 and k = 2. There are eight
basis wavelet functions given below:

2 0<t<i
\Ijlo(t) o { ) = 29
0, $<t<1,
2\/5415—1, 0<t<?i
Wy(t) :{ 2 ) . >
0, s St<1,
2¢§mﬁ—mm+1, 0<t<l
Wya(t) = W( ) 1 >
0, l<y<t,
2\/2(256t3—192t2+36t—1), 0<t<l
Uy 4(t) = 1
0, §§t<1,
0, 0<t<i
@270(15):{1 l<t<i
ﬁ? 2 — )
. 0, 0<t<g,
t) =
21(0) 2v€@t—$, l<t<l,
w 0, 0<t<s,
1) =
22(%) 2\/2(321t2 — 48t + 17), lot<t,
Taalt) 0, 0<t<g,
£) =
2 2,/2(2561° — 57612 + 420t — 99). l<i<t
Let,
\Ij(t) = [\plOa \Illb \Ij127 \Ijl?)a \Ij207 @21a q1227 \1123]T (14)

By integrating the basis functions from O to ¢ and expressing them in term of
Chebyshev wavelet series ,
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t 2t 0<t<i
Uy o(x) =4 V' o 2’
f; waate) {— Lsi<t,
1 1 1
= |-, —=,0,0,=,0,0,0| U(t
[474 27 ) 727 b ()
t 2\ﬁ4t—1, 0<t<?i
/qjll(m): 3 ) 1 B ?
0 0, §§t<1,
1 1
= |——=,0,—,0,0,0,0,0| W(t
{ 8 27 7167 ) ) b 7:| ()
‘ 2\/532t2—16t+1, 0<t<l
/‘1/12@): 3 ) L 2
0 O, 5§t<1,
1 1 1 1
= |77 = oY oy T T = 7Oa0 \Ijt
{ 6v2 8 247 32 } )

t 2v52%§—1%ﬁ+3&—1, 0<t<l
/‘Iﬁs(l’): 3 ) 1_ 2
0 O, §§t<1,
1 1
= |——.0,——,0,0,0,0,0| (¢
[16 216 } Q
¢ 0, 0<t<i
/\112»0(@:{2 L <y i
0 Nl 5 St <l
11
—10,0,0,0,~, ——.0,0| W(t
{ b s00.0| w0
/H} 0, 0<t<g,
fI/' =
0 21(2) 2¢Q@—3% Lot <,
1 1
= 10,0,0,0,———.,0, —,0| W(t
| vz %160 Y
t@ 0, 0<t<i,
T g
/0 22(7) 2\/2(32t2—48t+17), l<t<t,
111
= 10,0,0,0, ———, —~ .0, — | W(t
{7 ) ) ) 6\/5’ 87 724} ()
tw 0, 0<t<3,
) =
A 2(7) 2VE@%ﬁ—5mﬂ+4mp—%% l<t<t,

1 1
=10,0,0,0, ——.,0, ——, 0| U(¢
{ 16v/2 16 }()
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t
Thus, / U(z)dr = PyxsWV(t) ( M. A. Fariborzi[13]) (15)
0
1 1 1
Poas 000 3 0 000
S Oow 0000
— 0 —= 0 0 0 0 O
_ 16v/2 16
where Fgsys 0 0 0 0 %l ﬁi 0 0 (16)
1 1
00 0 0 —g5 0 g 0
0 0 0 0 5 0 -% 0

7 The Product Operation matrix (POM)

In this section , the product operation matrix has been obtained. This has

important role in solving differential equations ( Babolian [5]).

By Equation (14),

vyt =

UioWio WYioPin YioWi2 WioWis WioWao WioWor WioWoo WioWas
UiaWio WiaWin UiaWin WiaWis WiaWoo WiaWor WiiWap Wy1Wss
WioWio WipWin WipWio WioWis WioWog WioWoy WipWoy WipWUsg
WisWio WigWin WigWia WigWis WisWoo WoiWan WisWas Wi3Wag
WooWio WooWi1 WooWia WooWis WooWao WooWai WooWao WaoVas
Uo1Wio Wo Wiy WoiWio WoiWis WoiWog WoiWoy Wo1Won Wy Wiy
UooWio WooWin WooWin WooWis WooWog WooWoy WooWon WooWss
WosWio WosWiy WosWio WosWis WosWog WosWoy WosWoy Wo3Wsng

Substituting the values of each entry of above symmetric matrix , and after sim-
plification expressing them in term of Chebyshev wavelet series ,

A O4><4
vyl =
O4><4 B

where O,4 isa 4 X 4 zero matrix and

\/%7‘111,0 \%‘1’1,1 \/%;‘111,2 \/%7‘1’1,3

\/%;‘1’1,1 T‘I’1o+ \/2‘1’12 Wi+ 4/2V3 Wy 5
A=

\%‘1’1,2 \/%‘1’1,1 + %‘1’1,3 \%‘1’1,0 %‘1’1,1

2y, 2y, N 2,
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\/%7\1’2,0 \/%7‘1’2 1 \/%;‘112,2 \/%7\1/2 3

%\112,1 \/77‘1’1,0 +4/2W1 =Wy +4/2Vas %‘1122
B =

%\Ifz,z \/i‘lle +4/2Va3 \/—;\1120 %‘1/21

%‘1’2,3 %‘I/zz =Wy %\1’2,0

8 Solution of the Lane -Emden differential equation
by first kind Chebyshev wavelet

Many problems in the literature of mathematical physics can be distinctively
formulated as equations of Lane-Emden type as follows:

d*y 2 dy

2 + o + L(y) =0 (A-M Wazwaz[12])

where L(y) is some given function of y.

A difficult element in the analysis of this type of equations is the singularity
behaviour that occurs at ¢ = (0. Most algorithms currently in use for handling
the Lane-Emden type problems are based on either series solution or perturbation
techniques. In recent years, a lot of attention has been devoted to the study of
wavelet theory. The first kind Chebyshev wavelet method accurately computes
the solution of differential equations and it is of great interest to solve this type of
problem.

The most popular form of L(y) attracted by the scientific community is

L(y) =y"

where n is constant parameter.
The standard Lane-Emden equation of index n is of the form

—Z Syt =0,  with  y(0)=1, y(0) =0 a7

It is a basic equation in the theory of stellar structure. The equation describes the
temperature variation of a spherical gas cloud under the mutual attraction of its
molecules .

It was physically shown that interesting values of n lie in the interval [0, 5] .
In addition, exact solutions exist only for n = 0, 1, 5. Notice that equation (17) is
linear for n = 0, 1 and non-linear otherwise.
Example (1). For n = 0, the Lane-Emden differential equation (17) reduces to

ty"+2y +t=0  with y(0)=1,4/(0)=0 (18)
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2

The exact solution of the equation (18) is y(t) = G-
The equation (18) has been solved using first kind Chebyshev wavelet. First it is
assumed that y”(¢) can be expanded in terms of Chebyshev wavelet as

y'(t) = CTU(t) (19)

where W(t) is given by equation (14). By integrationg equation (19) twice with
respect to ¢ from O to ¢ and using conditions of equation (18) & (15) following
equations are obtained ,

y'(t) = CT PU(t) (20)
and, y(t) =CT P*U(t) +d" ¥(t) (21)
where, dT:[\/T%,O,O,O,\/T%,O,O, 0] (22)

Using equation (14), ¢ is expressed as

t=e"U(x) (23)
s 3 s
where, ¢ — [V ﬁ, 0, 0, VT ﬁ, 0, 0] 24)
8 8 8 8
Substituting values from Equation (19) to (24) in Equation (18),
W)U (H)C 4+ 20T PU(t) + "W (t) =0 (25)

The following property of the product of two first kind Chebyshev wavelet vectors
will also be used:

T U ()W (t) ~ Ul (t)e (26)
where € is 8 x8 matrix. Let us establish equation (26) & find ¢,
1 1 1 1

Ut = \D10+\/—‘I’11, \/—‘1’10+\I’11+2‘I’12, \Pl2+2\1111+2\1’137 Vs
\1112 \Ifgl ]. \112 \IIQ 1 1
. 30 30 /] 30 Uy q, 30 /
+— 5 20+\/§ 21+\/§ 20t —F— 5 ' o —+ 22+2 2,35 23+2 2,2
1
Uy 1 500 0 0 00
U, L 1 300 000
Ty 0 3 13 0 0 00
U 1o o 1 0 0 00
T T 1,3
eV = ’ — 2
WUy 0 0 00 :13 NG (1) 0
sy 0 0 00 4 3 50
Y2 0o 000 0 L 31
REE 0 0 00 0 0 13
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where .
}-ﬁ ? 00 0 00
5 1 500 000
0o L 11 0 0 00
1fo 0 L1 0 0 00
o1 !
““4lo 000 3 L oo @7
1 1
0 0 00 &% 3 30
0 000 0 % 31
1
0000 0 0 %3/ .
Using Equation (26), Equation (25) becomes
(W ()e)C + VT (1) (2PTC) + ¥ (t)e =0
() [eC+ (2P C)+e] =0
EC+(2PTC)+e=0 (28)

Equation (28) is a set of algebraic equations which is solved for C' in following
form
C=(e+2P") " (~¢)

—0.295408975150919
0.000000000000000
—0.000000000000000
—0.000000000000000
¢= —0.295408975150919 29
0.000000000000000
—0.000000000000000
0.000000000000000

By substituting the Chebyshev wavelet coefficients C' from equation (29) into
equation (21), the explicit form of the approximate solution of equation (18) is,

y(t) = [0.872379629742559, —0.013055355597036, —0.003263838899259, 0,
0.798527385954829, —0.039166066791109, —0.003263838899259, O] U(t)
Using the simplified value of W(t) from equation (14), y(¢) becomes

(1= 1 — 0.166666666666660t2, 0<t< %,
Y 1 — 6.357719098970234.107 15 ¢ — 0.166666666666661 2, % <t<l

The exact solution and the solution obtained by Chebyshev wavelet method of
differential equation (18) at different values of ¢ are given in Table (1):
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Variable (t) Exact solution Chebyshev solution Absolute error

0 1.000000000000000 | 1.000000000000000 0
0.1 0.998333333333333 | 0.998333333333333 0
0.2 0.993333333333333 | 0.993333333333334 | 0.000000000000001
0.3 0.985000000000000 | 0.985000000000001 | 0.000000000000001
0.4 0.973333333333333 | 0.973333333333334 | 0.000000000000001
0.5 0.958333333333333 | 0.958333333333333 0
0.6 0.940000000000000 | 0.939999999999999 | 0.000000000000001
0.7 0.918333333333333 | 0.918333333333333 0
0.8 0.893333333333333 | 0.893333333333333 0
0.9 0.865000000000000 | 0.865000000000000 0

Table(1): Comparison table for the exact and Chebyshev wavelet solution of
Lane-Emden equation of index 0.
This table shown that the solution of equation (18) obtained by first kind Cheby-
shev wavelet method nearly coincides with its exact solution.The graphs of exact
and first kind Chebyshev wavelet solutions of Lane -Emden differential equation
for n = 0 are drawn in figure (1).
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0.96 [

0.94 -

y(t)

092

09

0.88 -

0.86 -

1 L
02 0.3

— Exact solution
# Chebyshev solution

| L

0.5 06 07

t

Figure 1:The graphs of first kind Chebyshev wavelet and exact solutions
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Example (2). For n = 1, the Lane-Emden differential equation (17) reduces to

ty"+2y +ty=0  with y(0)=1,4(0)=0 (30)
sin(t)
t Y

t
1 t
Substituting values from Equation (19) — (24) in equation (30) ,

RN

0
The exact solution of the equation (30) is y(¢) = 0

" U)W (1)C + 20T PU(t) + " V(1) (CT P* + d")U(t) = 0
C=[e+2P" +&(P)7] " (—éd)
C = [~0.2871902685, 0.0077317973, 0.0019076755, —0.0000134466,

—0.2449764764, 0.0218383818, 0.0015733213, —0.0000401720]"  (31)

By substituting the Chebyshev wavelet coefficients C' from equation (31) into
equation (21), the explicit form of the approximate solution of equation (30) is,

y(t) = [0.8725052181901847 —0.012913303990151, —0.003192905781766,

0.000020169906045, 0.801594934932526, —0.036835535048721,
—0.002723022009203, 0.000056975401025 | W(t)
0.9999960361853 + 2.5435469133605.10~* ¢ — 0.1692243050960 >+
0.0082397473925 t3, 0<t<i

0.9979746687982 + 0.0116372814448 ¢ — 0.1914197434042 ¢+
0.0232754139255 t* ;<t<l

or, y(t)=

Table (2): Comparisons between the exact solution and numerical solutions for
various values of ¢

Variable (t) | Exact solution | Chebyshev solution Absolute error

0 1 0.999996036185 | 0.0396381467104x10~*
0.1 0.99833416646 | 0.998337468350 | 0.0330188261299x10~*
0.2 0.99334665397 | 0.993343852898 | 0.0280107641192x10~*
0.3 0.98506735553 | 0.985064628313 | 0.0272722411598 x10~*
0.4 0.97354585577 | 0.973549233079 | 0.0337730799104 x10~*
0.5 0.95885107720 | 0.958847800410 | 0.0327679807199x10~*
0.6 0.94107078899 | 0.941073419447 | 0.0263045585602x10~*
0.7 0.92031098176 | 0.920308558518 | 0.0242325006294 x 10~*
0.8 0.89669511362 | 0.896692870105 | 0.0224351906097 x10~*
0.9 0.87036323291 | 0.870366006692 | 0.0277377353607x10~*
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This table shown that the solution of equation (30) obtained by first kind Cheby-
shev wavelet method nearly coincides with its exact solution.The graphs of exact
and first kind Chebyshev wavelet solutions of Lane -Emden differential equation
for n = 1 are drawn in figure (2).
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09 \ -
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0.86 1 | | I I I 1 1 |
0 01 02 0.3 04 0.5 06 07 08 k]

t
Figure 2: The graphs of first kind Chebyshev wavelet and exact solutions

Example (3). For n = 2, The Lane-Emden differential equation is
ty' +2y +ty* =0  with y(0)=1,4(0)=0 (32)

The Taylor series expansion of function L(y) about a point y = 1 is given as,

o0

)™ d™L(y)
m2=: dy™ y=1

v =1+2(y— 1) +(y—1)°
From equation (21) & (22),

=d"U(t) + 20T P2U(t) + OT P*U(t)

Substituting the Taylor series exapansion of y* and values from equation (19) to
(24) in equation (32) ,

T W)U (t)C + 20T PU(t) + " V(1)U (t) [d+2(PT)*C+ (PT)*C] =0
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C=[¢+2PT +2&(PT)? +&(PT)*] " (—éd) (33)
C = [—0.279001698770205, 0.015429503002548, 0.003798307476540,
— 0.000031441187989, —0.195293820350412, 0.043103314900479,

0.003011315345934, —0.000095144707040]" (34)

By substituting the Chebyshev wavelet coefficients C' from equation (34) into
equation (21), the explicit form of the approximate solution of equation (32) is,

y(t) = [0.8726305971 17721, —0.012771501223632, —0.003122128096052,

0.000040262875496, 0.804642516403461, —0.034524067315646,
—0.002189080129024, 0.0001 12495988561] U(t)

(0.9999921077841 + 5.0666971784118.10* ¢ — 0.1717663081650 2
+0.016448064886675 t3, 0<t<i

or,y(t)=
0.996061399263954 + 0.022704430920508 t — 0.215186679101439 2

[ +0.045956511961640 t3 % <t<l

9 Conclusion

(i) In theorem (3.1) , the moduli of continuity has been estimated as following:

1 1
%4 <(f — SQk—l’Of) ’2_k> =0 (m) —0 as k— o0,

1 1
W((f_Sle,Mf) 72_k;> =0 (2k(a+1/2) M—l—l) — 0 as k— oo, M — .

(ii) In corollary (5.1) ,

Eoe-1o(f O(le)a)—ﬂ) as k — oo,

Q

Eoe-1 p(f (QkaH/Q 1) —0 as k— oo, M — o0.

Thus W ((f — Szkﬂ,of) s 2%) ((f Szk 1 Mf) lk) E2k7170(f) & E2k717M(f)

are best possible estimators in wavelet analysis.
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(iii) From theorem (3.1) and corollary (5.1) , it is observed that

w ((f - Sgk—l’(]f) ; %) < 2E2k—1,0(f)
W ((f — SQk-—lva) y %) < 2E2k_1,M(f)

Hence moduli of continuity W ((f — Sar-10f) ,55), W ((f — Sor-1.00f) » 3%)
are better and sharper than approximations Foi-1 o(f), For-1 5 ( f) respectively.

(iv) Solution of Lane-Emden differential equations by first kind Chebyshev wavelet
is approximately same as exact solution of differential equations. This is the sig-

nificant achievement of this research paper . Calculations performed in section(8)

demonstrate that the accuracy of Chebyshev wavelet method is quite high. In this

method , there is no complex integral or methodology. Application of this pro-

posed method is very simple & gives the explicite form of approximate solutions

to the Lane - Emden differential equations. These are the main advantages of

the method. This method is also very convenient for solving the boundary value

problems. Hence, this proposed method is very reliable, simple, fast & computa-

tionally efficients method.
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