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Abstract

Superior domination polynomial SD(G,z) = 371" ) |sd(G,1)[z"
is a polynomial in which the power of the variable denotes the car-
dinality of a superior dominating set and the total number of sets of
same cardinality forms the coefficient of the variable. In this paper we
find the SD(G, S,,) of stars and SD(G, C,,) of cycles and properties
of the coefficients are discussed. The SD(G,z) different standard
graphs are obtained and the roots of the polynomial are tabulated.
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1 Introduction

The graph G = (V, F) is a finite, undirected, simple, ordred pair where V' (G) is a
set of vertices and E/(G) is the set of edges. In 2009 Saeid Alikhani and Yee-hock
Peng[1] conceptualized the concept of domination polynomial. Domination is a
vast arena in graph theory, Ore[8] coined the term domination in graphs. A vast
literature about domination can be found in domination in graphs[3].

There are different types of distances in graph theory one being superior dis-
tance, Kathiresan and Marimuthu[7] were the pioneers of superior distance in
graphs. The same authors[6] put forth the concept of superior domination in
2008. A Mohamed Ismayil and Tejaskumar R[4] introduced eccentric domina-
tion polynomial which was the hybrid idea of combining eccentric domination[5]
and domination polynomial.

In this paper, a distance based domination polynomial called superior domi-
nation polynomial is introduced by coalescence of superior domination and domi-
nation polynomial. Standard formulas to find the coeffcients or the superior dom-
inating sets of stars .S,, and cycles C), for any value of n. Theorems realted to
properties of these coefficients are stated and proved. Superior domination poly-
nomial SD(G, x) of different standard graphs are calculated, their roots are tabu-
lated. For all the undefined terminologies and basic concepts of graphs refer the
book Graph theory by Frank Harary[2].

2 Preliminaries

Definition 2.1. [1]. Let D(G,1i) be the family of dominating sets of a graph G
with cardinality i and let d(G,i) = |D(G,1i)|. Then the domination polynomial
D(G,z) of G is defined as D(G,z) = le(ﬁg) d(G,i)x", where v(G) is the

domination number of G.

Definition 2.2. [7]. Let D,, = N[u|U N[v]. A Dy,-walk is defined as a u — v
walk in G that contains every vertex of D,,. The superior distance dp(u,v) from
u to v is the length of a shortest D, ,, walk.

Definition 2.3. [7]. The superior neighbour of a vertex u is given by dp(u) =
min{dp(u,v) : v € V(G)—{u}}. Avertex v( u) is called a superior neighbour
of wif dp(u,v) = dp(u).

Definition 2.4. [6]. A vertex u is said to be a superior dominate a vertex v if v is
a superior neighbour of u.
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Definition 2.5. [6]. A set S of vertices of G is called a superior dominating set of
G if every vertex V(G) — S is superior dominated by some vertex in S. A superior
dominating set G of minimum cardinality is a minimum superior dominating set
and its cardinality is called superior domination number of G and denoted by

Pst(G)'

Theorem 2.1. [6]. For a cycle C,, the superior domination number is given by
%, ifn = 0(mod 3)
Ysd(Crn) = ”T”, ifn = 1(mod 3)

2L ifn = 2(mod 3)

3 Superior Domination Polynomial of Graphs

In this section, we defined superior domination polynomial, properties and results
related to superior domination polynomial are observed, stated and proved.

Definition 3.1. Superior domination polynomial is given by

SD(G,z) = Y 1., ) sd(G,t)|z" where |sd(G,1)| is the number of distinct
superior dominating set with cardinality t and ~y,4(G) is the superior domination
number.

Example 3.1. .
U1 V2

U3 Uy

Us
Ve

Figure 1: Net graph

Vertex | Minimum superior distance dp | Superior neighbour
v 3 V2, Ug
Vg 3 V1, Vg
(% 4 U1
Vg 4 Vo
Vs 4 Vg
Vg 3 V1, Ug
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From figure-1 we get {vs,v4,vs} is a superior dominating set with cardinality
3, {v1,v3, 04,05}, {v2, V3, 04,05}, {v3, 04, 05,06} are superior dominating sets of
cardinality 4, {v1,vs,v3, 04,05}, {v1,03, 04, 05,06}, {2, V3,04, 05,06} are supe-
rior dominating sets of cardinality 5 and {vy,vs, V3, vy, Vs, Vg } is superior domi-
nating set with cardinality 6. Therefore superior domination polynomial is given
by SD(G, z) = 25 + 32° + 3z + 2%

Theorem 3.1. For a complete graph K, the superior domination polynomial is
givenby SD(K,,z) = (1 4+ z)" — 1.

Proof. The degree of every vertex v € K,, is n — 1. For any two vertices
u and v the number of vertices on their D,,-walk is given by |V (K,,)|. Since
|N[u]| = n and | N [v]| = n both the vertices have common neighbours and both u
and v are incident to each other. Therefore a D,, ,-walk between u and v contains
all vertices of K, and all the vertices of K, forms the superior neighbour of any
v € V(K,,) other than itself. By the definition of superior distance, the distance
between any two vertices is n — 1. Now by the definition of superior domination,
for every vertex of V' (K,,) — S is superior dominated by some vertex in .S which is
a superior dominating set and every vertex of V' (K, ) — S has a superior neighbour
in S. Therefore SD(K,,,xz) = (1 +z)" — 1.

Theorem 3.2. [f two graphs are isomorphic then SD(G1,z) = SD(G2, x).

Proof. Let G; and G4 be any two isomorphic graphs. Then there exist a one-
one and onto function between the vertex sets such that f : V(G1) — V(Gs)
such that V;,, and V,, are superior neighbours in G if and only if f(V},) and
f(V;,) are superior neighbour of some vertex in G5. Therefore |SD(G1,n)| =
|SD(Gy,n)| V¥ n. Therefore SD(G1,z) = SD(Gs, x).

Example 3.2. In the figure 2 and 3 both the tetrahedral graph and complete graph
K, are isomorphic to each other.

U1 (] U2
Vs V4 V3 Vg
Fig:2-Tetrahedral graph T, Fig:3-Complete graph K,

SD(T,, x) = z* + 42® + 622 + 4.
SD(Ky,x) = 2* + 423 + 62% + 4.
Hence T, = K, implies SD(T,,x) = SD(K,, x).

154



Superior domination polynomial

Definition 3.2. Superior domination polynomial of a star graph S, is given by
SD(Sn,x) = 321, (s [5d(Sn, t)|" where |sd(Sy,t)| is the number of distinct
superior dominating sets with cardinality t and ~ys4(S,,) is the superior domination
number of a star graph.

Theorem 3.3. For a star graph S,, of order n where n > 3, the following are true.
1. |sd(Sp,t)] = |sd(Sp—1,t — 1)| + |sd(Sp—1,1)],
2. SD(S,,x) =xSD(S,_1,x) + SD(S,_1, ).

7T t<n.

3. SD(S,,z) = z(z + 1)" L
Proof.

1. Let V(S,) = {v1,va,...v,}. All the pendant vertices form the superior
neighbours of central vertex v; since deg(v;) = A(S,) = n — 1. Here
we have (»~1VC,_; superior dominating sets of cardinality ¢. Therefore
|sd(Sy, t)| =Y Cy_y, |sd(S,_1,t—1)] =72 C,_5 and |sd(S,_1,t)| =""2
Ct—l-

But "V, =072 Oy, 4+ Oy,
Therefore |sd(5n,t)| = |sd(Sp—1,t — 1)| + [sd(Sn-1,1)|.

2. By theorem-3.3-(1) we have
|5d(Sp, t)| = |sd(Sn-1,t — )| + |5d(Sn-1, ).
When ¢t = 1, |sd(Sp, 1)| = |sd(Sn-1,0)| + |sd(S,_1,1)].
= z|sd(Sp,1)| = x|sd(S,—1,0)| + x|sd(Sp-1,1)|.
(Sm 2>| - |Sd(Sn—17 1)| + |Sd<Sn—1; 2)|
= 22|sd(S,,2)| = 2?|sd(Sp_1,1)| + 2?|sd(Sp_1, 2)|.
When ¢t = 3, |sd(Sy, 3)| = |sd(Sn-1,2)| + |sd(S,—1, 3)]|.
= 2°[sd(Sy,3)| = 23|sd(Sp_1,2)| + 23|sd(S,—1, 3)|-
When t = 4, |sd(S,,4)| = |sd(Sn-1,3)| + |sd(Sn-1,4)|.
= 24sd(S,,4)| = 2*|sd(Sp_1,3)| + 2*|sd(Sp_1,4)]|-

Whent =n — 1, [sd(S,,n — 1)| = [sd(Sp—1,n — 2)| + |sd(Sy—1,n — 1)|.
= 2" sd(S,,n—1)| = 2" sd(S,_1,n—2)|4+2" " |sd(S,_1, n—
1)|.

When t = n, |sd(Sy,,n)| = |sd(Sn—1,n — 1)| + |sd(Sp-1,n)]|.

= 2"|sd(Sp,n)| = 2"|sd(Sp_1,n — 1)| + 2™|sd(Sp_1,n)|.
Hence z|sd(S,, 1)| + 2%|sd(Sn, 2)| + 2®|sd(S,, 3)| + x*|sd(Sn, 4)| + - - - +
2" Hsd(S,,n — 1)| + 2"|sd(S,,n)| = z|sd(S,_1,0)| + x|sd(Sn_1,1)| +
2?[sd(Sy_1,1)] + 2%sd(Sn_1,2)| + x3|sd(Sy_1,2)] + 23|sd(Sn_1,3)| +
xtsd(Sy_1,3)|+x*|sd(Sp_1,4) |+ - -+x" 7 sd(S,_1,n—2)|+2" " sd(S,_1,n
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)| + 2"|sd(Sp—1,n — 1)| + 2"|sd(S,—1,n)|.

= z|sd(Sp-1,0)| + 2?sd(Sn-1,1)| + 23|sd(S,-1,2)| + *|sd(S,-1,3)| +
oz sd(Sn o1, n—2)|4+2"|sd(Sp_1, n—1)|+x|sd(Sy_1, 1)|+2?|sd(S,_1, 2)|+
23|5d(S,_1,3)|+xtsd(Sp_1,4)|+ - +2" 7 sd(Sp_1,n—1)|+2"|5d(Sp_1, 7).

= z[z|sd(S,_1,1)| +22|sd(Sn_1, 2)| + 23|sd(S,_1, 3)| + 2t[sd(Sn_1,4)| +
42" Y sd(Sp_1, n—1)|]+x|sd(Sp_1, 1)|+x2|sd(Sy_1,2) | +23|sd(S,_1, 3) |+

xﬂsd(Sn,l, DI+ -+ 2" sd(Sp_1,n — 1)| + 2"|sd(S_1,n)]|.

Since |sd(S,,—1,0)| = |sd(S,_1,n)| = 0.

=30 sd(Spr, )2t + S0 [sd(Snt, )]t
SD(Sn,x) x SD(S,_1, )+SD(Sn 1, ).

3. We prove this by mathematical induction.
When n = 3,
SD(Sy,z) = z(z+1)"!
= gz +1)>1
z(z+1)°

The result is true for n = 3.
When n = 4,

SD(S,,z) = wx(z+1)>3

The result is true for n = 4.
Assume the result is true for all natural numbers less than n.

SD(S,_1,2) = ax(z+ 1)1
= z(z+1)"?
Now we prove the result for n.
SD(S,,x) = xSD(Sp-1,x)+ SD(S,—1,x) using theorem3.3-(2)
= zfe(z+ )" +a(z + 1)
r(z+1)" 2z +1]
_ 37( )n 2+1
= w(z+1)" !
.". The result is true for all n.

Table: |sd(S,,t)| is the number of superior dominating sets of .S, with
cardinality ¢ where 1 < ¢ < 15.
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10 11 12 |13 |14 | 15

,_.
[\
w
~
)}
(@)}
N
)
=)

1 0

2 121

3 1121

4 1133 1

5 146 4 1

6 115 10] 10 5 1

7 116 |15] 20 15 6 1

8 1|7 )21 35 35 21 7 1

9 118 28] 5 | 70 56 28 8 1

10 | 1] 9 |36| 84 | 126 | 126 | 84 36 9 1

11 |1]10]|45|120| 210 | 252 | 210 | 120 | 45 10 1

12 | 111 55| 165 | 330 | 462 | 462 | 330 | 165 55 11 1
13 | 1]12]66|220 | 495 | 792 | 924 | 792 | 495 | 220 | 66 12 |1
14 | 1|13|78|286 | 715 | 1287 | 1716 | 1716 | 1287 | 715 | 286 | 78 |13 | 1
15 |1

91 | 364 | 1001 | 2002 | 3003 | 3423 | 3003 | 2002 | 1001 | 364 |91 | 14 | 1

N

Theorem 3.4. The following properties for the co-efficients of SD(S,, x) holds.
1. |sd(Sp,1)| =1 foralln > 2.
2. |sd(Sp,n)| = 1foralln > 2.
3. |sd(Sp,n — 1) =n—1foralln > 2.

4. |sd(Sp,n —2)| = (n = 1)2(n =2 foralln > 3.
5. |sd(Sp,n —3)| = (n=Lin g 2)(n = 3) foralln > 4.
6. |sd(Sp,n—4)| = (n=1)n = 2;? —3)n=4) foralln > 5.

7. |sd(Sp,t)| = |sd(Sn,n —t+ 1)| foralln > 3.

8 IfSD, =>"" |sd(Sn,t)| foralln > 3 then SD,, = 2(SD,,_y) with initial
condition SD3 = 4.

9. SD,, =Total number of superior dominating sets in S,, = 2"~ * for all n >
3.

Proof.

1. Let V(S,) = {v1,v9,...v,}. In a star graph S, all the vertices form a
superior neighbour of central vertex v; except itself. Therefore the only set
with single cardinality D = {v; } forms the superior dominating set of every
star graph S,, where n > 2. Therefore |sd(S,,1)| = 1 forall n > 2.
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2. The whole set of vertices V'(.S,,) forms the superior dominating set |sd(S,,,n)| =
1 foralln > 2.

3. By mathematical induction on n. The result is true for n = 3,
since |sd(S3,3 — 1)| = |sd(Ss,2)| = 2.
Assume the result is true for all natural numbers less than n.
Now we prove it for n ie, |sd(S,_1,n — 2)| =n — 2.
By theorem-3.3-(1) and 3.4-(2)

|sd(Sp,n—1)] = |sd(Sp—1,n —2)| + |sd(Sp_1,n — 1)
= (n—2)+1
= n-—1

.. The result is true for all n.

4. By mathematical induction on n.
For n = 3, |sd(Ss,1)| = 1.

For n = 4, |sd(S4,2)| = 3.
Assume the result is true for all natural numbers less than n,
ie, forn =n —1,|sd(S,_1,n — 3)| = W

Now we prove it for n. By theorem-3.3-(1) and 3.4-(3),

|sd(Sp,n —2)| = |sd(Sn—1,n —3)| + |sd(Sp—1,n — 2)]
_ (n—2)2(n—3)+(n_2)
_ (n—2)(n—3)+2(n—2)
2

 (n=2)(n—-3+2)
B 2
_ (n—2)(n—1)

2
_ (n—1)(n—2)

2

.. The result is true for all n.

5. By mathematical induction on n.
For n =4, |sd(S4,1)| = 1.

For n = 5, |sd(Ss, 2)| = 4.
Assume the result is true for all natural numbers less than 7.
Forn=n—1, |sd(S,_1,n —4)| = w
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Now we prove it for n. By theorem-3.3-(1) and 3.4-(4),

|sd(Sp,n—3)| = |sd(Sp—1,n —4)| + |sd(Sp—1,n — 3)]
_ (n—2)(n—3)(n—4)+(n—2)(n—3)
6 2
_ (n—2)(n—3)(n—4+3)
6
)23
6

.". The result is true for all n.

6. By mathematical induction on n.
The result is true for n = 5 since |sd(S5, 1)| = 1
For n = 6, |sd(Ss,2)| = 5.
Assume the result is true for all natural numbers less than n.
Forn=n—1, |sd(S,_1,n — 5)| = &=2= 3)(" H(n=5)
Now we prove it for n. By theorem-3.3-(1) and 3.4-(5),

|sd(Sp,n —4)] = |sd(Sp—1,n —5)| + |sd(Sp—1,n —4)|
(1= 2)(n =3 =Y =5) _(n=D(n—3)(n-4)
24 6
_ (n—=2)(n—3)(n—4)(n—5+4)
24
(=D — (-3 1)
24

.. The result is true for all n.

7. By mathematical induction on n.
The result is true for n = 3 since [sd(Ss,1)| = |sd(S3,3 — 1 + 1)
|sd(Ss,3)] = 1.
Forn = 4,t = 2, |sd(Sy, 2)| = |sd(Ss,4 — 2+ 1)| = |sd(S4,3)| = 3.
Assume the result is true for all natural numbers less than n.
Forn =n—1, |sd(S,-1,t — 1)| = |sd(Sp-1, (n —t + 1))
Now we prove it for n. By theorem-3.3 we have,

|sd(Sp,t)| = [sd(Sp—1,t — 1)| + [sd(Sn-1,t)|
= [sd(Sp-1,(n =1 = (t=1)+ 1)) +[sd(Sp—-1,(n =1 = () + 1))
= [8d(Sp—1,(n =1 =t +1+1))| + [sd(Sp—1,(n —1 =1+ 1))]
= [sd(Sn-1,(n —t+ 1)) + [sd(Sp—1,(n —1))|
(

Sna(n _t“‘ 1))’

.". The result is true for all n.
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8. SD,, =" |sd(Sy, 1)
By theorem-3.3 we have

n

SD, = Y [lsd(Su-r,t = )| + |sd(Sp-1,1)]]

i=1

n—1 n—1

= ) [sd(Sucr )|+ Y [sd(Sn-1,1)]
=1 i=1

= Sanl + SDn,1

SD, = 2[SD,_]

9. By mathematical induction on n.
When n = 3,
SDg = 2371 =22 =4,
SD, =21 =23=28,
Assume the result is true for all natural numbers less than n. Now we prove
it for n. Therefore SD,,_; = 2" 171 =272
Now

SD, = 2[SD,_;] from theorem-3.4-(8)
— 2[2n72]

o 2n—2+1

— 2n—1

.. The result is true for all n.
Hence the theorem.

4 Superior domination polynomial of cycle

Let sd(C,,, m) be the superior dominating set of cycle C,, with cardinality .
K.M. Kathiresan and G. Marimuttu[6] proved theorem-2.1, for our convenience
we reframe theorem-2.1 as 7,4(C,,) = [%] V n. Hereafter we denote the vertex
set V(G) = {v1,vq,...0,} = [n].

Lemma 4.1. For a cycle C,, sd(Cy,,m) =0 if m >norm < [%]

Proof. Let C, be a cycle, a superior dominating set D has the minimum
cardinality among the minimum superior dominating set with cardinality [%] by
theorem-2.1. Therefore there is no proper subset of D which forms a superior
dominating set. Hence

sd(Cy,,m) =0 where m < [g} = |D| (1)
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There can not exists a superior dominating set greater than the order of the graph.
Therefore

sd(Cp,m) =0 if m>n 2)
From equation-(1) and (2) we obtain the result.

Observation 4.1. If a cycle C,, contains a maximal simple path of length 3k — 1,
3k or 3k + 1 then every dominating set of C,, must contain at least k, k + 1 or
k + 1 vertices respectively.

Lemma 4.2. Let L be a subset of the vertex set, L C [n]. If Lisin sd(Cp,_4,m—1)
or sd(Cy—5,m—1) 5 LU{v} € sd(C,,,m) forv € [n] then L € sd(C,,_3,m—1).

Proof. Let L € sd(C,,_4,m — 1) and L U {v} € sd(C,,, m) for v € [n] then
by lemma-4.3 we consider {1,n — 4},{2,n — 4} and {1,n — 5} as a subset of
L. Then L € sd(C,,—3,m — 1) suppose L € sd(C,—5,m — 1) and L U {v} €
sd(C,,m) for v € [n]. Then by lemma-4.3 {1,n — 5} must be a subset of L.
Hence L € sd(C,,—3,m — 1).

Lemma 4.3. .
1. If sd(Cy—1,m — 1) = sd(Cy—3,m — 1) = () then sd(C\,—2,m — 1) = {.
2. Ifsd(Cy—1,m—1) # 0 and sd(C,,_3,m—1) # 0 then sd(C,,_g,m—1) #

3. If sd(Crmq,m — 1) = sd(Cpa,m — 1) = sd(Cp_3,m — 1) = () then
sd(C,m) = 0.

Proof.

1. Since sd(C,,—1,m—1) = sd(C,,_3, m—1) = (), by lemma-4.1, m—1 > n—1
orm — 1 < [252]. In both cases we have sd(C\,_o,m — 1) = (.

2. Suppose that sd(C,,_s,m—1) = @ by lemma-4.1, m—1 >n—2orm—1
[222]. If m—1 > n—2thenm—1 > n—3. Hence sd(C,,_3,m—1) = 0,
contradiction. Hence m—1 < [252]. Som—1 < [2%2], sd(Cp_q, m—1)
(, also a contradiction.

<
a

3. Suppose sd(C,,, m) # 0. Let L € sd(C,, m) such that at least one vertex
labelled as v,, or v,,_1 isin L. If v,, € L, then by observation-4.1 at least one
vertex labelled as v,,_1,v,_s orv,_sisin L. If v,,_y € L orv,,_o € L, then
L—{v,} € sd(Cy,—1, m—1), a contradiction. If v,,_3 € L, then L —{v,} €
sd(C,_2, m — 1) a contradiction. Now suppose that v, _; € L. Then by
observation-4.1 at least one vertex labelled v,_s,v,,_3 or v,_4 is in L. If
Un_9 € Lorv, 3 € L,then L—{v,_1} € sd(C,_2, m—1), acontradiction.
If v,—4 € Lthen L —{v,_1} € sd(C,,_3,m—1), a contradiction. Therefore
sd(Cy,m) = 0.
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Lemma 4.4. Suppose that sd(C,,, m) # () then we have

1. sd(Cy_1,m —1) = sd(C_g,m — 1) = 0 and sd(C,,_3,m — 1) # 0 if and
only if n = 3k and m = k for some k € N.

2. sd(Cp_g,m —1) = sd(Cy_3,m — 1) = 0 and sd(Cp,—1,m — 1) # 0 if and
only if m = n.

3. 8d(Cp_1,m — 1) =0, sd(Cp—a,m — 1) # 0 and sd(Cp,_3,m — 1) # 0 if
and only if n = 3k + 2 and m = [%1 for some k € N.

4. sd(Cp_1,m — 1) # 0, sd(Cp_a,m — 1) # 0 and sd(Cp,_3,m — 1) = 0 if
and only if m =n — 1.

5. 8d(Cp_1,m — 1) # 0, sd(Cp—a,m — 1) # 0 and sd(Cp,—3,m — 1) # 0 if
and only if [%5*] +1<m <n—2.

Proof.

1. Since sd(C,,—1,m—1) = sd(C,,_2,m—1) = (). By lemma-4.1 m—1 > n—1
orm—1< [%2]. If m—1 > n—1thenm > n by lemma-4.1 sd(C,,,m) =
0 a contradiction. Therefore m < [“32] 4 1 since sd(C,,, m) # () together
we have [2] <m < [%22] + 1. Hence n = 3k and m = k for k € N.
Conversely suppose if n = 3k, m = k for k € N then by lemma-4.1
sd(Cp_1,m —1) = sd(Cy,_2,m — 1) = ) and sd(C,,_3,m — 1) # 0.

2. Since sd(Cy,_g,m—1) = sd(C,,_3,m—1) = O by lemma-4.1 m—1 > n—2
orm—1< [22]. If m—1 < [%2] then m — 1 < [%3*]. Hence
sd(Cp_1,m — 1) = () a contradiction. So we have m > n — 1 also since
sd(Cp_1,m — 1) # ) we have m — 1 < n — 1. Hence m = n.

Conversely suppose if m = n then by lemma-4.1 we have sd(C,,_2,m —
1) = sd(Cp_3,m — 1) = and sd(C,,_1,m — 1) # 0.
3. Since sd(Cp,—1,m—1) = P by lemma-4.1m—1>n—1lorm—1 < [%1].

If m—1>n—1thenm—1>n—2andby lemma-4.1 sd(C,,_o,m—1) =
sd(Cy—3,m — 1) = ( a contradiction so we must have m < [21] + 1. But
also we have m —1 > [222] because sd(C,—o,m — 1) # (. Hence we have
[222]+1 < m < [251]+1. Therefore n = 3k+2and m = k+1 = [35£2]
for some k£ € N.

Conversely suppose if n = 3k + 2, m = [222] for some k € N then by
lemma-4.1 sd(Cp,_1,m —1) = sd(Csj41,k) = 0, sd(Cp,_a,m — 1) # () and
sd(Cr_3,m — 1) #£ .
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4. Since sd(C,,— 3, — 1) = 0 by lemma-4.1 we have m — 1 > n — 3 or

— 1 < [252] since sd(Cp—2,m — 1) # @by lemma-4.1 we have [“2] +

1 <m < n — 1. Therefore m — 1 < [%52] is not possible. Hence we must

have m—1 > n—3. Thenm = n— 10rnbutm #nassd(Cp_o,m—1) # 0.
Therefore m = n — 1.

Conversely suppose if m = n — 1 then by lemma-4.1 sd(C,,_1,m — 1) # ()

sd(Cp_o,m — 1) # B and sd(C,,_3,m — 1) = ().

5. Since sd(C,,_1,m—1) # 0, sd(C,,_o,m—1) # () sd(Cp_3,m—1) #£(

then by applying lemma-4.1 we have [%*] < m 1 <n-1[%5%] <
—1<n—2and(” 231 <m—1<n-3so[*]<m—-1<n-3

and hence [ "~ 1—|—1<m<n—2

Conversely suppose if [A= 17 +1 < m < n— 2 then by lemma-4.1 we have

the result.
Theorem 4.1. For every n > 4 and m > [%1,

1. If sd(Cp_1,m —1) = sd(Cp,_a,m — 1) = 0 and sd(C,,_3,m — 1) # () then
sd(Cp,m) = sd( %) ={{1,4,...n—2},{2,5,...n—1},{3,6,...n}}

2. If sd(Cp—a,m — 1) = sd(Cy,_3,m — 1) = Q and sd(C\,—_1,m — 1) # O then
sd(Cn,m) = sd(Cy,n) = {[n]}.

3. If sd(Crmq,m — 1) = 0, sd(Cr—a,m — 1) # 0 and sd(Cy,_3,m — 1) # 0

then
sd(Cn,m) = {{1,4,...n — 4,n — 1},{2,5,...n — 3,n},{3,6,...n —
2,npr U

{n—2},if1es
{SUS{n—1},if1¢S5,2€S|S€sdCpn_3,m—1)

{n}, otherwise
where S C V(C,).

4. If sd(Cy,_3,m — 1) = 0, sd(Cp,_2,m — 1) # @ and sd(C,,_y,m — 1) # 0
then sd(Cy, m) = {[n] —{P}|P € [n]}

5. If sd(Cr_1,m — 1) # 0, sd(Cro,m — 1) # 0 and sd(C,,_3,m — 1) # 0
then
sd(Cp,m) ={{n} US| S € sd(Cp—1,m —1)J
{{n}, ifn—2o0rn—3¢€ 5 forS1 € sd(Cp_2,m —1) or sd(Cp,—1,m — 1)
{S

{n—1} ifn—-2¢ S1,n—3¢ S10rS; € sd(Cp—1,m —1)N sd(Cp—a,m — 1)}U
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{n —2}, if1 € Sy for Sy € sd(Cy,—3,m — 1) or Sy € sd(C,—3,m — 1) N sd(Cp—2,m — 1)
S.
{5 {n—1}, ifn—3€ Syorn—4 € Sy for Sy € sd(Cp—3,m — 1) or sd(Cp—a,m — 1)

where S, Sy and Sy are subsets of V (C,,).
Proof.

1. sd(Cp—1,m — 1) = sd(Cp_9,m — 1) = () by lemma-4.4-(1) n = 3k,
m = k for some k € N. Hence sd(C,,,m) = sd(Cy, 3) = {{1,4,7,...n—
2},{2,5,8,...n —1},{3,6,9,...n}}.

2. sd(Cp_g,m — 1) = sd(Cy,_3,m — 1) = 0 and sd(C,,_1,m — 1) # 0 by
lemma-4.4-(2) m = n. Therefore sd(C,,,m) = (C,,n) = {[n]}.

3. 8d(Cy_1,m —1) =0, sd(C,_2,m — 1) # () and sd(C,,_3,m — 1) # () by
lemma-4.4-3) n = 3k + 2, m = k + 1 for some £k € N we denote the
families
({1,4,...3k — 2,3k + 1},{2,5,...3k — 1,3k + 2}, {3,6,...3k, 3k + 3}
and

{3k}, if1e€ S
{SUS{8k+1},if1¢5,2€ S5|S € sd(Csp_1, k)

{3k + 2}, otherwise
by Ly and L, respectively. We shall prove that sd(Csy2541) = L1 U L.
Since sd(Cy, 3k) = {{1,4,7,...3k—2},{2,5.8,...3k—1},{3,6,9,...3k}}
then Ly C sd(Csyo, k + 1). Also it is obvious that Ly C sd(Cspi2, k + 1).
Hence Ly U Ly C sd(Capyo, k +1).

Now let L € sd(Csk.2,k + 1) then by observation-4.1 at least one of the
vertices labelled 3k + 2, 3k + 1 or 3k is in L. Suppose that 3k + 2 € L then
by observation-4.1 at least one of vertices say 1,2,3,3k + 1,3k or 3k — 1
are in L. If 3k + 1 and at least one of {1,2,3} and also 3k and at least
one of {1,2} are in L. Then L — {3k + 2} € sd(Csx11, k) a contradiction.
If {3,3k} or 2,3k — 1is a subset of L, then L = S U {3k + 2} for some
S € sd(Csy, k) therefore L € Ly if {1,3k — 1} is a subset of L then
L — {3k + 2} € sd(Csx41, k) a contradiction. If {3,3k — 1} is a subset of
L and {3k, 3k + 1} is not a subset of L then L — {3k + 2} € sd(Csy_1, k)
hence L € L,. If 3k + 1 or 3k is in L we have the result.

4. By lemma-4.4-(4) m = n — 1 therefore sd(C,,,m) = sd(C,,n — 1) =
{[n] = {z}|z € [n]}.

5. 8d(Cp1,m — 1) # 0, sd(Cp_g,m — 1) # 0 and sd(Cp,_3,m — 1) # 0.
First suppose that S € sd(C,,_1,m — 1) then S U {n} € sd(C,,m). So
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Ly = {{n} US|S € sd(C,,_1,m — 1)} C sd(C,, m). Now suppose that
sd(Cp_g,m — 1) # (. Let Sy € sd(C,,_2, m — 1) we denote
(s U {{n}, ifn—2o0rn—3¢€ 5 forS1 € sd(Cp_a,m —1) or sd(Cp,—1,m — 1)

! {n—1} ifn—2¢ S1,mn—3¢ Sy0rS; € sd(Cp—1,m —1) N sd(Cp—a,m — 1)
simply by L, by observation-4.1 at least one vertices labeled n — 3,7 — 2 or
lisin S;if n —2orn — 3isin S;. Then Sy U {n} € sd(C,,, m) otherwise
S1U{n —1} € sd(C,,,m). Hence Ly C sd(C,,, m) there we shall consider
sd(Cp_3,m — 1) # 0. Let Sy € sd(C,,_3,m — 1) we denote
(S2U {{n -2}, lf‘l. € Sy for So € sd(Cn_g,m —1)or Sz € sd(Cr,—3,m — 1) N sd(Cr—2,m — 1)

{{n—1}, ifn—3€ Saorn—4 € Sy for S3 € sd(Cp—3,m — 1) or sd(Cp—2,m — 1)

Simply by L3. If n —3 orn —4isin S then SU {n — 1} € sd(C,,m),
otherwise Sy U {n —2} € sd(C,,,m). Hence L3 C L. Therefore we proved
that L1 U LQ U L3 Q sd(C’n, m)
Now suppose that L. € sd(C,,, m) so by observation-4.1 L contains at least
one of the vertices say n,n — 1 orn — 2. If n € L so by observation-4.1 at
least one of the vertices labelledn —1,n —2orn—3and 1,2, or 3in L. If
n—2¢€Lorn—3¢€ Lthen L =S U{n} forsome S € sd(C,,_o,m —1).
Hence L € Ly otherwise L = S U {n — 1} sor some S € sd(C,,_2, m — 1).
Hence L € Ly. If n — 1 orn — 21is in L, we have the result.

Theorem 4.2. If sd(C,,, m) is the family of superior dominating sets of C,, with
cardinality m then |sd(Cy,,m)| = |sd(Cy—1,m — 1)| + |sd(Cp_g,m — 1)| +
|sd(Cr—3,m — 1)|

Proof. We consider the five cases in theorem-4.1 we write theorem-4.1 in the
following form.

1. If sd(Cy—1,m — 1) = sd(Cp,—2,m — 1) = @ and sd(C),_3,m — 1) # () then
sd(Cp,m) = {{n =2} U S1,{n — 1} U S, {n}JSs|1 € 51,2 € 55,3 €
S3, 51,959,853 € Sd(Cn_g,m — 1)}

2. If sd(Cp—g,m — 1) = sd(C,,_3,m — 1) = () and sd(C,,_1,m — 1) # () then
sd(Cp,m) ={{n}US|S € sd(C,—1,m — 1)}.

3. If sd(Cm1,m — 1) = 0, sd(Cy—2,m — 1) # () and sd(C,,_3,m — 1) # ()
then
sd(Cpym) = {{n}JS1,{n — 1} U S2 or S1, S3 € sd(Cp—2,m — 1),1 € So} |

{n—2},ifles
(SUs{n—1},if1eS,2¢ S) where S € sd(Cy—3,m — 1)

{n}, otherwise

4. If sd(Cp—3,m — 1) = ( and sd(Cp,_a,m — 1) # 0, sd(Cy,—1,m — 1) # 0
then sd(C,,,m) = {{n}US1,{n—1}J Sz 0r Sy € sd(C,,_1,m—1),55 €
sd(Cp—2,m — 1)}.
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5. If sd(Cp1,m — 1) # 0, sd(Cp—a,m — 1) # 0 and sd(C,,—3,m — 1) # 0
then sd(C,,,m) = {{n}J S|S € sd(Cp,—1,m — 1)}
{Sl U {n}, ifn—20rn—3¢€ Sy for Sy € sd(Cr—2,m —1) or sd(Cr—2,m—1)
{n—1}, ifn—2¢ S1,n—3¢ Sy 0rS € sd(Cp_1,m — 1)) sd(Cr_a,m — 1)} U
(s {n—2}, if1 € Sofor Sy € sd(C—3,m — 1) or Sz € 5d(Cri—3,m — 1) [ 5d(Cp—z,m — 1)
2 U {n—2}, ifn—3€ Sayorn—4¢€ Sy forSs € sd(Cp—3,m — 1) or sd(Cr—2,m — 1)}
where 51 € sd(Cy,—a,m—1) or sd(C,,_1,m—1) and Sy € {sd(C,,_3, m—1)
or sd(Cy—o,m — 1)} () sd(C,—1,m — 1). Hence we have |sd(C,,, m)| =
|sd(Cr—1,m — 1)| + |sd(Cp—a,m — 1)| + |sd(Cy—3,m — 1)].

Definition 4.1. Let sd(C,,, m) be the family of superior dominating sets of a cycle
C., with cardinality n. Then the superior domination polynomial SD(C,,,x) of
C,, is defined as SD(C,,,z) = Z"m:[%1 |sd(C,, m)|x™ where sd(C,,, m) is the

number of distinct superior dominating sets of same cardinality.

Theorem 4.3. For everyn > 4 SD(C,,,z) = x[SD(Cp_1,x) + SD(Cyp—2, ) +
SD(C,,_3, )] with initial values SD(Cy, x) = x, SD(Cy, z) = z*+2x, SD(C3,z) =
23+ 32% + .

Table: The co-efficients of SD(C,,,z) for 1 <n < 16

n Y2 3145 6 7 8 9 10 11 12 13 | 14 | 15|16
1 0

2 |0]0

3 3131

4 (06| 4|1

5 05|10 5 1

6 |03 |14]15| 6 1

7 10]0]14]28] 21 7 1

8 [0]0| 8 | 38| 48 | 28 8 1

9 |0]0| 3 |36| 81 |75 ] 36 9 1

10 |O|0| O |25| 102|150 | 110 | 45 10 1

11 |0[0| O | 11| 99 |231|253| 154 | 55 11 1

12 |0|0| 0| 3 | 72 |282]456| 399 | 208 66 12 1

13 |]0]0] 0] 0] 39 273|663 | 819 | 598 | 273 78 13 1

14 {00 0| O | 14 |210 786 | 1372|1372 | 861 | 350 | 91 14 1

15 (0[O0 0| 0| 3 |125|765 1905|2590 | 2178 | 1200 | 440 | 105 | 15 | 1
16 |00 0| O] O | 56 | 608 |2214 | 4096 | 4560 | 3312 | 1628 | 544 | 120 | 16 | 1

Theorem 4.4. The following properties hold for co-efficients of SD(C,,, ).
1. |sd(Cs,,n)| =3,V ne N.

2. |sd(Cy,m)| = |sd(Cp—1,m —1)|+|sd(Cp—2,m —1)| +|sd(C),—3, m — 1)
Vn>4,m>[%],

’
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3. |sd(Cspy2,n+1)| =3n+2,VneN.
4. |sd(Copypr,n+ 1) = "EHD22 g gy € N,
5. |sd(Cy,,m)| =1,V n > 3.

6. |sd(Cp,n—1)=n,Vn>3.

7. |sd(Cpyn —2)| = "0 W > 3,

8. |sd(Cp,n — 3)| = L0 gy >
9. 30" |sd(Chym)| = 33072 |sd(Cym — 1),

10. 1 =|sd(Cy,n)| < |sd(Cpy1,n)| < ]sd( nt2, )| < - < |sd(Cop_1,mn)| <
|sd(Can,n)| > |sd(Copi1,n)| > -+ > |8d(Csp_1,n)| > |5d(Cspn,n)| = 3,
Vn>3.

11 If Ay =370y |8d(Cr,m)| then for everyn > 4, Ay = Ay + Apa +
3
A, _s with initial values A; = 1, Ay = 3 and A3 = 7.

Proof.

1. Since |sd(Cy, 3n)| = {{1,4,7,...3n—2},{2,5,8,...3n—1},{3,6,9,...3n}},
s0 |sd(C3y,,n)| = 3.

2. It follows from theorem-4.2.

3. By induction on n, the result is true for n = 1, because
|sd(Cs,5)| = {{1,3},{1,4},{2,4},{2,5},{3,5}}. Suppose result is true
for all n — 1 then we prove for n. By (1),(2) and induction we have

8d(Capi2,n + 1) = [sd(Capgr, n)| + |sd(Can, )| + [8d(C3p—1, 1)
= 3n+2

4. By mathematical induction |sd(Cy,4)| = {{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}}.
So |sd(Cy,2)| = 6, the result is true for n = 1. Now suppose that the result
is true for all natural numbers less than n and we prove it for n.
By (1),(2),(3) and induction we have

|sd(Capi1,n+ 1) = |sd(Csp,n)| + |8d(Csp1,n)| + |$d(Csp 2, )|
—1 2
34 3(n-1) 24 (1) )2+7>+
- on@Bn+7)+2
N 10
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It is obvious that for a graph with n vertices |sd(G,n)| = 1.
It is obvious that for a graph G with n vertices |sd(G,n — 1)| = n.

By induction on n. The result is true for n = 3. Since |sd(Cs,1)| = 3.
Assume it is true for all n — 1. We prove for n. By parts (1), (2), (4), (5)
and induction

|sd(Crpyn —2)| = |sd(Cp—1,n —3)| + |sd(Cp—2,n — 3)| + |sd(Cp—_3,n — 3)]
= (71_2)2(71_1) +n—-2+1
B (n—1)n
2
By induction on n. The result is true for n = 4. Since |sd(Cy, 1)| = 0.

Assume the result is true for all n — 1. We prove for n, by parts (2), (6), (7)
and induction we have

|sd(Cpyn—3)] = |sd(Cp_1,n —4)|+ |sd(Cp—2,n —4)| + |sd(C—3,n — 4)|
(=5 —-1)n  (n—-2)(n-3)
= 6 + 5 +n—3
_ (n—4)n(n+1)
6

. Proof by induction on m. Suppose m = 3 then 3" _, 5d(C,,,3) = 54 =

3 2222 |sd(C,,,2)|. Now suppose the result is true for every m < t and we
prove form =t

3t 3t 3t 3t
S [sd(Ca, )| S Isd(Crort = 1)+ 3 [sd(Cozyt = D]+ > |sd(Crs,t — 1)]
n=t n=t n=t n=t

3(t—1) 3(t—1) 3(t—1)

= 3 ) [sd(Cn1,t=2)|+3 > |sd(Cn2,t—2)[+3 > |sd(Cn_3,t—2)]
n=t—1 n=t—1 n=t—1
3t—3

= 3 ) [sd(Cn,t—1)
=t—

n 1

We plan for every m, |sd(C,,,m)| < |sd(Cyq1,m)| form < n <2m —1
and |sd(C,,,m)| > |sd(Cp11,m)| for 2m < n < 3m — 1. We prove first
inequality by induction on m. The result hold for m = 3. Suppose that
result is true for all m < ¢. Now we prove it for m = ¢ + 1. That is
|sd(Cp,t + 1) < |sd(Cryr,t+ 1) fort+1<mn<2t+1.
|sd(Cy, t+ 1) = [sd(Cr1,t)| + |sd(Chr—2,t)| + |sd(Cp_3, 1)
< |sd(Con,t)] + |5A(Crur, 8)] + |5d(Crrs, 1)
= |sd(Cpyi1,t+ 1)

The other inequality follows in same way.
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11. By theorem-4.2, we have

Z |sd(Cr,m)|
m=[%1

= > |sd(Cry,m — )] + [sd(Crz,m — 1)] + [sd(Cppz,m — 1)]

m=[%]

An

n—1 n—2 n—3
= > [sd(Corm)[+ D sd(Cog,m)+ Y [sd(Crg,m — 1))
m=[%]-1 m=[%1-1 m=[4]-1

= Ap 1 +A, 2+ Ans

Table: SD(G,z) of different standard graphs and their roots are tabu-
lated in the table below

. Superior domination
Graph Figure polynomial SD(G, x) Roots
i
z1 =0,
Diamond . zo = —0.4563
Vo V3 4 3 2 e 2 5
graph AT G2 7718 + 111514,
o xy = —1.7718 — 1.11514.
U1
z1 =0,
Claw s s 24308 4 30 4 o Ty = —1,
graph T3 =—1,
Ty = —1.
V4
(%1 (%]
1 =0,
Bull U3 Vg 2 + 32* + 323 4 22 T2 =—1,
graph ry3=—1,
=-1
Vs T4
u Vg z1 =0,
g = —1
U3 T2 >
Butterfly 2® +dat + 62 + 422 + o x3 = —1,
graph s = —1
4= —1
Uy Vs I5 — —1.
U1
T = 0,
(3,2)-Tadpole 2 % Va| 25 4 4xt 4 523 + 222 Ty =1
graph T3 = —2,
Ty = —1
Us
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Graph Figure polynomial SD(G, z) Roots
U1
T = 0,
s xy = —0.378 4+ 0.18771,
Kite graph U2 Vs g% 4524 +92° + B’ 4o x3 = —0.378 — 0.18771,
x4 = —2.122 4 1.05384,
s 5 = —2.122 — 1.0538i.
o T, = 0,
. ; To = 71,
(4,1)-Lollipop vy U3 V| 5 4 Aot 4 628 + 42 + o 3= —1,
graph
T4 = —1,
Vs z5 = —1
U1
r1 =0,
House A r9 = —0.3076 4 0.31824,
Vg V3 20+ 52t 4+ 823 + 42 + 2 r3 = —0.3076 — 0.31821,
graph 24 = —2.1924 + 0.5479,
r5 = —2.1924 — 0.5479i.
V4 Vs
U1
r1 =0,
X9 = —1,
House X Vo V3 2%+ 5zt + 823 + 522 + 1 z3 = —1,
graph 2y = —0.382,
x5 = —2.618
V4 Vs
V1 Vo

s v T, =
Gem s @ * % 4 4zt + 428 7 =0,
graph Ty = —2.

Us
U1 U2 n="0
Cricket .\7‘ 2% + 4ot 4+ 62 +42® + o w2 ’
graph . ) N

v v v vy =—1,
3 4 rg=—1,05=—1
u zy =0,
Pentat Vs Vs o = —0.691 = 0.95114,
¢ ra (})1pe 2® 4+ 5zt 4+ 102® + 1022 + 52 | x3 = —0.691 — 0.9511,
grap x4 = —1.809 + 0.5878i,
vy Us 5 = —1.809 — 0.5878;.
U1
1 =0,
C (] f Uy X9 = —1,
T0ss 3 28 + 52% + 924 + 72 + 222 T3 = —2,
graph vs Ty =—1
I5 = —1.
Ve
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Graph Figure polynomial SD(G, x) Roots
U1
(% xr, = O,
Fish Ty = —1,
r;s h U3 { 28 + 5% + 102* + 923 + 322 x3 = —1,
grap 2y = —3 + 4,
Us 3 _ V3,
Vg Ty —5 72.
U1 V2 £, = 0
R To = —1,
ranh Us V4 28 4+ 525 4+ 102* + 923 + 322 T3 = —1,
grap Ty = ; + éi,
Vs Ve Ty = —% - @Z
[ Vo V3 1 =0,
; @y =—1,
(2,3)-King 20 + 42° + 62 + 423 + 22 z3 = —1,
graph v — ]
4= —1,
Uy Vs Ve =1
Ts —
V1
xr, = O,
Antenna N 28 + 425 + 5t + 223 z =1
graph V3 Uy xr3 = _15
Ty = —1.
Vs Ve
v
\ xr = 0,
To = —2,
3-prism 28 + 625 + 152* + 2023 x3 = —0.5 + 0.8661,

graph A +1522 + 6z

x4 = —0.5 — 0.866¢,

U3 U4 x5 = —1.5 4+ 0.866¢,
Vs Vg xg = —1.5 — 0.8661.
(4 €Ty = 0,
Mloser v2 v3 27 + 425 + 62° vz =1,
Spindle ’ ( 4 3 x5 = —1,
+4x* +x
graph v . @y = -1,
I5 = —1.
v Ty = 07
1 U2 .
v v x9 = —0.6714 + 0.5756¢,
3 o N .
Cubical 28 + 827 + 282° + 562° 3 0.6714 0'57562.’
raph 17024 4 4825 4 1622 x4 = —0.8352 + 1.48541,
£ 0y 5 = —0.8352 — 1.48544,
v Ug Te = —2.4934 + 0.90974,
x7 = —2.4934 — 0.90974.
U1
V2 U3 = Oé
Wagner v v 28 4 827 + 2426 To = —2,
4 5 5 4 T3 = —2,
graph +322° + 162
Vg vy Ty = =2,
Ty — —2
(3
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5 Conclusions

In this paper we introduced superior domination polynomial, this is a distance
based domination polynomial. Emphasis was given to the family of stars and
cycles. Formulas to find the coeffcients of the superior domination polynomials of
cycles and stars were stated and proved. These formulas helps us to calculate the
number of superior dominating sets of a specific desired cardinality for any given
value of n. The superior domination polynomial of different standard graphs and
their roots are calculated.
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