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Abstract

A fixed point for a suitable map or operator is identical to the presence
of a solution to a theoretical or real-world problem. As a result, fixed
points are crucial in many fields of mathematics, science and engi-
neering. The purpose of this paper is to prove unique common fixed
point theorems for families of weakly compatible mappings. Given
mappings satisfy common limit range property and a mixed implicit
relation. Our results generalize, extend and improve the results of Im-
dad (2013) and Popa (2018). We provide an application for integral
type contraction condition. An example is also mentioned to check
the authenticity of our results.
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1 Introduction and Preliminaries

Fixed point theory is an important tool of modern mathematics as it helps to
find a unique fixed point of multi-valued and single-valued mappings by restrict-
ing the condition of the domain of the function. It also helps to find the results
of many differential as well as integral equations which can further be used to
solve many industrial based problems. The most popular tool in fixed point the-
ory is Banach contraction [6] principle which states that every contraction map-
ping on a complete metric space has a unique fixed point. Various authors have
extended and generalized this principle in various directions. In 1976, Jungck
[9] used the concept of commuting maps to prove a common fixed point theo-
rem. Several authors have investigated various concepts of minimal commuting
maps. A pair of self-mappings (P, Q) on a metric space (X, d) is said to be
compatible [10] if lim,,_,o, d(PQu,,, QPu,) = 0, whenever {u,} is a sequence
in X such that lim,, ,,, Pu, = lim,,_,, Qu,, = u for some u € X. A pair of
self-mappings (P, Q) on a metric space (X, d) is called weakly compatible [11]
if P and Q commute at their points of coincidence. Pant ([13], [14], [15]) ini-
tiated the study of common fixed points for non-compatible mappings. Further,
Aamri and El-Moutawakil [1] introduced (FE.A) property as a generalization of
non-compatible mappings. A pair of self-mappings (P, Q) on a metric space
(X, d) is said to satisfy (F.A) property [1] if there exists a sequence {u, } in X
such that lim,,_,, Pu,, = lim,,_,,, Qu,, = u , for some u € X.

In 2011, Sintunavarat and Kumam [22] introduced the concept of common
limit range property.

Definition 1.1. [22] A pair of self-mappings (P, Q) on a metric space (X ,d) is
said to satisfy the common limit range property with respect to Q, denoted by
CLRg, if there exists a sequence {u,} in X such that

7}1—2}0 Pu, = nh_}rgo Qu,, = u, for some u € Q(X).
Thus one can note that the mappings P and Q satisfying property (E.A) along
with the closedness of the subspace Q(X') always have C'L Rg property with re-
spect to Q.
In 2013, Imdad et al. [8] extended the notion of common limit range property
for pairs of self mappings.

Definition 1.2. /8] Two pairs of self-mappings (P, Q) and (S,T) on a metric
space (X, d) are said to satisfy common limit range property with respect to Q
and T, denoted by (CLR) o 1), if there exists two sequences {u,} and {v,} in X
such that

lim Pu, = lim Qu, = lim Sv, = lim Twv, =t,
n—oo n—oo n—oo n—o0
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Families of mappings satisfying a mixed implicit relation

wheret € Q(X)NT(X).

In 2018, Popa et al. [17] introduced a new type of limit range property as
follows.

Definition 1.3. [17] Let P,Q, T be self mappings of a metric space (X, d). The
pair (P, Q) is said to satisfy common limit range property with respect to T if
there exists a sequence {u,} in X such that lim,_, ., Pu, = lim,_,,, Qu, = u,

for some u € Q(X) N T (X).
Now we extend the definition 1.3 for families of mappings.

Definition 1.4. Let Q1,Q,...,Q, and P be self mappings of a metric space
(X, d). The pair (P, Q1Q3...Qa,_1) is said to satisfy common limit range prop-
erty with respect to Q2Q,...Qa, if there exists a sequence {u,} in X such that
limy, 00 Py, = limy, o0 Q193...Qay 1, = u, for some u € Q1Q3...Qa, 1 (X)N
Q99y... Qo (X).

Remark 1.1. [17] Let P,Q, S and T be self mappings of a metric space (X, d). If
the pairs (P, Q) and (S, T) satisfy the common limit range property with respect
to Q and T, then (P, Q) satisfy the limit range property with respect to T, but the
converse does not hold.

Boyd and Wong [5] introduced ¢ contraction condition and generalized the
Banach contraction principle using this contraction. A self mapping P on a
complete metric space (X, d) is said to satisfy ¢ contraction if d(Pa,PS) <
o(d(a, B)), for all a, f € X, where ¢ : [0,00) — [0,00) is an upper semi con-
tinuous function from right such that 0 < ¢(¢) < ¢ for all ¢ > 0. The theorems
of existence of fixed points for self mappings in Hilbert spaces satisfying ¢-weak
contraction were studied by Alber and Guerre-Delabriere [3]. Further Rhoades
[21] extended this concept in complete metric space. Some fixed point results
are proved in [7], [8] and in other papers for mappings with common limit range
property satisfying (¢, 1))-weak contractive conditions.

The following theorem is proved in [8].

Theorem 1.1. [8] Let P, Q, S and T be self mappings of a metric space (X, d)
satisfying

(d(Pz,Qy)) < p(m(z,y)) — d(m(z,y)),
forall x,y € X and for some ¢, 1,
where m(z,y) = max{d(Sz, Ty),d(Sz, Px),d(Ty, Qy),d(Sx,Qy),d(Ty, Px)}
and ¢, ¢ : [0,00) — [0, 00) such that ¢ is a lower semi-continuous function and
¢~1(0) = 0 and ¢ is a non-decreasing continuous function with ~*(0) = 0.
If the pairs (P, Q) and (S,T) satisfy the (CLR)s ) property and are weakly
compatible, then P, (), S and T have a unique common fixed point.
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Definition 1.5. [12] An altering distance is a function v : [0,00) — [0,00)
satisfying:
(11): 1 is increasing and continuous,

(19): (t) = 0 if and only if t = 0.

Definition 1.6. [18] A function : [0, 00) — [0, 00) is an almost altering distance
if it satisfies:

(¢]): ¢ is continuous,

(h): (t) = 0 if and only if t = 0.

Example 1.1. Define a function 1 : [0, 00) — [0, 00) by

o(6) = {Qt,t € [0,1]

#t,t € (1,00).

Here we note that every altering distance is an almost altering distance, but
converse is not true.
Various authors have unified several common fixed point theorems by using im-
plicit functions. In 2008, Ali and Imdad [2] introduced a new class of implicit
functions.

Definition 1.7. [2] Let F be the family of lower semi-continuous functions F' :
RS — R which are satisfying:

(Fy) forallu > 0, F(u,0,u,0,0,u) > 0;

(Fy) forallu > 0, F(u,0,0,u,u,0) > 0;

(F3) forall u > 0, F'(u,u,0,0,u,u) > 0;

Definition 1.8. [17] Let Fp be the set of all lower semi-continuous functions
F : RS — R which are satisfying:

(Fip) foralluw > 0, F(u,0,u,0,0,u) > 0;

(Fyp) forallw > 0, F(u,0,0,u,u,0) > 0;

(F3p) forallu > 0, F(u,u,0,0,u,u) > 0;

Now we provide some examples in support of definition 1.8.

1. Let F(uy,...,ug) = uy — t max{us, us, uy, us, ug }, where t € [0, 1].

2. Let F(uy, ..., ug) = uy — t max{ug, us, us, 5}, where ¢t € [0, 1].

3. Let F(uq,...,ug) = ug — amax{ug, us, us} — B(us + ug), where o, 8 > 0
and o + 20 < 1.

4. Let F(uy,...,us) = uy — amax{u2,u3,u4,%(u5 + u@,fjﬁ‘;,% , where
aecl0,1).
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Families of mappings satisfying a mixed implicit relation
5. Let F(uy,...,ug) = uy — max{cusg, cug, cuy, aus + bug)}, where ¢ > 0,
a,b>0anda+b+c<1.

Definition 1.9. [17] Let Gp be the set of all lower semi-continuous functions
G : R — R such that G(t1, ..., t5) > 0 if one of t1, ..., t5 > 0.

The following functions belong to the set Gp.
1. G(t1,...,t5) = max{ty, ..., t5}.

2. G(ty, ..., ts) = max{t;, 2fle bils}

3. Gty .., ts) =3 + 13+ 12+ 13+ 12,

4. Gty ts) = s

Definition 1.10. [17] A function ¢(uy, ..., ug, t1, ..., t5) = F(uq, ..., ug)+G(t1, ..., t5)
is called a mixed implicit relation.

The aim of this paper is to prove general fixed point theorems for families of
weakly compatible mappings with common limit range property satisfying a mixed
implicit relation. Our results generalize, extend and improve the results of Popa
[17] and Imdad [8].

2 Main Results

In 2018, Popa et al. [17] proved the following theorem.

Theorem 2.1. [17] Let (X, d) be a metric space and P, (), S and T be four self
mappings on X satisfying

F(d(Px, Qy)), (d(Sz, Ty)), ¥ (d(Sz, Px)), v (d(Ty, Qy)), ¥ (d(Sz, Qy)),

(d(Ty, Pr))) + G((d(Sz, Ty)), Y (d(Sz, Pr)), ¢ (d(Ty, Qy)), ¥ (d(Sz, Qy)),
¥(d(Ty, Pr))) <0,

forall x,y € X, for some ' € Fp, G € Gp and 1) is an almost altering distance.
If the pairs (P, S) and (Q,T) are weakly compatible and (P, S) and T satisfy
(CLR)(p,syr property, then P,Q, S and T have a unique common fixed point.

Now we extend the Theorem 2.1 for any even number of weakly compatible
mappings.
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Theorem 2.2. Let ()1, Q>, ..., Q2n, Py and Py be self mappings on a metric space
(X, d), satisfying the following conditions:

(C1) Q2(Q4...Q2n) = (Q4...Q2,) Qo

Q2Q4(Q6---Q2) = (Qs..Q2n) Q2Qs,

Q2---Q2n—2(@2n) = (Q?n)@2~-'Q2n—27
P1(Q4...Q2n) = (Qu...Q2,) P,
P1(Qg.--Qan) = (Qg.--Q2n) P1,

.P1Q2n = QQnPb
QI(Q?)“-Q%L*I) = (Q3---Q2n71>Q1,
Q1Q3(Q5.-Q2n1) = (Q5...Q2n—1)1Q3,

Q1 Qo 5(Qon 1) = (Qon1)QuQon
Po(Q3...Q2n-1) = (Q3...Q2n—1) P,
Po(Qs...Q2n—1) = (Q5...Q2n—1)F,

PyQ2n—1 = Qan—1F,
(C2) the pairs (Py, Q1...Qo,—1) and (Py, Qs...Q2,) are weakly compatible and

(Po, Q1....Qan—1) and Qs...Qa, satisfy (CLR)(p,0:..Qsn-1)Qs...Qan PTOPETLY,
(C3)

F(p(d(Por, P1y)), Y (d(Q1Q3...Qan—17, Q2Q4...Q2,Y) ), Y(d(Q1Q3...Qan 17, Pox)),
Y(d(Q2Q4---Q2ny, P1y)), Y(d(Q1Q3...Q2p—17, P1y)), ¥(d(Q2Q4-..Q2ny, Pox)))
+ G(Y(d(Q1Qs5...Q2m 17, Q2Q4...Q2,Y)), Y(d(Q1Q3...Q2n 17, Po)),
V(d(Q2Qy4.-..Qany, Pry)), ¥(d(Q1Q3...Qm—17, P1y), Y(d(Q2Q4...Q2y, Por))) <0,

forall x,y € X, some F' € Fp, G € Gp and 1) is an almost altering distance.
Then )1, Qo,...,Q2,, Py and Py have a unique common fixed point in X .

Pl’OOf Let Qll = Qng...QQn_l and le = Q2Q4~~Q2n- Since (Po, Qll) and Qé
satisfy (CLR)r,,0,), property, there exists a sequence {u,} in X’ such that

lim Pyu, = lim Qju, = lim Q1Qs...Qa, 1u, = 2,
n—o00 n—o00 n—00

where z - Qll(X) N Qé(X) = Ql...an_l(X) N QQQQN(X)
Since z € QQ2Q4...Q2,(X), there exists u € X such that z = )3Q)y...Q2,u. Using
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(C3) with z = u,, and y = u, we get

F(p(d(Poun, Pru)), ¥(d(@Q1Q3...Qan—1Un, Q2Q4...Q2n1) ), Y(d(Q1Qs3...Q2n—1n, Potin)),
Y(d(Q2Qy...Qonu, Pru)), (d(Q1Qs3...Qon_1un, Piu)), ¥(d(Q2Q4...Q2,u, Pyuy,)))
+ G (d(Q1Q3.--Q2n—1Un, Q2Q4...Q2,u)), Y(d(Q1Q3...Qan—1Un, Poun)),
Y(d(Q2Q4...Qanu, Piu)), Y(d(Q1Qs...Qan—1Un, Pru), ¥(d(Q2Q4...Qanu, Pouy))) < 0.

Taking limits as n — oo, we have

F((d(z, Pu)),0,0,v(d(z, Piu)), ¥ (d(z, Piu)),0) + G(0,0,¢(d(z, Piu)),
Y(d(z, Piu)),0) < 0.

If d(z, Pyu) > 0, then
G(0,0,4(d(z, Piu)), (2, Pou),0) > 0,
which implies that
F(ip(d(z, Pyw)), 0,0, (d(z, Pru)), (d(z, Pu),0) < 0,

a contradiction of (F,p). Hence d(z, Pu) = 01ie., 2 = Piu = Q2Q4...Q2,u.
Since (P, Q2Q4...Q2,) is weakly compatible, we have

Pz = PiQ2Qy...Qonu = Q2Q4...Q2n Pru = QQ2Q4...Q2n 2.

Since z € Q1Q3...Q2,_1(X), which implies z = Q1 Q3...Q2,_1v for some v € X.
On putting z = v and y = w in (C3), we have

F(Tﬁ(d(PoU, Plu)); w(d(Q1Q3--.Q2n—1U, Q2Q4-'-Q2nu))7 ¢(d(Q1Q3---Q2n—1U, POU));
w(d(Q2Q4---Q2nU> Pyu)), w(d(Qle-.-szv, Pyu)), w(d(Q2Q4---Q2nU, POU)))
+ G((d(Q1Qs...Q2n -1, Q2Q4...Q2nu) ), Y(d(Q1Qs...Qan—1v, Pyv)),
Y(d(Q2Q4...Qanu, Piu)), (d(Q1Q3...Q0n—1v, Piu), ¥(d(Q2Q4...Qonu, Pyv))) < 0.

On simplification, we get

F(,@/}(d(POU, Z))a 0, 77D(d(P0’U, Z)), 0,0, w(d(POU, Z))) + G(O, @D(d(PO’U, Z)), 0,0,
P(d(Pov, 2))) < 0.

If d(Pyv, z) > 0, then

G(0,¢(d(Pyv, 2)),0,0,9(d(Pyv, 2))) > 0.
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Therefore, we obtain
F(y(d(Pyv, 2)),0,9(d(Pyv, 2))0,0,¢(d(Pyv, 2)) < 0,

a contradiction of (Fyp). Hence d(FPyv,z) = 0, which implies that z = Pyv =
1Q3...Q2,—1v. Since (P, Q1Q3...Q2,—1) is weakly compatible, we get

Poz = PyQ1Q3...Q2p—1v = Q1Q3...Q2, 1 v = Q1Q3...Q2,-12.

Now, we prove that z = P, z. On putting x = v and y = z in (C'3), we get

F(p(d(Pov, Prz)), v(d(@1Q3...Q2n 10, Q2Q4...Q202) ), Y(d(Q1Q3...Qan—1v, Fov)),
P(d(Q2Q4---Q2nz, P12)), Y(d(Q1Qs5...Q2n—1v, P12)), Y(d(Q2Q4-..Q2n2, Fyv)))
+ G(Y(d(Q1Qs3...Q2n -1V, Q2Q4...Q2,2)), Y(d(Q1Q3...Q2n—1v, Pov)),
¢(d(Q2Q4---Q2n2, Plz))ﬂﬂ(d(QlQB---melU, Plz), ¢(d(Q2Q4---Q2n27 POU))) <0,

which implies that

F(1/}<d(z7 PIZ))7 ¢(d(2, Plz))v 07 07 ¢<d(27 Plz))7 ¢(d(27 Plz))) + G(¢(d(2, Plz))v 07 07
W(d(Piz,2)),¢(d(z, P1z))) <0.

If d(z, P,z) > 0, then
G(d(z, P12)),0,0,0(d( Pz, 2)),¥(d(z, Pz))) > 0.
Thus from above, we get

F((d(z, P12)),¥(d(z, P12)),0,0,¥(d(z, Pi2)),¢(d(z, P z))) <0,

a contradiction of (F3p). Hence d(z, Pv) = O i.e.,, P,z = z and hence P,z =

Q2Q4...Qonz = 2.

Further on putting z = y = 2z in (C3), we get

F((d(Poz, P12)), Y(d(Q1Q3...Q2n-12, Q2Q4...Q2,2)), Y(d(Q1Q3...Q2n12, Fo2)),
Y(d(Q2Q4...Qanz, P12)), Y(d(Q1Q3...Qan—12, P12)), Y(d(Q2Q4...Q2nz, Fo2)))
+ G(W(d(Q1Qs3...Q2n-12, Q2Q4...Q202) ), Y(d(Q1Q3...Q2n 12, Fo2)),
V(d(Q2Qy...Qonz, P12)), v(d(Q1Q3...Q2n—17, P12),Y(d(Q2Q4...Qa,2, Pyz))) < 0.

On simplification, we have

F(y(d(Poz, 2)),¥(d(Poz, 2)), 0,0, (d(Poz, 2)), v (d(Poz, 2))) + G(¥(d(Poz, 2)), 0,
0,0(d(Poz, 2)), ¥ (d( Pz, z))) <O0.

226



Families of mappings satisfying a mixed implicit relation

If d(Fy, z) > 0, then

G(¢<d(P027 Z))? 07 707 7vb(d<F)OZ7 Z))? ¢<d(P027 Z))) > 07

which implies that

F(d(Foz, 2)), ¥(d(Foz, 2)), 0,0, ¢ (d(Foz, 2)), ¥ (d(Foz, 2))) <0,

a contradiction of (F3p). Hence d(Fyz,2) = 0i.e., Ppz = z and hence Pz =

@1Q3...Q2p—12 = 2.
Onputting z = zand y = Qy4...Q2,2 in (C3) and using (C'1), Q) = Q1Q3...Q2n,1
and Q) = (Q2Qy...Q2,, we get

F(ip(d(Poz, PiQ4...Q2n2)), ¥(d(Q) 2, Q5Qu---Q202)), ¥(d(Q1 2, Py2)),
V(d(QyQu-.Q2n2, PrQs-..Q2,2)), ¥ (d(Q) 2, PrQs...Q2,2)), ¥(d(Q5Qu... Q20 2, Po2)))
+ G(W(d(Q12, QQ4.--Q2n2)), ¥(d(Q12, Poz)), ¥(d(Q5Q4---Q2nz, P1Q4...Q2n2)),
Y(d(Q)2, PrQ4-.Q2,2)), ¥ (d(Q5Q4-..Q202, Po2))) < 0.

From this we get

F(d)(d(za Q4---Q2nz))7 ¢(d(2’, Q4~--Q2nz))7 07 O’ ¢(d(27 Q4'~Q2nz>>a ¢(d(Q4"'Q2nzv Z)))
+ G(P(d(2, Q1.-Q202)), 0,0,9(d(2, Qu-..Q202)), Y(d(Q1...Q2n2, 2))) < 0.

If (d(z,Qy4...Q2,2)) > 0 then
G(@Z)(d(Z, Q4...Q2n2)), 0, 0, w(d(Z, Q4...Q2n2)>, ¢(d(Q4...Q2nZ, Z))) > 0.

Therefore, we have

F(d(2, Qa...Qan2)), ¥(d(2, Qa...Q2n2)), 0,0, 0(d(2, Qs...Qan2)),
P(d(Q4...Qanz, 2))) <0,

a contradiction to (F3p). Hence d(z, Q4...Q02,2)) = 0 i.e., Q4...Q02,2 = 2. Hence
2Qy...Q2,2 = Y2z = z. Continuing like this, we have

Piz=Qyz=Quz=..= Qo = 2. (1)

On putting z = Q3...Q2,—1z and y = zin (C3) and using (C1), Q) = Q1Q3...Q2,—1
and Q) = (Q2Q4...Q2,, We get

F(d(PQs...Q2n-12, P12)), ¥(d(QQs...Q2n-17, Q52)),
Y(d(Q1Q3...Qon12, PoQs...Q2,-12)),¥(d(Qhz, Pr2)),
77Z)(d(Q/1Q3"'Q2n—127 P1Z))7 ¢(d(Q,QZ7 PoQs...Q2,-12)))
+ G(Y(d(Q1Q3...Qan-12, 52)), ¥(d(Q)Qs...Q2n-12, PoQ3...Q20-12)),
V(d(Q32, Pr12)), ¥(d(Q1Qs...Qan—12, 12)),(d(Qy2, Po@3...Q2n-12))) < 0,
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which implies that

F((d(Qs...Q2n12, 2)), Y(d(Q3...Q2n-12,2)), 0,0, (d(Q3...Q2n-12, 2)),
P(d(z,Q3...Q2,-12))) + G(d(¢(d(Q3...Q2n-17,2)),0,0,9(d(Q3...Q2,12, 2)),
W(d(z,Q3..Q2,-12))) < 0.

If d(Z, Q3...Q2n_12) > (0 then
G(d(¢(d(Q3Q2n_1Z, Z)), 0, 0, ¢(d(Q3...Q2n_lz, Z)), ¢(d(z, Q3...Q2n_12>>) > O

Thus from above, we obtain

F(w(d<Q3---Q2nf127 Z)), w(d(Q3---Q2nf1Z, Z)), 0,0, 2ﬂ(d(Qs---Q%qzy 2))7
¢(d(zaQ3'--Q2n—1z))) < Oa

a contradiction to (F3p). Hence d(z,Qs...Q2,-12) = 0ie., Q3...0Q02,-12 = z.
Hence Q1(Q)s...Q02,—12 = Q12 = z. Continuing like this, we have

Poz=0Q1z2=0Q3z2= ... = Qo1 = 2. (2)

Hence from (1) and (2), we have

Poz=P = Q12 =02z = Q32 = ... = Qa1 = Qapz = 2.

Therefore, z is a common fixed point of the given self mappings.

Uniqueness. Let w be another fixed point of the given mappings. Then Pyw =
Piw = Qiw = Qaw = Q3w = ... = Qo,w = w. Suppose that z # w. Putting
x = z and y = w in condition (C3), we have

F(p(d(z, w)), P(d(z,0)),0,0,9(d(z,w)), ¢ (d(w, 2))
+G((d(z,w)), 0,0,9(d(z, w)), P (d(w, 2))) < 0.

If d(z, w) > 0, then
G((d(z,w)),0,0,¢(d(z,w)), ¥ (d(w, 2))) > 0.
Therefore, we obtain
F(y(d(z,w)), ¥(d(z,0)),0,0,¥(d(z,w)), ¢ (d(w, 2)) <0,

a contradiction of (F3p). Hence z = w. Therefore, z is a unique common fixed
point of the given mappings. [

Now we prove a theorem for families of mappings.
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Theorem 2.3. Let {S,}acs and {Q;}77, be two families of self-mappings on a
metric space (X, d). Suppose that there exists a fixed B € J such that:

(C4) Q2(Q4...Q2n) = (Qu...Q2,) Q2
©2Q4(Qs---Q2n) = (Qs.-.Q2n) Q2Q4,

QQ'--QQn—Q(QQn) = (QQn)Q2~-'Q2n—2a
S5(Q4...52,) = (S4...55,) 53,
Sﬁ(@ﬁ---@zn) = (Q6---Q2n)5ﬁ,

S5Qan = Q2S5
Ql(Q3"'Q2n—1) - (Q3"'Q2TL—1)Q1)
Q1Q5(Qs.Qan1) = (Q5Qon1) Q1 s,

Q1~-~Q2n—3(Q2n—1) = (QQn—l)Ql---an—s,
Sa(Q3-'-Q2n71) - (Q?}'-'Qanl)Sou
SCM(Q5"'Q2TL*1) = (QS---Q2n71>Sa’

SaSan—1 = San-1Sa

(C5) the pairs (Sa, Q1...Q2n—1) and (Ss, Qs...Q2,) are weakly compatible and

(Sas Q1---Qan—1) and Qs...Qay, satisfy (CLR)(s..01..Qsm-1)Qs...Qsn DTOPETLY,

(C6)

F((d(Sar, Spy)), Y(d(Q1Q3...Q2n—17, Q2Q4...Q2,Y)), V(d(Q1Q3...Q2n 17, Sa)),
P(d(Q2Q4---Q2ny, SpY)), Y(d(Q1Qs...Q2n—17, Spy)), Y(d(Q2Q4...Qany, Sa)))
+ G(P(d(Q1Q3...Qan—17, Q2Q4...QanY)), V(d(Q1Q3...Q2n 17, Sa1)),
w(d(Q2Q4---Q2n%Sﬁy>>7¢(d(Q1Q3-~-Q2n71$7 Sgy)),w(d(%@---@zny, Sa))) <0,

forall x,y € X and some F € Fp, G € Gp and 1) is an almost altering distance.
Then all S, and Q); have a unique common fixed point in X .

Proof. Let S, be a fixed element in {S, },c;. By Theorem 2.2 with Py, = S,, and
P, = S, it follows that there exists some © € X’ such that

Satt = Saott = Q1Q3...Q2n—1U = Q2Q4...Q2,u = u.
Let 8 € J be arbitrary. Then from (C6), we get
F((d(Sau, Spu)), ¥(d(Q1Qs...Qon11, Q2Qu...Q2nt)), ¥ (d(Q1 Q3. Qan1t, Sa)),
@/}(d(Q2Q4-~Q2nU7 SBU))7 ¢(d(Q1Q3---Q2n—1U, Sﬁu)), ¢(d(Q2Q4---Q2nU, Socu)))

+ G (d(Q1Q3..-Q2n—1u, Q2Q4...Qanu) ), Y(d(Q1Q3...Q2n 11, Sau)),
¢(d(Q2Q4---Q2nua SBU)), ¢(d(Q1Q3---Q2n—1U, S,B“))? ¢(d(Q2Q4Q2nU, Sau))) S 0.
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Hence
F(p(d(u, Sgu)), (d(u, w)), v (d(u, w)), ¥ (d(u, Spu)), ¥(d(u, Spu)), Y(d(u,
+G(w<d<u7u))v¢(d(u7u))v¢(d(u? Sﬁu>>>w<d(u’ Sﬁu)) ( ( ?u))) <0

1.e.,

w)))

F(iﬁ(d(% Sﬁ“))? 07 07 w(d<u7 Sﬁ”))? ¢<d(u, Sﬁu))a O)
+G(0,0,9(d(u, Sgu)), ¥ (d(u, Sgu)),0) < 0.
If d(u, Sgu) > 0, we get

G<Oa 0, ¢(d(uv Sﬁu))a ¢(d(u7 Sﬁu))v 0) >0,
which implies that

F(w(d@t? Sﬁu))7 07 07 1/)(61(“7 Sﬁu))7 ¢(d(uv Sﬂu))a O) < 07

a contradiction by (Fyp) and hence v (d(u, Spu)) = 0 ie., Spu = u for each
B € J. Uniqueness follows easily. Il

If we take v/(t) = ¢ in Theorem 2.2, we get

Theorem 2.4. Let ()1, Q>, ..., Q2n, Py and Py be self mappings on a metric space
(X, d), satisfying conditions (C1), (C2) and the following condition:
(C7)
F((d(Pox, Pry)), (d(@1Q3...Q2n 17, Q2Q4.-..Q2,Y)), (A(Q1Q3...Qan 17, Po)),
(d(Q2Q4...Q2ny, P1Y)), (A(Q1Q3...Q2n—17, P1y)), (d(Q2Q4...Q2,y, Pox)))
G(d(Q1Q3...Qan 17, Q2Q4...Q2,Yy), A(Q1Q3...Q2n 17, Pox), d(Q2Q4...Qany, Pry),
d(Q1Q3...Q2n—17, Pry), d(Q2Q4...Q2y, Pow)) <0,

forall x,y € X, some F € Fp, G € Gp and v is an almost altering distance.
Then 1, Qo,...,Q2,, Py and Py have a unique common fixed point in X.

If we take v/(t) = ¢ in Theorem 2.3, we get

Theorem 2.5. Let {S,}acs and {Q;}77, be two families of self-mappings on a
metric space (X, d). Suppose that there exists a fixed § € J such that conditions
(C4) and (C5) are satisfied. Moreover,
(C8)
F(d(Sax, Spy), d(Q1Q3...Q2n17, Q2Q4...Q2,Y), d(Q1Q3...Qan 1T, So),
(d(Q2Q4.--Qany, Spy), d(Q1Q3...Q2n—17, Spy), d(Q2Q4...Q20Y, Sa))
G(d(Q1Q3..-Qan-17, Q2Q4...Q2nY), d(Q1Q3...Q2n 17, Sa),
d(Q2Q4...Qany, Spy), d(Q1Q3...Q2n—17, Spy), d(Q2Q4...Q20Y, Saw)) <0

forall x,y € X and some F € Fp, G € Gp and v is an almost altering distance.
Then all S, and Q); have a unique common fixed point in X.
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Remark 2.1. (i). Let 1) and ¢ be as in Theorem 1.1. Then

Fuy, ... ug) = ¢(ur) — (m(z,y))
and
G(v1,...,v5) = d(m(x,y)).
Then F(u,0,u,0,0,u) = F(u,0,0,u,u,0) = F(u,u,0,0,u,u) =0 and

G(vy,...,v5) = ¢(maz{vy,...,v5}) > 0, if one of vy, ..., v5 > 0.

Hence F € Fp and G € Gp. Then by Theorem 2.4, we get a generalization and
extension of Theorem 1.1 for any even number of weakly compatible mappings.
Similarly, Theorem 2.5 is a generalization and extension of Theorem 1.1 for fam-
ilies of weakly compatible mappings.

(ii). Theorems 2.2 and 2.3 are extension of Theorem 2.1 for any even number of
weakly compatible mappings and families of weakly compatible mappings respec-
tively.

Now we give an example in support of our theorems.

Example 2.1. Let X = [0, 1] and d be usual metric on X. Define

4

Sa(x) foreach o € Jandall x € X,

- 1+ a4

Qi(x) =2V foreachi € {1,2,...2n} and all v € X.

Then Q2Q4...Q2n$ = {L‘4, Qng...an_lx = ZL‘4.
The pairs (S, Q1...Q2n—1) and (Sp, Q2...S2,) are weakly compatible..
Define implicit function F' such that

9
Let F(uy,...,ug) = uy — 10 max{usg, Us, Uy, Us, Ug }-

and

B 1

©100(t; +ty +t3 +ty+ts)

Then F' € Fp and G € Gp. Thus all the conditions of Theorems 2.2 (for o = 0,1)

and 2.3 are satisfied for 1 (t) = t and 0 is the unique common fixed point of the
mappings.

G(tlv BT t5)
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3 Application

In 2002, Branciari [4] obtained Banach contraction principle for mappings
satisfying an integral type contraction condition. In the same way, we analyze
Theorem 2.3 for mappings satisfying integral type contraction condition.

Lemma 3.1. [19] Let r : [0,00) — [0,00) is a Lebesgue measurable mapping
which is summable on each compact subset of [0, c0) such that fooo r(t)dt > 0, for
€ > 0. Then (t) = fot r(x)dx is an almost altering distance.

Theorem 3.1. Let {S,}acs and {Q;}7", be two families of self-mappings on a
metric space (X ,d). Suppose that there exists a fixed § € J such that conditions

(C4) and (C5) are satisfied. Moreover,
(CI2)

d(Saw,5py) d(Q1Q3...Q2n—12,Q2Q4...Q2nY) d(Q1Q3...Q2n—17,5a1)
F / r(t)dt, / r(t)dt, / r(t)dt,
0 0 0

d(Q1Q3...Q2n—12,53Y) d(Q2Q4...Q2nY,5ax)
/ r(t)dt, / r(t)dt

0 0

d(Q2Q4...Q2ny,SsY)
/ r(t)dt,

0

d(Q1Q3...Q2n—12,Q2Q4...Q21Y) d(Q1Q3...Q2n—12,54)
+G / r(t)dt,/ r(t)dt,

0 0

r(t)dt,

d(Q2Q4.--Q2ny,SpY)
/ r(t)dt,

/d(Q1Q3~.Q2n1r7Sﬁy) /d(Q2Q4~.Q2ny,Sax)

r(t)dt) <0,

forall x,y € X and some F € Fp and G € Gp. Then all S, and Q); have a
unique common fixed point in X.

Proof. Let 1(t) be as in Lemma 3.1. Then

0 0 0

d(Saac,Sgy) d(Q1Q3...Q2n—17,S4)
B(d(Saz, Spy)) = / r(8)dt, A d(Q1 Qs Qo 1, Sut) — /
0

0

/d(Q1Q3~--Q2n1$,Q2Q4-~~Q2ny)

P(d(Q1Q3.--Qan17, Q2Q4..Q2,Y)) = ; r(t)dt,

d(Q2Q4...Q2nYy,SsY)
D(A(Q2Qs-Qany, Say)) = /O F(t)dt,
d(Q1Q3...Q2n—12,S3Y)

Y(d(Q1Qs3...Qan—17, S8Y)) :/o r(t)dt,
d(Q2Q4...Q2nYy,Sax)

G(A(QsQu Qo Su)) = /0 r(t)dt.

Hence the proof of Theorem 3.1 follows by Theorem 2.3. [
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4 Conclusions

In this paper, we have established unique common fixed point theorems for
families of weakly compatible mappings satisfying common limit range property
and a mixed implicit relation. Our results generalize, extend and improve the
results of Imdad [8] and Popa [17]. We provide an application for integral type
contraction condition. In the end, we conclude that theory of fixed points can be
extended in metric space for some applications as well and that the analogue of
many known results can also be obtained in this literature.

References

[1] A. Aamri, D. El-Moutawakil, Some new common fixed point theorems under
strict contractive conditions, Math. Anal. Appl. 270 (2002), 181-188.

[2] J. Ali, M. Imdad, An implicit function implies several contractive conditions,
Sarajevo J. Math., 17 (2008),269-285.

[3] Ya.l. Alber, S. Guerre-Delabrierre, Principle of weakly contractive maps in
Hilbert spaces. In: New Results in Operator Theory and its Applications,
Adv. Appl. Math. 98 (Y. Gahbery, Yu. Librich, eds.), Birkhauser Verlag
Basel, 1997, pp. 7-22.

[4] A. Branciari, A fixed point theorem for mappings satisfying a general con-
tractive condition of integral type, Int. J. Math. Math. Sci. 29(9) (2002),
531-536.

[5] D. W. Boyd and T. S. W. Wong, On nonlinear contractions, Proceedings of
the American Mathematical Society, vol. 20, no. 2, pp. 458-464, 1969.

[6] S.Banach, Surles operations dans les ensembles abstraites et leursapplica-
tions, Fundam. Math. 3 (1922), 133-181.

[7] M. Imdad, S. Chauhan, Employing common limit range property to prove
unified metrical common fixed point theorems, Intern. J. Anal. 2013, Article
ID 763261.

[8] M. Imdad, S. Chauhan, Z. Kadelburg, Fixed point theorems for mappings
with common limit range property satisfying generalized (1, ¢)-weak con-
tractive conditions, Math. Sci. 7 (2013), DOI: 10.1186/2251-7456-7-16.

[9]1 G. Jungck, Commuting mappings and fixed points, Amer. Math. Monthly 83
(1976), 261-263.

233



R. Kumar and S. Kumar

[10] G. Jungck, Compatible mappings and common fixed points, Int. J. Math.
Math. Sci. 9(4)(1986), 771-779.

[11] G. Jungck, Common fixed points for noncommuting nonself mappings on
nonnumeric spaces, Far East J.Math. Sci. 4 (1996), 195-215.

[12] M.S. Khan, M. Swaleh, S. Sessa, Fixed point theorems by altering distance
between two points, Bull. Austral. Math. Soc. 30 (1984), 1-9.

[13] R.P. Pant, Common fixed points for contractive maps, J. Math. Anal. Appl.
226 (1998), 251-258.

[14] R.P. Pant, R-weak commutativity and common fixed points of noncompatible
maps, Ganita 99 (1999), 19-26.

[15] R.P. Pant, R-weak commutativity and common fixed points, Soochow J.
Math. 25 (1999), 39-42.

[16] R.P. Pant, A common fixed point theorems under a new condition, Indian J.

Pure Appl. Math., 30(20) (1999), 147-152

[17] V. Popa and A.M. Patriciu, A general fixed point theorem for two pairs
of mappings satisfying a mixed implicit relation, Mathematica Slovaca, 68
No.3 (2018), 655-666.

[18] V. Popa, A.M. Patriciu, A general fixed point theorem for a pair of self
mappings with common limit range property in G-metric spaces, Facta Univ.
Ser. Math. Inform. 29(4)(2014), 351-370.

[19] V. Popa, M. Mocanu, Altering distance and common fixed points under im-
plicit relations, Hacet. J. Math. Stat. 38(3)(2009), 329-337.

[20] V. Popa, A general fixed point theorem for weakly subsequentially continu-
ous mappings, Fasciculi Mathematici, 62(2019), 103-119.

[21] B.E. Rhoades, Some theorems of weakly contractive maps,Nonlinear Anal.,
47(2001), 2683-2693.

[22] W. Sintunavarat and P. Kumam, Common fixed point theorems for a pair of
weakly compatible mappings in fuzzy metric spaces, J. Appl. Math. (2011),
Article ID 637958.

234



