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Abstract

A graph G is said to be square sum and square difference label-
ing, if there exists a bijection f from V(G) to {1,2,3,....(p — 1)}
which induces the injective function f* from F(G) to N, defined by
fH(uww) = f(u)*+ f(v)? and f*(uv) = f(u)*— f(v)? respectively, for
each uwv € E(G) and the resulting edges are distinctly labeled. G is
said to be square sum and square difference graph, if it admits a square
sum and square difference labeling respectively. The present work
investigates, square sum and square difference labeling of semitotal-
block graph for some class of graphs which are proved using number
theory concept.
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1 Introduction

Graph labeling is one of the fascinating and active area in the field of graph
theory and it is the numbering of integers to the vertices or edges, or both under
particular conditions and is mainly divided into two parts namely, vertex labeling
function and edge labeling function. The numbers considered here are positive
integers which was introduced by A. Rosa in 1967 by identifying four types of
labelings namely, «, 3, v, and . [-labeling was later renamed as graceful and
the name has been popular since. Graph labeling has a wide range of applications
such as X-ray crystallography, coding theory, radar, astronomy, circuit design,
network theory, communication networks and database management.

Nowadays, research in labeling of graph is increasingly expanding. In the
previous 60 years, more than 200 kinds of labeling have been studied and nearly
2500 articles have been published. One such labeling is square sum labeling de-
fined by V. Ajitha, S. Arumugam, and K. A. Germina in 2009. They investigated
square sum labeling of trees, unicyclic graphs, mC,,, m > 1, cycle with a chord,
the graph obtained by joining two copies of cycle C), by a path P, and the graph
defined by path union of % copies of (), and also investigated that complete graph,
when n > 6 is not square sum . R. Sebastian et al.[Sebastian and Germina, 2015]
discussed on this concept by introducing square sum labeling of class of planar
graphs. G.V. Ghodasara and M.J. patel [Ghodasara and Patel, 2017] introduced
some bistar related square sum graphs. Afterwords, J. B. Babujee and S. Babitha
[Babujee and Babitha, 2012] worked on some graphs which admits square sum
labeling. One of the interesting labeling called square difference labeling which
was first introduced by J. Shiama [Shiama, 2012] in 2012 and investigated the
results on cycles, complete graphs, cycle cactus, ladder, lattice grids, wheels and
quadrilateral snakes which admits square difference labeling. Also proved that
the path graph is an odd square difference graph. In this article, square sum and
square difference labelings of semitotal-block graphs for some class of graphs are
obtained.

All the graphs mentioned in this article are finite, simple, undirected, and
connected. For graph theoretic terms and system of symbols refer [F.Harary,
1969] and [Bondy and Murthy, 1976]. For latest and regular updates of different
forms of labeling skills refer [Gallian, 2020] and for the terms related to number
theory refer [Burton, 2006]
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2 Preliminaries

Definition 2.1. [Ghodasara and Patel, 2018] A (p, q) connected graph G is said
to be square sum labeling(SSL) if there exists a bijection [ from V(G) to
{0,1,2,...,(p — 1)}, which induces the injection f* and values from E(G) to N
given by f*(uwv) =| f(u)? + f(v)? | for all e = uv are distinct.

Definition 2.2. [Shiama, 2012] A (p, q) connected graph G is said to be square
difference labeling(SDL) if there exists a bijection f from V (G) to
{0,1,2,...,(p — 1)}, which induces the injection f* and values from E(G) to N
given by f*(uv) =| f(u)? — f(v)? | for all e = uv are distinct.

Definition 2.3. [Kulli, 1976] Semitotal-block graph T,(G) of a graph G is the
graph whose set of vertices is the union of the set of vertices and blocks of G and
in which two points are adjacent iff the corresponding vertices of G are adjacent
or the corresponding blocks are incident.

Definition 2.4. [Shiama, 2012] The comb graph(P, ® K) is a graph aquired by
joining a pendant edge to each vertex of a path graph P, with 2n vertices and
(2n — 1) edges.

Definition 2.5. [Govindan and Dhivya, 2019] The crown graph (C,, © K) is a
graph aquired by joining a pendant edge to each vertex of a cycle C,,.

The friendship graph F,, [Govindan and Dhivya, 2019] can be aquired by joining
n copies of the cycle graph C3 with a common vertex.

The following theorem is used for an immediate results.
Theorem A: [Kulli, 1976] If G is connected graph with p vertices and g edges and
if b, is the number of blocks to which vertex v; belongs in (G, then the semitotal-
block graph T,(G) has > b; + 1 vertices and ¢ + ) b; edges.

3 Main Results
Theorem 3.1. Forn > 4, T,(F,,) admits SSL.

Proof. By Theorem A, the vertex set of 7;,(£),) be V(1,(F,)) = 3n + 1 and
the edge set be E(T,(F,)) = 6n. Let B = by, by, bs, ..., b, be the blocks of F;, and
the total number of blocks are equal to n copies of Cj in F,, i.e., | B(F,) |= n.
There are four cases to be consider

Case 1. n =0 (mod4)
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Define a function f : V(T,(F,) — {0,1,2,...,3n} thus, the vertices and ten
classes of edges, which are distinctly labeled as follows,

fb)) = 2i+1 for 1<i<mn, f(u)=1
3n —2

flu;)) = 2, for 0<i<

flus, —o ) = 3n, flug, )=@Bn—1)—2(G—1) for 1§z’§g—1.
9 +1 7+i

E: Edges connecting consecutive distinct even numbers and edge labels
3n —4

fr{ugiugip1;0 < i < n

Ey: f*(ugpusy 4 2) = (18n* — 6n + 1).

} are in increasing sequence of even order.

2 2
E3: Edges connecting consecutive distinct odd numbers and edge labels

—4
f{usn 42 U3n 42 1 < < nT where i is odd and 2 < j <

B +1 B +J

1 where j is even} are in decreasing sequence of even order.

E4: Edges are connected by apex vertex 1 and consecutive distinct odd numbers
and the edge labels f*{ub;;1 < j < n} are in increasing order of even numbers
of the form (4K + 4m + 2), where K,m € N and K =%, m = i.
3 .. .
Es: The edge labels f*{uu;;0 < i < 771} are in increasing order of the form 4K,
where K € N and K = i2. Since the edges joining even numbers and apex vertex
1 are distinct.
FEjg: The edge labels f*{uus,, ;1 <i<
7-&-1’
form (9n2 —12nm+6n+4K — 4m +2), where K,m € N and K = 2, m=1.
Since the edges joining even numbers and apex vertex 1 are distinct.
3 3n+4
E7: The edge labels f*{ug;b;;0 < i < In and 1 < 5 < nt
ing order of the form (4K + 4L + 41 + 1), where K, L,m,l € N and K = 42,
L=3%m=idand!l=j.
. _3n . 3n .. .
Eg: The edge labels f*{uq;_1b;;1 <i < T and 1 < j < Z} are in increasing
order of the form (4K +4L + 4l + 1), where K, L,m,l € N and K = i?,L = j2,
m=1i,and [ = j.
Ey: Edges joining distinct odd numbers and the edge labels,

n—2

} are in decreasing order of the

} are in increas-

[us, by 44 2 << n iis even and 1 < j < E}, are in descend-
i +G-1) 2 4

2 2

ing order.
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Eo: Edges joining distinct odd numbers and the edge labels
f{uzn b3n 44

St Ty +(-1)
1< < - 11soddand1 <7< %}, are in descending order.
Case 2. n =1 (mod4)
Define a function f : V( Ty(F,)) — {0,1,2,...,3n} so, the vertices are labeled
as, flb;) = 2i+1 for 1<i<n, f(u)=
3n—1

flu;)) = 2i, for 0<i<

-1
flugp, 1 ) = 3n=2>i—-1) for 1§z’§nT.
+i
2

The induced edge labeling function is injective and labeled values are from F(G)
to N. There are nine classes of edges, which are distinctly labeled as follows,
FE: Edges connecting consecutive distinct even numbers and edge labels,

. _3(n—-1)
fr{ugiugir1;0 < i < 1

E5: Edges connecting consecutive distinct odd numbers and edge labels

} are in increasing sequence of even order.

-3
flugp —1 ugp—1 ;lﬁign—whereiis odd and 2 < j <
o T Y ’

where j is even} are in decreasing sequence of even order.

n—1

E5: Edges are connected by apex vertex 1 and consecutive distinct odd numbers
and the edge labels f*{ub;;1 < j < n} are in 1ncreasmg order of the form
(4K +4m + 1), where K, m € NandK—z
3n
E4: The edge labels f*{uu;;0 <i <
4K, where K € N and K = i2. Since the edges joining even numbers and apex
vertex 1 are distinct.
E5: The edge labels f*{uu 5, 1 ;1<i< n
( 5 )i
the form (9n? — 12nm + 12n + 4K — 8m + 5), where K,m € N and K = 72,
m = ¢. Since the edges joining even numbers and apex vertex 1 are distinct.
3(n—1 3
Eg: The edge labels f*{u;0;;0 < i < M and 1 < j < n
in increasing order of the form (4K + 4L + 4l + 1), where K, L,m,l € N and
K= L=3%m=iandl = j.
3 1 3 1
E;: The edge labels f*{ug;_1b;;1 < i < nt and 1 < j < nt

in increasing order of the form (4K + 4L + 41 + 1), where K, L, m,l € N and
K= L=34*m=iandl=j.

} are in increasing order of the form

1 . .
} are in decreasing order of

} are

} are

105



K. G. Mirajkar and P. G. Sthavarmath

Ejg: Edges joining distinct odd numbers and the edge labels,

f*{u?)(n—l) .b3n+5 - 2<i < n—1 iis even and 1 < j < n4 1},
T—H 1 +(j-1)

edge labels are in descending order of distinct even numbers.

Ey: Edges joining distinct odd numbers and the edge labels

f*{u?)(n—l) b3n +5 ;3§i§n+1iisoddand1§j§
—  t T +(-1)

edge labels are in descending order of distinct even numbers.

Case 3. n = 2 (mod4)

Define a function f : V(T,(F,)) — {0,1,2,...,3n} such that, vertices are la-

beled as,

fbi) = 2i+1 for 1<i<mn, f(u)=1, f(u;))=2i for ogig%n

flus, ) = (Bn—1)—2(-1) for 1§i§g—1.

7+z
The induced edge labeling function is injective and labeled values are from E(G)
to N. There are nine classes of edges, which are distinctly labeled as follows,
Ey: Edges connecting consecutive distinct even numbers and edge labels,

o 3n—
fH{ugiugip1;0 < i <

E5: Edges connecting consecutive distinct odd numbers and edge labels,

-2
[Hugy 9 ugy_9 1 < i < T where 1 1s even and 3 < j <
+i +j
n 2 2
— where j is odd} are in decreasing sequence of even numbers.

} are in increasing sequence of even order.

E3: Edges are connected by apex vertex 1 and consecutive distinct odd numbers
and the edge labels f*{ub;;1 < j < n} are in 1ncreas1ng order of the form
(4K —4m + 1), whereKmENandK—z = 1.

E4: The edge labels f*{uu;0 < i < 7} are in increasing order of the form 4K,

where K € N and K = i2. Since the edges joining even numbers and apex vertex

1 are distinct.

FEs: The edge labels f*{uu 3, ;1 <i< n-
(7)“

form (9n? — 12nm + 6n + 4K — 4m + 2), where K,m € N and K = %, m = 1.

Since the edges joining even numbers and apex vertex 1 are distinct.
. 3n—2) . 3n+2
Eg: The edge labels f*{ug;b;;0 < i < and 1 < j <

increasing order of the form (4K + 4L + 41 + 1), where K, L,m,l € N and

2
} are in decreasing order of the

} are in
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K= L=3%m=idandl = j.

3n + 2 3n+ 2
E;: The edge labels f*{ug;_1b;;1 < i < nt and 1 < j < nt } are
in increasing order of the form (4K + 4L + 4l + 1), where K, L,m,l € N and
K= L=34*m=iandl=j.

Ej: Edges joining distinct odd numbers and the edge labels
n—2

-2
fugp 2 b3(n+2) ;2<1< ,iisevenandlgjgnT}
T T tuy
are in descending sequence of distinct even numbers.

Ey: Edges joining distinct odd numbers and the edge labels

fluz, 2+'53<n+2) C8<ic g iis odd and 1 < j < "TQ}, are
— T +(-1)

in descending order of distinct even numbers.

Case 4. n = 3 (mod4)

Define a function f : V(T,(F,)) — {0,1,2,...,3n} such that, vertices are la-

beled as,

flb)) = 2i+1 for 1<i<mn, f(u)=1

flu;)) = 2i, for OgigM

f(Ug(n_l) ) = 3n—-20i—-1) for 1<i<
2

The induced edge labeling function is injective and labeled values are from E(G)
to N. There are ten classes of edges, which are distinctly labeled as follows,
E;: Edges connecting consecutive distinct even numbers and edge labels

3n—5
f{ugiugip1;0 <0 < n
Eo: fr(ugp —1usp +1) = (18n* — 6n + 1).

2
E5: Edges connecting consecutive distinct odd numbers and edge labels

} are in increasing sequence of even order.

-5
fugn +1 u3p41 L=< nT where i is odd and 2 < j <

5 +i ( 5 +j

where j is even} are in decreasing sequence of even order.

n—3

FE4: Edges are connected by apex vertex 1 and consecutive distinct odd numbers
and the edge labels f*{ub;;1 < j < n} are in increasing order of the form
(4K +4m + 1), where K,m € N and K =i, m = 1.

3n—1
Es: The edge labels f*{uu;;0 <i < n

4K ,where K € N and K = 2. Since the edges joining even numbers and apex

} are in increasing order of the form
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vertex 1 are distinct.

FEg: The edge labels f*{uusg, ~ 1 ;1 <4<
5 T

the form (9n? — 12nm + 6n + 4K — 8m + 5), where K,m € N and K = 2,

m = ¢. Since the edges joining even numbers and apex vertex 1 are distinct.

3n—1 3 1
E7: The edge labels f*{ug;b;;0 < i < n and 1 < j < M} are

in increasing order of the form (4K + 4L + 41 + 1),where K, L,m,l € N and
K=i#,L=3%m=idandl = j.

3n—1 3n—1
Eg: The edge labels f*{ug;_1b;;1 < i < " and 1 < 5 < n } are
in increasing order of the form (4K + 4L + 41 + 1), where K, L,m,l € N and
K=2L=3%m=iandl=j.

Ey: Edges joining distinct odd numbers and the edge labels

. . _n+1 . _n+1
f{“i%(n—l) 'b3n_1) ';QSZST, i is even and 1 < j <

+1 +Jj

n—1

} are in decreasing order of

}

4
are in descending order of distinct even numbers.
E1p: Edges joining distinct odd numbers and the edge labels

Flugin 1y by 1) 1Si<t idsoddand1<j< T
+1 +j

} are

2 4
in descending order of distinct even numbers. Clearly, all the ten classes of edges
are distinctly labeled. Hence, for n > 4, T,(F,,) admits SSL. O.
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Example 3.1: The square sum labeling of semitotal-block graph of F}, Fj, Fg
and F7 are shown in below figure.

U, U,
Uo
Figurea: F,4 Us Figure A: Ty(Fy)
u
! Case 1: n = 0(mod4)
Ug
Ug U
Figureb: Fs u Figure B: Ty(F5)
Case 2: n = 1(mod4)
Figure c: Fq Figure C: Ty(Fs)

Case 3: n = 2(mod4)

Ys  Figure D: Ty(F7)
Case 4: n = 3(mod4)

Theorem 3.2. Forn > 3, T,(P, ® K1) admits SSL.

Proof. By Theorem A, the vertex set of T,(P, ® K7) be V(T,(P, ® K7)) =
2n + r and the edge set be E(T,(P, ® K;)) = 6n — 3. Let B = by, by, b3, ..., b,
be the blocks of (P, ® K;) and the total number of blocks (r) are equal to |

E(P,® K)) | ie., | B(P, ® K}) |=2n-1.
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Define a function f : V(T,(P, ® K1)) — {0,1,2,...,(2n + r — 1)} thus, the
vertices are assigned as,

ifn=3 f(u;)) = 20 for 1<i<mn

f(b:) 20+ 1 for 1<i<mn, f(byy1)=0, f(b)=1
flv)) = 2n+1)+i for 1<i<n

ifn>3 f(u;)) = 20 for 1<i<n
fb)) = 2i+1 for 1<i<mn, f(bpy1)=0, f(bpi2)=1
fvi) = 2n+1)+i for 1<i<n

fbmra+-1) = Bn+1)+i for 1<i<(n-3).

The induced edge labeling function is injective and values are from E(G) to N.
There are seven classes of edges, which are distinctly labeled as follows,

E: Edges joining naturally distinct consecutive even numbers and the edge labels
f{uiuigr;1 <i < (n— 1)} are in strictly increasing sequence.

E5: The labeling of edges f*{w;v;; 1 < i < n} are in ascending order of the form
(4% + 4n + 4nm + 5K + 2m + 1), where K,m € N and K = i?>, m = i, which
are distinctly labeled.

E5: Edges connecting consecutive distinct even and odd numbers and the edge
labels f*{u;b;; 1 <1i < n} are in increasing sequence of the form (8K +4m+ 1),
where K,m € N and K = 2, m = 1.

E4: The edge labels f*{v;b;;1 < i < n} are in ascending order of the form
(4n? +4n + 4nm + 5K + 6m + 2), where K, m € N and K = i?>, m = 4, which
are distinctly labeled.

Es5: The edge labels f*{u;b,_1;1 < ¢ < (n — 1)} are in ascending order of the
form 4K, where K € N and K = 7% which are distinctly labeled.

FEs: The edge labels f*{u;b,;2 < i < n} are in ascending order of the form
(4K + 1), where K € N and K = i?, which are distinctly labeled.

E7: If n > 3 the edge labels f*{u;b13)+6-1):3 < i< (n—1)and 1 < j <
(n—=3)} and f*{uibpis)+o-1);4 < i <nandl < j < (n—3)} areinascending
orders of the form (9n? + 6nl + 6n + 4K + L + 2] + 1), where K, L,m,l € N
and K = i, m = i, L = j%, | = j, which are distinctly labeled. Clearly,
the assignment pattern of all the classes of edge are distinct. So, f is SSL and
Ty(P, ® K1) admits SSG. O
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Example 3.2: The square sum labeling of semitotal-block graph of P, ® K;
is shown in below figure.

u, u, U, u,
A Vv, Vs Vy v, 10 v, M v, 12 v, 13
Figure: P, OK; Figure: T}, (P, ©Kj)

Theorem 3.3. Forn > 3, T,(C,, ® K1) admits SSL except n = 0 (mods8).

Proof. The vertex set of T,(C,, ® K;) be V(T,(C,, ® K;)) = 3n + 1 and
the edge set be E(71,(C,, ® K;)) = dn. Let B = by, by, bs, ..., b, be the blocks of
(C,, ® K1) and the total number of blocks in (C,, ® K;) are equal to (n + 1) i.e.,
| B(C,, ® K1) |=n+1.

Define a function f : V(T,(C, ® K;)) — {0,1,2,...,3n} thus, the vertices are
assigned as,

f(br) 3n, flun) =2n, f(v.)=n, f(br—1)=0
flw) = f(b)—i for 1<i<n
fvi) = fluy)—i for 1<i<n

(b:)

= f(vn) —1, for 1<i<n.

The induced edge labeling function is injective and values are from E(G) to N.
There are five classes of edges and all edge labels are in the form of decreasing
sequence, which are distinctly labeled as follows,

E: The edge assignments f*{b,u;; 1 < i < n} are in the form (18n*+ K —6nm),
where K,m € N and K =%, m = i.

FEy: The edge assignments f*{w;v;;1 < i < n} are in the form (2K + 13n? —
10nm), where K,m € N and K =%, m = 1.

Ej3: The edge assignments f*{v;b;; 1 < i < n} are in the form (2K +9n*—8nm),
where K,m € N and K = 2, m = 1.

Ej: The edge assignments f*{uu;:1;1 <i < (n—1)and1 < j < (n—1)}
are in the form (K + 9n? — 6nm) + (L + 9n* — 6nl), where K, L, m,n € N and
K= L=3%m=1,1=]j.

Es: f*(unuy) = (13n? — 6n + 1). Clearly, the labeling pattern of all the classes
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of edges are not being same. So, the T,(C,, ® K;), is SSL. O
Example 3.3: The square sum labeling of semitotal-block graph of C5; ® Kj is
shown in below figure.

Figure . C5 ®Kl Figure: Tb(CS QKl)

Theorem 3.4. Forn > 3, T,(F,,) admits SDL except n = 1 (mod4).

Proof. By Theorem A, the vertex set of 7,(F},) be V(T,(F,)) = 3n + 1 and
the edge set be E(T,(F,,)) = 6n. Let B = by, by, bs, ..., b, be the blocks of F;, and
the total number of blocks are equal to n copies of C5 in F,, i.e., | B(F},) |=n.

We consider three cases

Case 1. n = 0 (mod4)

Define a function f : V(T,(F,)) — {0,1,2,...,3n} thus, the vertices are as-
signed as,

f(b;) = 2i—1 for 1<i<n, f(u)=0
flw;) = 2i for 0§i§37n
flugn ) = @Gn-1)-26—1) for 1<i<

7—&-@‘

The induced edge labeling function is injective and labeled values are from E(G)
to N. There are nine classes of edges, which are distinctly labeled as follows,
Ey: Edges connecting consecutive distinct even numbers and edge labels

SIE

. 3n .. .
Fugiqug;; 1 <1 < I} are in increasing sequence of even order.
E5: Edges connecting consecutive distinct odd numbers and edge labels,
f*{u?)n U3y +92 1< < Z} are in decreasing sequence of even order.

7 +i 9 +i
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Es3: The edge labels f*{ugb;;1 < ¢ < n} are in increasing order of the form
(4K —4m + 1), where K,m € N and K = i%2, m = i. Since the edges joining
odd numbers and apex vertex 0 are distinct.

3
Ey4: The edge labels f*{uqu;1 < i < ;} are in increasing order of the form

4K, where K € N and K = i2. Since the edges joining even numbers and apex
vertex 0 are distinct. n
FEs: The edge labels f*{uoug,, ;1 <i< 5} are in increasing order of the form
i
2
(9n? +4K — 12nm + 6n — 4m + 1), where K, m € N and K = i?, m = i. Since
the edges joining even numbers and apex vertex 0 are distinct.

3 3
Eg: The edge labels f*{ug;_1b;;1 <i < In and 1 <75 < Zn} are in increasing

order of the form (4K +4L — 41+ 1), where K, L,m,l € N and K = *,L = 52,
m =1,and [ = j.

3 3
Er: The edge labels f*{uq;b;;1 < i < Znandl <j < In} are in increasing

order of the form (4K +4L — 41+ 1), where K, L,m,l € N and K = i, L = j2,
m =1t,and [ = j.
FEg: Edges joining distinct odd numbers and the edge labels f*{u3,, 03, 1 4

ot Ty

n n
1< < 5 1, iisodd and 1 < 5 < 5~ 1} are in descending order of distinct
even numbers.

FEy: Edges joining distinct odd numbers and the edge labels f*{u3,, 03, 1 4

2" Ty
1 <1 < g —1, iiseven and 1 < 5 < g — 1} are in descending order of
distinct even numbers.
Case 2. n = 2 (mod4)
Define a function f : V(T,(F,)) — {0,1,2,...,3n} such that, vertices are la-

beled as,

+G-1)

+G-1)

fbi) = 2i—1 for 1<i<mn, f(u)=0
f(u;)) = 2i, for ng'g%n

flusy, ) = GBn-=1)—23G—1) for 1<i<=.
= 2
2
The induced edge labeling function is injective and labeled values are from E(G)
to N. There are ten classes of edges, which are distinctly labeled as follows,

E1: Edges connecting consecutive distinct even numbers and edge labels
. . _3n—2
[ Hugicug; 1 <0 <

} are in increasing sequence of even order.
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Ey: f*(uzs_nuzan +2)=(6n-1)

2 2
E5: Edges connecting consecutive distinct odd numbers and edge labels,
n—2

fugn 42 ugpy2 ;1<i<
9 +1 +J

are in decreasing sequence of even order.

E4: The edge labels f*{ugb;;1 < i < n} are in increasing order of the form

(4K — 4m + 1), where K,m € N and K = i?, m = 4. Since the edge joining

odd numbers and apex vertex 0 are distinct.

2
,iisoddand?ﬁjg%jiseven}

3 . .
Es: The edge labels f*{uqu;1 < i < Tn} are in increasing order of the form

4K, where K € N and K = i?. Since the edges joining even numbers and apex
vertex ( are distinct. n
FEg: The edge labels f*{uousg,, ;1<i< 5} are in decreasing order of the form
—+i
2
(9n? —12nm +6n +4K —4m+ 1), where K, m € N and K = 7%, m = i. Since

the edges joining even numbers and apex vertex 0 are distinct.

3n+2 3n + 2
E7: The edge labels f*{ug;_1b;;1 < i < nt and 1 < j < nt
in increasing order of the form (4K + 4L — 4l + 1), where K, L,m,l € N and
K=& L=jm=iandl = j.

3n—2 3n —2

Eg: The edge labels f*{ug;b;;1 < i < n and 1 < j < t
creasing order of the form (4K +4L —4l+1), where K, L,m,] € N and K = 72,
L=3j%m=idandl = j.
Ey: Edges joining distinct odd numbers and the edge labels

} are in in-

3 . n o . n - 2 .
f{usy, — 9 .bS(n+2) | ;3§2§§,zzsoddand1§j§ } are in
2 + 4 +(J_1)
descending order of distinct even order.
E4: Edges joining distinct odd numbers and the edge labels
n+2 n+ 2

}

flugp —2 b3p 42 ;2<0 < , tiseven and 1 < 5 <

+i 1 +@G-1)

are in de2scending order of distinct even numbers.

Case 3. n = 3 (mod4)

Define a function f : V(T,(F,)) — {0,1,2,...,3n} such that, vertices are la-
beled as,

fb)) = 2i—1 for 1<i<mn, f(u)=0

3n— 1
flu) = 2i, for 0<i<
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1
flugp—1 ) = 3n—=2(i—-1) for 1<i< i
+i
2

The induced edge labeling function is injective and labeled values are from E(G)
to N. There are nine classes of edges, which are distinctly labeled as follows,
E;: Edges connecting consecutive distinct even numbers and edge labels

3n—1
FH{ugi—rug; 1 <i < n

E)5: Edges connecting consecutive distinct odd numbers and edge labels

} are in increasing sequence of even order.

-1
fugn -1 ugp—1 sl =i s nT where i is odd and 2 < j <

9 +1 9 +J

n+1 . ) .
where j is even} are in decreasing sequence of even order.

Es: The edge labels f*{uob;;1 < j < n} are in increasing order of the form
(4K — 4m + 1), where K,m € N and K = %, m = 4. Since the edges joining
odd numbers and apex vertex 0 are distinct.

3n—1
E4: The edge labels f*{uou;;1 <i < n
4K, where K € N and K = 2. Since the edges joining even numbers and apex
vertex 0 are distinct.

E5: The edge labels f*{uousg, 1 ;1<i<
+i

} are in increasing order of the form

n+1

} are in increasing order of

2

the form (9n? — 12nm + 12n + 4K — 8m + 4), where K,m € N and K = i?,
m = 1. Since the edges joining even numbers and apex vertex 0 are distinct.

3n—1 3n—1
Egs: The edge labels f*{uy_1b;;1 < i < n and 1 < 7 < " } are
in increasing order of the form (4K + 4L — 41 + 1), where K, L,m,l € N and
K= L=3j%m=iandl=j.

3In —

Er: The edge labels f*{ug;b;;1 <1 < n and 1 < j < } are in in-
creasing order of the form (4K + 4L — 41+ 1),where K, L,m,] € N and K = i?,
L=3%m=id,andl = j.
FEg: Edges joining distinct odd numbers and the edge labels f*{us,, _ 1 b3, _ 1

B +1 1 +7

} are in descending order of dis-

n—1

n—1 n+1

1< < ,iisoddand 1 < j <

tinct even order.
Ey: Edges joining distinct odd numbers and the edge labels

1 1
fHusy —1 b3 —1 ;2§i§n+ iisevenand1§j§n+
+i +j

} are in

4
descending order of distinct even numbers. Clearly, the assignment pattern of all
the classes of edge are distinct. So, 7;(F},) admits SDL. O
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Example 3.4: The square difference labeling of semitotal-block graph of F}, Fj
and F7 are shown in the below figure.

U, u,
u
Figurea: Fy 1 A Figure A: Ty(Fy)
Ug Case 1: n = 0(mod4)
Us
u7 u6
u U,
Ug
Uy u,
Figurec: Fq u Figure C: T}y(Fs)
4
t J Case 3: n = 2(mod4)
Ug ’
Ug
Ug u,

Figure D : Ty,(Fy)

u. Case4: n = 3(mods) Y
¢ 19

Theorem 3.5. Forn > 3, T,(P, ® K1) admits SDL.

Proof. By Theorem A, the vertex set of T,(P, © K1) be V(T,(P,© K1)) = 2n+r
and the edge set be E(T,(P, ® K1)) = 6n — 3. LetB = by, by, bs, ..., b, be the
blocks of (P, ® K;) and the total number of blocks (r) are equal to | E(P, ® K;) |
i.e., | B(Pn © Kl) |: 2n — 1.

Define a function f : V(T,(P, ® K1)) — {0,1,2,...,(2n + r — 1)} thus, the
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vertices are assigned as,

flu;)) = 2i—1 for 1<i<n

fb) = flup)+24+2(i—1) for 1<i<(n-—1)

floj) = 2j for 0<j<(n—1), f(bn)=(2n+r—1)
brsi-n) = F0) 42426 —1) for 1<i< (n—1).
The induced edge labeling function is injective and values are from E(G) to N.
There are eight classes of edges which are distinctly labeled as follows,
Ey: Edges joining (naturally distinct)consecutive odd numbers and the labels
fH{uuipg;1 < i < (n— 1)} are in strictly increasing sequence of even num-
bers.
E,: The edge labels f*{uv;;1 < i <nand 0 < j < (n—1)} are in strictly
increasing sequence, having end vertices with the labels in which one of them is
even and the other is odd, which receive odd edge labels.
E3: Edges joining distinct odd numbers and the labels f*{u;b;;1 <i < (n— 1)}
are in ascending order of the form (f(u,) +2+2(i+1))? — (4K — 4i + 1), which
are distinct odd edge labels.
By f*(unbr—(n-1y) = 3(4n* — dn + 1).
E5: Edges joining distinct odd and even numbers and the labels f*{v;b;;0 <
j < (n—=2)and 1 < j < (n— 1)} are in ascending order of the form
(f(un,) + 2+ 2(i + 1)))? — (4K), where K = 4% which contains distinct odd
edge labels.
Eo: [*(vnbr—(n-1)) = (12n* —8) .
E7: Edges joining distinct odd and even numbers and the labels
F{uibmi1y+i-1); 1 <4 < (n — 1)} are in ascending order of the form (f(v,) +
2)+2(i+1))? — (4K —4m+1), where K,m € N and K = i* and m = i which
contains distinct odd edge labels.
Ejy: Edges joining distinct odd and even numbers and the labels
[ {uis1bn1y4-1); 1 < i < (n—1)} are in ascending order of the form ( f(v,,) +
2)+2(i+1))?— (4K —4m+1), where K,m € N and K = i* and m = i which
contains distinct odd edge labels. Clearly, all the classes of edges are not being
same. Hence, T,(P,, ® K;) admits SDL. O
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Example 3.5: The square difference labeling of semitotal-block graph of P, ®
K is shown in the below figure.

Figure: P, O K, Figure:T, (P, OK))

Theorem 3.6. Forn > 4, (T,(C,, ® K;)) is SDL.

Proof. By Theorem A, the vertex set of 7,(C,, ® K1) be V(T,C, ©® K7)) = 3n+1
and the edge set be E(T,(C, ® K;)) = 5n. Let B = by, by, bs,...,b. be the
blocks of (C,, ® K;) and the total number of blocks are equal to (n + 1) i.e.,
| B(C, ® K1) =n+1.

We consider four cases

Case 1. n =0 (mod4)

Define a function f : V(T,(C,, ® K1)) — {0,1,2,...,3n} thus, the vertices are
assigned as,

fb) = 4i for 1<i< 2 f(b) =0

flw) = 2i—1, for 1<i<mn, f(y;)=2(2i—1) for 1g¢g%”

flbg, ) = flbgy)—3—4(i—1)) for 1§z’§%
3 vy

fugn ) = flvgy)+1—-4(t=1)) for 1<i<—
i T

The induced edge labeling function is injective and values are from E(G) to N.
There are nine classes of edges which are distinctly labeled as follows,

E: Edges joining consecutive (naturally distinct) odd numbers and common end
vertex 0. The labeling of edges f*{byu;; 1 < i < n} are of the form (4K —4m+1),
where K,m € N and K = 2, m = i.

E5: Edges joining consecutive (naturally distinct) odd numbers and the labeling
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of edges f*{u;u;11;1 < i < (n — 1)} are distinct as it form a strictly increasing
sequence of even numbers.
Es: f*(upuy) = 4n(n — 1).
E4: Edges joining consecutive distinct odd and even numbers and the edge labels
fHuwi; 1 <0 < Zn} are in increasing sequence of the form 3(4K — 4m + 1),
where K,m € N and K = 1%, m = i. Since the labeling pattern of the edges
connecting consecutive odd numbers and consecutive even numbers are distinct.
E5: Edges joining (naturally distinct) odd numbers, the edge labels
Flusg, vs, 11<i< %} are of the form | (f(vs,,) + 1 — 4(m — 1))? —
— i —— i —
4 4 4
(4K —4m +1) |, where K,m € N and K =%, m = i.
Eg: Edges joining consecutive distinct odd and even numbers, the edge labels

3
fub; 1 < < In} are in increasing sequence of the form (12K + 4m — 1),
where K, m € N and K =%, m = 1.
E7: Edges joining (naturally distinct) odd numbers and the edge labels

f{us, b3, ;1<i< Z} are in decreasing sequence of even numbers of the
— i — i

form | (f(b3,,) —3 —4(m —1))* — (4K —4m + 1) |, where K,m € N and

4

K =i m=i.
FEs: Edges joining consecutive (naturally distinct) odd and even numbers and the
edge labels f*{v;b;; 1 < i < In} are in increasing sequence of the form (16m —
4), where m € N and, m = 1.
Ey: Edges joining (naturally distinct) odd numbers and the edge labels
vy, b, ;1<0< Z} are in decreasing sequence of the form | (f(v3,, )+

— i —— i —

4
, where K, € N and K = 72,

L—4(m —1))* = (f(bgp) — 3 — 4(m — 1))?

_ 4
m = i.
Case 2. n =1 (mod4)
Define a function f : V(T,(C, ® K7)) — {0,1,2,...,3n} so, the vertices are
labeled as,

3(n—1) B
=D o) =0

flu)) = 20—=1 for 1<i<mn, f(v;)=22i—1) for 1<i<

f(b;)) = 4i for 1<i<
3n+1
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fogn—1y ) = flogp,—1) +3—4(—1) for 19§”T+3
— +¢ 7
4 4
-1
flosn+1 ) = flugy)—1-4(G—1) for 1§¢§”T‘
T ry

The induced edge labeling function is injective and values are from E(G) to N.

There are ten classes of edges which are distinctly labeled as follows,

E: Edges joining consecutive (naturally distinct) odd numbers and common end

vertex. The labeling of edges f*{bou;; 1 < i < n} are of the form (4K —4m+1),

where K,m € N and K =42, m = i.

E5: Edges joining consecutive (naturally distinct) odd numbers and the labeling

of edges f*{uju;11;1 < i < (n — 1)} are distinct as it form a strictly increasing

sequence of even numbers.

Es: f*(upuy) = 4n(n — 1).

E,: Edges joining consecutive distinct odd and even numbers and the edge labels
. _3dn+1

Suvis 1 < <

where K,m € N and K = 7%, m = i. Since the labeling pattern of the edges
connecting consecutive odd numbers and consecutive even numbers are distinct.
E5: Edges joining (naturally distinct) odd numbers and the edge labels,
fAusp+1 vap41 ;150 < E} are of the form (f(vg, 4 1) —1—4(m —
+i +i 4

4 4 4
1))? — (4K —4m + 1), where K,m € N and K = i*, m = i.
Eg: Edges joining consecutive distinct odd and even numbers, the edge labels

} are in increasing sequence of the form 3(4K —4m+1),

3(n—1
fHoubi;1 <1< %} are in increasing sequence of the form (12K + 4m —

1), where K,m € N and K =%, m = i.

E7: Edges joining (naturally distinct) odd numbers and the edge labels,
n+3

f*{ug(n —1) bS(n 1) 1<i< } are in decreasing sequence of the

+1 +1
4 4
form (f(b3<n _ 1>) +3—4(m—1))*— (4K —4m + 1), where K,m € N and

K =4, m=i.

Eg: Edges joining consecutive distinct odd and even numbers, the edge labels
fob;1 <i < W} are in increasing sequence of the form (16m — 4),
where m € N and , m = 1.

Ey: f*(03n+ 1b3(n+ 1)) = (6n —1).

4 4
Eyy: Edges joining distinct odd numbers and the the edge labels
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—1
fAv3n +1 b3<n +1) 1 <i< n } are in decreasing order of the form
4 +1 T+1
| (f(vgp 1) —1=4(m—=1))* = (f(b3y, 41 —4—4(m—1))* |, wherem € N
4 4
and m = 1.

Case 3. n = 2 (mod4)
Define a function f : V(T,(C,, ® K;) — {0,1,2,...,3n} such that, vertices are
labeled as,

Fb) = 4 for 1<i< "2 f(by) =0
flu)) = 2i—1, for 1<i<n
) = 202i—1) for 1<i< 2
flb3n—2 ) = flbzg_9)+1-4(i~1) for 1<i< ">
+i
4 4
fsnao ) = flugy o) —3—4(G—1) for 1g¢g”T_2.
5 4

The induced edge labeling function is injective and values are from E(G) to N.

There are nine classes of edges which are distinctly labeled as follows,

FE4: Edges joining consecutive (naturally distinct) odd numbers and the labeling

of edges f*{bou;; 1 < i < n} are of the form (4K — 4m + 1), where K, m € N

and K =%, m = i.

E5: Edges joining consecutive (naturally distinct) odd numbers and the labeling

of edges f*{u;u;11;1 < i < (n — 1)} are distinct as it form a strictly increasing

sequence of even numbers.

Es: f*(upuy) = 4n(n —1).

E4: Edges joining consecutive distinct odd and even numbers and the edge labels
. _dn+2

fruv 1 <i <

where K,m € N and K = 72, m = i. Since the labeling pattern of the edges
connecting consecutive odd numbers and consecutive even numbers are distinct.

E5: Edges joining (naturally distinct) odd numbers and the edge labels,
n—2

} are in increasing sequence of the form 3(4K —4m+1),

} are of the form | (f(vsg,, y2) —3 —

4 4 4
4(m —1))?> — (4K —4m +1) |, where K,m € N and K = i*, m = i.

Ej: Edges joining consecutive distinct odd and even numbers, the edge labels
. _3n—2
fr{ubi; 1 <i <

f*{u3n+2 U3gp 49 ;1 <0<
+i +i

} are in increasing sequence of the form (12K +4m—1),
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where K,m € N and K =i, m = i.

E7: Edges joining (naturally distinct) odd numbers and the edge labels,
n+ 2

fAusp+92 b3 49 ;1<i< } are in decreasing sequence of the form

+1 +1
4 4
| (f(b3p 4+ 2)+3—4(m—1))*— (4K —4m+1 |), where K,m € N and K = *,
4

m = i.

Eg: Edges joining consecutive distinct odd and even numbers, the edge labels
3n — 2

o1 < i < 2222

where m € N and , m = 1.

Ey: Edges joining naturally distinct odd numbers except first end vertex and the
n+2

} are in increasing sequence of the form (16m — 4),

edge labels f*{v3,, o b3, o ;1<i<
+i +i

4 4
of the form | (f(vgn_2)+4—3(m—1))2—(f(b3<n_ 1))4-1—4(771—1))2 B

4 4
where m € N and m = 1.
Case 4. n = 3 (mod4)
Define a function f : V(T,(C, ® K7)) — {0,1,2,...,3n} such that, vertices are
labeled as,

} are in decreasing sequence

-1
f(b;) = 4i for 1§i§3n

flu)) = 2i—1, for 1<i<n

) f(bO):O

F) = 22i—1) for 1<i<ott
fbgp—1 ) = [flbgp —1)—1—-4@—1) for 1§i§n+1
1 +i 1 4
flogn—1 ) = flvgp—1)+3—-4(i—1) for 1§i§nT+1,
TR 1

The induced edge labeling function is injective and values are from E(G) to N.
There are nine classes of edges which are distinctly labeled as follows,

Ey: Edges joining consecutive (naturally distinct) odd numbers and the labeling
of edges f*{bou;; 1 < i < n} are of the form (4K — 4m + 1), where K, m € N
and K =i, m = i.

E5: Edges joining consecutive (naturally distinct) odd numbers and the labeling
of edges f*{uju;y1;1 < i < (n — 1)} are distinct as it form a strictly increasing
sequence of even numbers.

Es: f*(uyuy) =4n(n —1).
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E4: Edges joining consecutive distinct odd and even numbers and the edge labels
3n—1
fAuivi; 1 <0 < i

where K,m € N and K = 7%, m = i. Since the labeling pattern of the edges
connecting consecutive odd numbers and consecutive even numbers are distinct.
E5: Edges joining naturally distinct odd numbers, the edge labels such as

. n+1
frugn -1 vgp—1 l=sis
TR R 1
4(m —1))? — (4K —4m + 1), where K,m € N and K = i*, m = 1.
Eg: Edges joining consecutive distinct odd and even numbers, the edge labels
. _3dn—1
fubi 1 <0<
where K,m € N and K =i, m = i.
E;: Edges joining (naturally distinct) odd numbers, the edge labels

} are in increasing sequence of the form 3(4K —4m+1),

} are of the form (f(vg, 1) +1—

} are in increasing sequence of the form (12K +4m—1),

1
ffusgy —1 bgp—1 1 <4 < i} are in decreasing sequence of the
Lt 4
form | (f(b3,, _ 1))— 1—4(m—1))2— (4K —4m+1)
4
K= m=i.
FEjs: Edges joining consecutive distinct even numbers and the edge labels
flobis 1 < i < ——
where m € N and , m = 1.
Ey: Edges joining (naturally distinct) odd numbers and the edge labels

1
Frivan—1 b3n -1 's1§i§n+

A +1 A +1

| (fvgy —1)+3—4(m—1))* - (f(b3(n_ 1)) —1—4(m —1))? |, where

, where K, m € N and

} are in increasing sequence of the form (16m — 4),

} are in decreasing sequence of the form

m € N and m = 7. Clearly, the labeling of aﬁL the classes of edges are not being
same and the function f is SDL and the graph 7,(C,, ® K;) admits SDG. O
Example 3.6: The square difference labeling of semitotal-block graph of C,® K,
Cs ©® K1, Cg ® K1, and C7 ® K, are shown in the below figure
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v, Vi

u, Uy
Figurea:C, 0K, Figure A:T,(C4 @ Ky)

U, 2 Case 1:n = 0(mod4)

Vs V2

\Z]
Ug b,
Figureb:C5 0K FigureB : Ty(C5 © Kq)

Case 2 :n = 1(mod4)

Vy Vs

Va
17
Y2 Figure C: Ty(Cs © K1)

Case 3 :n = 2(mod4)

Figurec:C4, 0 K3

Ve

Ys
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4 Conclusion

In this article, we have studied on vertex labeling functions called square sum
and square difference labeling and obtained the results for semitotal-block graph
for some class of graphs which admits both SSL and SDL. This work contributes
sevaral new results to the theory of graph labeling.
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