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Abstract

In this article, we establish a concept of fixed point result in Uni-
formly convex Banach space. Our main finding uses the Ishikawa
iteration technique in uniformly convex Banach space to demonstrate
strong convergence. Additionally, we use our primary result to demon-
strate some corollaries.
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1 Introduction

Mann [Mann [1953]] defined mean value methods in an iterative scheme in
1953, and Ishikawa [Ishikawa [1974]] established fixed points using a new it-
eration method technique in 1954. Takahashi [Takahashi [1970] ] introduced the
idea of convexity in metric spaces and non-expansive mappings in 1970. Then
Machado [Machado [1973]] went on to discuss about a classification of convex
subsets of normed spaces. After that, Luis Bernal-Gonzalez [Bernal-Gonzalez
[1996]] discussed convex domain in uniformly Banach spaces. Berinde [Berinde
[2004]] investigates iterative scheme to finding fixed points using quasi contrac-
tive mappings in uniformly convex Banach spaces(stands for CBS), extended to
uniformly convex Banach spaces(CBS).

Throughout this paper, we use strong convergence of ishikawa iterations to
prove such fixed point results in uniformly CBS using different type of contrac-
tions.

2 Preliminaries

Definition 2.1. Let (X, d) be a metric space and I = [0,1]. A mapping W : X X
X x I — X is said to be a convex structure on X if for each (x,y,\) € X x X x [
andu € X

d(u, W(z,y, ) < Md(u,z) + (1 — N)d(u,y).

A metric space (X, d) together with a convex structure W is called a convex metric
space,which is denoted by (X, d, W).

Definition 2.2. Let (X, d, W) be a convex metric space. A nonempty subset C of
X is said to be convex if W (z,y, \) € C whenever (x,y,\) € C' x C x I.

Definition 2.3. Let f : X — X. A point x € X is called a fixed point of f if
f(@) = .

Definition 2.4. Let E be a uniformly Banach space and T' : E — E a map for
which there is a real constant ki € (0,1/5) such that each pair u,v € X,

[Tu — Tl < kxfllu — ol + [Ju = Tull + lo = Tl + lu = Tvl| + [Jo — Tul|}.
Then, T has a fixed point by the approximation of Picard.

Definition 2.5. Let E be a uniformly Banach space and T' : E — E a map for
which there is a real constant ko € (0,1/3) such that for each pair u,v € X,
lu—Tul| +[lv = Tol| | |lu—"Tov|[ +[lv—Tul
+ }.
2 2
Then, T has a fixed point by the approximation of Picard.

[T = Tol| < kafllu— vl +
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Definition 2.6. Let E be a uniformly Banach space and T' : E — E a given
operator. Let uy € E be arbitrary and {c,,} C [0, 1] a sequence of real numbers.
The sequence { u,} C E defined by

U1 = (1 — ap)uy + o Tup,n =0,1,2,--- (1)
is called the Mann iteration.

Definition 2.7. Let E be a uniformly Banach space and T' : E — E a given
operator. Let ug € E be arbitrary, {a,} and {5,} C [0,1] a sequence of real
numbers. The sequence { u,} C E defined by

Upt1 = (1 — ap)uy + @, Tv,,n=0,1,2,--- (2)
Up = (l_ﬂn>un+5nTunan:Oa]-727 . (3)
Then {u,} is called Ishikawa iteration.

Result 2.1. Berinde [2004] The condition of Mann and Ishikawa iteration for
strong convergence are given below

(a) Let K be a closed convex subset of a uniformly Banach space EandT : K —
K as an operator satisfying contraction. Let {u,} be defined by Definition
2.6 and xy € K, with {a,,} € [0, 1] satisfying

S 0, = oo @)
n=0

Then, {u,} converges strongly to a fixed point.

(b) Let K be a closed convex subset of a uniformly Banach space E and T :
K — K as an operator satisfying the contraction. Let {u,} be defined by
Definition 2.7 and vy € K, with {a, },{5,} € [0, 1] satisfying

Zan(l —ay) = 00. ®)
n=0
Then, {u,} strongly converges to a fixed point.0

3 Main Results

Theorem 3.1. Let K be a closed convex subset of a uniformly Banach space E and
T : K — K an operator satisfying equation

[Tu—=Tv[| < kr{llu—vll+[lu=Tul + lv =Tol + lu=Tv[|+[lv=Twul}. (6)
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Let {u,} be the Ishikawa iteration and ug € K, where {c,},{5,} C [0, 1] with
{a,,} satisfying equation )" a,, = co. Then {u,} converges strongly to a fixed
point of T

Proof. Suppose 7" has a fixed point p in K. Consider u,v € K and 7" is an
operator satisfies above equation,

[T = Tol| < ku{llu = vl + lu = Tull + [l = Tol| + [Ju = Tv]|
+ v = Tull}
= k1 {2l|u = vll + 2[lu = Toll + lu = Tull + [Jv — Tul[}
< ka{2lju = wll + 2[lu — Tull + [[Tu = To[[] + [Ju — Tull

+ [lv = Tull}
(1 —=2k1)||Tu — To|| < 2ki||u —v|| + 3k1||u — Tu|| + k1]|jv — Tu|
2]{31 3]61 kl
Tu—Tv| < — -T — Tul|.
T~ Tl € 728 ol 4 = T+ o Tl

Take 0 = _kzlkl , then we have ¢ € [0, 1), it result that the inequality

|Tu — Tol| < 20||u —v|| + 30||u — Tul|| + d||v — Tu||Vu,v € K. (7)

Now let {u,}°°, be Ishikawa iteration defined on Definition 2.7 and ug € K
arbitrary then

|1 —pll = [[(1 = an)un + T, — (1 — ap, + an)p||
= |(1 = an)(tn — p) + an(Tv, — p)|
tnt1 —pll < (1 — an)llun — pll + || Tv, — pl. (8)

In equation (7), put v = p and v = v,,, we have

[ Ton = pll - < 20][p — vnl| + 36[lp — Tpl| + 8l|vn — Tp|
= 20[lp — vnll + 6]vn — p

| Tvn — pl| < 30vn — p. 9)
v — Pl = (1 = Bu)tn + BnTun — (1 — By + B)p|

= |I(1 = Bn)(un — p) + Bu(Tun — p)||

[[on = pll < (1= Ba)llun = pll + Bul[Tun = pl| (10)

Again in equation (7), put v = p and v = u,,, we get

Furthermore,

[Tun = pll < 26[p — unl| + 38|lp = Tpl| + 6[un — pl|
= (20 + 9)[Jun — pl|
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[ Tun — pl| < 36]|un — pl|- (11)
Using equation (9),(10),(11) in equation (8), we get

[t —pll < (1 = aw)llun — pl| + anl[Tv, — pl|

(1 = an)|[un — pll + 3ed|lvn — p||

(1 — o) llun — pll + 300 [(1 = Bu)|lun — pll + BullTun — pll]

(1 — ap) ||t — pl| + 3n0(1 — Bp)||tn — P + 306 B0 || T — p|
(1 = an)[|un — pll + 3nd(1 = B)[[tn — pll + 90062 B[ un, — D
[1 — ay, —|— 3a,0 — 3anﬁn5 + 90,62 B, || tr, — D

O R o T

which by the inequality, 1 — (1 — 36) v, (1 + 358,) <1 — (1 — 30)%a,

A I IAIA L

= |unr — pll < [1 = (1 = 38)%a]|lun — pll,n=0,1,2, ... (12)
by equation (8), we obtain
i = pll < T[0T = (1= 36)au]|luo — pll- (13)
k=0

Where, § € (0,1), oy, 5, € [0,1] and Z o, = oo by result (a), we get
n=0
lim,, o0 H[l — (1 — 30)%a;] = 0. By equation (13) which implies
k=0
limy, 00 ||ttns1 — p|| = 0. Therefore, {u, }°, converges strongly to p. O

Theorem 3.2. Let K be a closed convex subset of a uniformly Banach space E and

T : K — K an operator satisfying equation

lu = Tul| +[lo = Tol | |lu—"Tov[| +[lv = Tul|
+ }.

2 2

Let {u,} be the Ishikawa iteration and vy € K, where {«,,} and {B,} are se-

quences in [0, 1] with {c,} satisfying equation y "~ a, = co. Then {u,} con-

verges strongly to a fixed point of T.

[T = Tol < kafllu— vl +

Proof. Consider 7" has a fixed point p in K. Consider u,v € K and T is an
operator satisfies equation

||Tu—Tv|| < k2{||u UH + llu— TUII+Hv Tl + lu— Tv\|+||v TUII}

< ko{|lu —v|| + llu— “”JFHU §“||+HU Tv|| + ||u TvH+Hv Tu||}

kz{%Hu =l + o = Tul + 3]v = Tv|| + = ey
sho{llu — vl + llv — T} + Zlu — To|

22l — o] + o = Toll} + gty llu — To|

(1 = k) ||Tu — T
| Tu — T

I/\ I/\ I
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k 3 J
Take 6 = ] 21{: €0,1).]|Tu—Tv| < 55{Hu—v||—|—||U—Tv||}+§||u—Tv||.

— R

(14)
Now, let {u,,} be Ishikawa iteration defined on Definition 2.7 and uo € K then,
[tns1 = pll = [[(1 = an)un + aTv, — (1 — ap + )|

[uni1 = pll < (1= om)l[un = pll + ol Tvn —pl| (15)
In equation (14), put v = p and u = uy, || Tu, — p|| < 2w, — p|| + &[lu, — p||
[ Tun = pll < 20][un — pll (16)

In equation (14), put u = v, and v = p, [|Tv, — p| < Z|jv, — p|| + [jv. — 1|

| Tv, — pl| < 26||v, — pl| (17)
|vn = pll = |(1 = Bp)un + BuTun — (1 — B + B)p||
[vn = pll < (1 = Bu)llun — pll + Bull Tun — pl| (13)

Using equation (16), (17), (18) in equation (15), we get

1 — ) + 20,0||v, — |

[tuns1 = pll <
El — ap) + 200, [(1 = Bo) lun — pll + Bull Tun — pll]
[

)
1 — o) + 2000 (1 = B) |t — pl| + 46%an Bu[un — pl|
1 — (1 +288,)(1 — 20)][[un — p|
(

Which by inequality, 1 — a;, (1 4+ 263,)(1 — 2) <1 — (1 — 20)a,

IVARVAN

= [[tnrr = pll < [1 = (1 = 28)"an]|lun — pl| (19)
By equation (19), we obtain
s = pll < [T = (1 = 26)*an]|fuo — pl| (20)
k=0

where 0 € (0, 1), ag, 8, € [0,1] and Z o, = 0o by result (a), we get,

n=0

lim, o0 [ J[1 = (1 —26)%a] = 0. By equation (20), = lim,, s [[tts 11 — p|| = 0.
k=0

Therefore {u, }5° , converges strongly to p.0)

Corolary 3.1. Let K be a closed convex subset of a uniformly Banach space E and

T : K — K an operator satisfying equation

17w — Tw|| < §{llu = Tul| +[jv = Tv|| + [Ju = Tv|| + [lo = Tul]}.

Let {u,} be the Ishikawa iteration and vy € K, where {«,} and {B,} are se-

quences of positive numbers in [0, 1] with {«,} satisfying equation o, =

00. Then {u,} converges strongly to a fixed point of T.
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Corolary 3.2. Let E be an uniformly Banach space, K is a closed convex subset
of Eand T : K — K an operator satisfying equation

| Tu — Tv|| < k|lu— v 21

Let {u,}>°, be the Ishikawa iteration and uy € K, where {a,,}5°, and {3,}>2,
are sequences of positive numbers in [0, 1] with {c,}52, satisfying > . o, =
oo. Then {u,}>2, converges strongly to a fixed point of T.

Corolary 3.3. Let E be an uniformly Banach space, K is a closed convex subset
of E and T : K — K an operator satisfying equation

k
|Tu —To|| < §{Hu—TuH + ||lv — Tl } (22)

Let {u, }5°, be the Ishikawa iteration and uy € K, where {c,}>2 , and {5, }5°,
are sequences of positive numbers in [0, 1] with {c,}52, satisfying > - oy, =
oo. Then {u,}>2 , converges strongly to a fixed point of T.

4 Conclusions

In this work, we presented the result on strong convergence of fixed point of
T'. We developed different kinds of contractive conditions to prove strong con-
vergence using Ishikawa iterative method in uniforly convex Banach space. Our
main result may be vision for other authors using different contraction to prove
several converging fixed point result.
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