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Abstract

Given any picture fuzzy set () of a universe Y, the set C, ; ,(()) called
the (r, s, t)-cut set of () was studied. In this paper, some characteris-
tics of picture fuzzy subgroup of a group are obtained via the cut sets
of picture fuzzy set.
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1 Introduction

Zadeh [18] introduced the notion of fuzzy sets (FSs). This theory has been
generalised by many researchers. Atanassov [1] initiated the concept of intuition-
istic fuzzy sets (IFSs). For more on intuitionistic fuzzy set, also see [2, 3, 4]. The
application of these fuzzy sets have taken different directions such as optimization
and decision-making [15] control theory [13] and many others. One particular ap-
plication is the work of Cuong and Kreinovich [5] who put forward the notion of
picture fuzzy sets (PFSs) as a generalisation of fuzzy sets and intuitionistic fuzzy
sets. Picture fuzzy set has been extensively studied and applied (see [6, 7, 8, 9,
10, 11, 12, 14, 17] for details).

Rosenfeld [16] generalised fuzzy sets to fuzzy groups (FGs). The idea of cut
set of picture fuzzy sets was initiated by Dutta and Ganju [12] and they obtained
some of its properties. Dogra and Pal [11] corrected the definition of cut set that
was given by Dutta and Ganju [12] and they initiated the notion of picture fuzzy
subgroups (PFSGs) of a group.

In this paper, motivated by the work of Dogra and Pal [11], investigation of
the characteristics of picture fuzzy subgroups of a group via the cut sets of picture
fuzzy sets was done. The organisation of the paper is as follows: Section 2 gives
the basic definitions and preliminary ideas of PFSs; Section 3 investigates some
properties of picture fuzzy subgroups of a group via cut sets of picture fuzzy sets.

2 Preliminaries

Definition 2.1. [/8] Let Y be a nonempty set. A FS Q) of Y is an object of the
form

Q={(.oew)ly €Y}
with a membership function
og:Y — [0,1]
where the function o (y) denotes the degree of membership of y € Q.

Definition 2.2. []1] Let a nonempty set Y be fixed. An IFS () of Y is an object of
the form

Q ={w:00(y), 70y € Y}

where the functions
og:Y = [0,1]and g : Y — [0,1]

are called the membership and non-membership degrees of y € (), respectively,
and for everyy €'Y,
0 < ooly) +7ly) < 1.
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Picture fuzzy subgroups via cut set of picture fuzzy set

Definition 2.3. [5] A picture fuzzy set Q of Y is defined as
Q ={(y,90): 7o(¥),7eW)ly € Y},

where the functions
og:Y = [0,1], 7Y = [0,1]and vg : Y — [0, 1]
are called the positive, neutral and negative membership degrees of y € @), re-
spectively, and g, Tg, Vg satisfy
0<0oq(y) +710y) +10(y) <1, VyeY.

Foreachy € Y, So(y) = 1 — (0g(y) + 170(y) + 70(v)) is called the refusal
membership degree of y € ().

Definition 2.4. [5] Let () and R be two PFSs. Then, the inclusion, equality, union,
intersection and complement are defined as follow:

(i) @ C Rifand only if forally € Y, og(y) < or(y), 7o(y) < Tr(y) and
Yo(y) = Yr(Y).

(ii) Q@ = Rifandonly if Q C Rand R C Q.
(iii) QU R ={(y,00(y) V or(y), o) V 7)) v (y) Ar(y))ly € Y}.

(v) QN R={(y,00(y) Nor(y), 7(y) ATr(Y)),7e) V Vr(Y))|ly € Y}.

Definition 2.5. [11] Let (G, *) be a crisp group and Q = {(y,00(y), 70(y),no(y)) |y €
G} be a PES in G. Then, Q is called picture fuzzy subgroup of G (PFSG) if

(i) og(axb) > og(a)Noq(b), Tg(axb) > Tq(a)A1q(b), ne(axb) < ne(a)Vng(b)

(ii) og(a™t) > og(a), Tola™) > 19(a), ng(a™') < ngla) forall a,b € G.
Notice that a~! is the inverse of a € G,

or equivalently, () is a PFSG of G if and only if

oglaxb7t) = oqla) A og(b), Tea = b7") = m(a) A 1o(b), ngla*b™1) <
nq(a) V ng(b).

Definition 2.6. [11] Let (G, x) be a crisp group and Q = (0¢, 79, ng) be a PFSG
of G. Then, for a € G the picture fuzzy left coset of Q € G is the PFS aQ) =

(UaQa Ta@> naQ) deﬁned by
0ag(u) = ogla " *u), Tug(u) = 7o(a™" * u) and nug(u) = no(a™" * u)
forall u € G.
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Definition 2.7. [11] Let (G, ) be a crisp group and Q = (0¢, 79, Ng) be a PFSG
of G. Then, for a € G the picture fuzzy right coset of Q € G is the PFS Qa =

(OQ(I’ TQa; nQa) d€ﬁned by
0qu(u) = oq(u+ a™), Tqu(y) = To(u*a™*) and nga(u) = no(u+a™")
forallu € G.

Definition 2.8. [11] Let (G, ) be a crisp group and Q = (0¢, 79, Ng) be a PFSG
of G. Then, Q) is called a picture fuzzy normal subgroup (PFNSG) of G if

0Qa(¥) = 0a@(V); TQa(Y) = Ta@(¥), MQa(y) = Naq(y)
foralla, y € G.

Remark 2.1. Dogra and Pal established that PFSG of G is normal if and only if

(i) og(u™t x axu) = og(a)
(i) To(u™t x axu) = 7g(a)
(i) no(u™t x axu) =ng(a). Foralla € Q and u € G.

Cut set of picture fuzzy sets was introduced by Dutta and Ganju ? but the
definition did not capture the cut set very well. Thus, Dogra and Pal ? corrected
it in their paper.

Definition 2.9. [11] Let Q) = {(x,00,79,7¢)|a € Y} be PFS over the universe
Y. Then, (r,s,t)-cut set of Q) is the crisp set in Q, denoted by C, ;+(Q) and is
defined by

Crst(Q) ={a €Y|og(a) > 1, 1g(a) > s,7q(a) <t}
r,s,t € [0, 1] with the condition0 < r + s+t < 1.

Theorem 2.1. [11] Let (G, ) be a crisp group and Q) = (0¢, 79, 1q) be a PFSG
of G. Then, ) is a PFSG if and only if C,. ;s +(Q) is a crisp subgroup of G.

Theorem 2.2. [12] If Q) and R are two PFSs of a universe Y, then the following
results hold
(l) Cr,s,t(Q) g Cu,v,w(@) if?“ Z u, s S v, t S w.

(”) Cl—s—t,s,t(Q) g Cr,s,t(@) g Cr,l—r—t,t(Q>‘

(iii) Q C Rimplies C,;,(Q) C C,5+(R).
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(lV) Cr,s,t(@ N R) = Cr,s,t(@) N Cr,s,t(R)-

(V) Or,s,t(Q U R) 2 Cr,s,t(Q) U Or,s,t(R)-

(Vl) Cr,s,t(in) - ﬂCr,s,t(Qi)~

(vii) Cl,o,o(Q) =Y.

3 Main Results

Remark 3.1. It is important to note that [ 12] misquoted the result of [5]. Hence,
the results built on this foundation cannot be or at all correct. The counter exam-
ple in Example (3.1) shows that the claims in Theorem 2.2 (i), (ii) and (vii) are
wrong. The correct version of Theorem (2.2) is given in Theorem (3.1).

Example 3.1. Let
Y = {yb Y2, Ys, y4}7

Q = {(y1,0,0.1,0.8), (y2,0.2,0.5,0.3), (y3, 0.4, 0.2,0.1), (ys,0.5,0.3,0.2)},

and
R = {(y1,0.1,0.4,0.5), (2,0.3,0.6,0.1), (y3,0.5,0.3,0), (y4,0.5,0.4,0.1) }

be PFSs, taking r = 0.1, s = 0.3, t = 0.5. Thus, the (0.1,0.3,0.5)-cut set of Q
are

00.1,0.3,0.5(Q) = {y2, y4}

and
00.1,0.3,0.5(R) = {3/1> Y2, Ys, 3/4}-
Hence,
Cl—s—t,s,t(Q) = 00.2,0.3,0.5(Q) = {312, y4},
Cr,s,t(Q) = 00.1,0.3,0.5(Q) = {y27 ?J4}7
C'0‘1,0.2,0.3(62) = {ZJB}
and
Cr,l—r—t,t(Q) = 00.1,0.4,0.5(Q) = {92}-
Thus,

Cios—tst(R) C Crst(R) € Cri—r—t1(R), which means (i) and (ii) fail.
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Note that the left side of the inclusion which holds obey the condition (i) of our
Theorem 3.1

Furthermore,
Clos—t5t(Q) C Crs4(Q) € Cri—r—1+(Q), which means (i) and (ii) fail.

Note that the left side of the inclusion which holds obey the condition (i) of our
Theorem 3.1
In addition,

C0.1,0203(Q) = {ys} C= {v2, va} = Co.1,0.3,0.5(Q) which means (i) and (ii) fail.
Also, C100(Q) =0 # Y, which means (vii) fails.

Theorem 3.1. Let () and R be two PFSs of a universe Y. Then, the following
assertions hold:

(i) Crsp(Q) € Cupw(Q) ifr Zu, s 2 v, t <w.
(ii) Cis154(Q) € Crss(Q) € Crinrs(Q),
(iii) Crst1r14(Q) € Crss(Q) C Crsrr—s(Q),
(iv) Crir14(Q) € Crs(Q) € Cranr(Q),

(v) 00,0,1(62) =Y.

Proof. (i) Let z € C, 54(Q). Using Definition 2.9, og(x) > r > u, 7o(z)
s > v,79(z) <t < w. Thus, z € Cy,.(Q) and, as such, C, ;:(Q)
Cu,v,w(Q)'

(i) Since r + s+t < 1 impliesthat 1 —s —t > r, s > sand t < ¢, and
r>r,s>sandt <1—1r — s, by Theorem 3.1 (1), the result holds.

>
C

(i) Sincer +s+t¢t < 1impliesthatl —s—t>r, 1 —r—t > sandt < t,
andr >r, s > sandt <1— s —r, by Theorem 3.1 (1), the result holds.

(iv) Since r + s+t < 1 implies thatr > r, 1 —r —¢t > sand t < ¢, and
r>r, s>sandt <1—s—r by Theorem 3.1 (i), the result holds.

(v) SinceVy €Y, o(y) 20, 7(y) 20, 7(y) <1, Cop1(Q) =Y,
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Proposition 3.1. If Q is PFSG of G, then C, ;+(Q) is a subgroup of G, where
ogle) >, g(e) > s, and ng(e) < t and e is the identity element of G.

Proof. Clearly C,,(Q) # 0 ase € C,5,(Q). Let a,b € C,5:(Q) be any two
elements. Then,

og(a) > r, Tqa) > s, noa) < tand og(b) > 1, 7o(b) > s, ne(b) <t
oqgla) Nog(b) >, mq(a) ATg(b) > sand ng(a) V ne(b) <t
Since () is a PFSG of GG,
og(a* b_l) > gg(a) Nog(b) > r, To(ax* b_l) > 1g(a) NTo(b) > s
and ng(a xb™") < ngla) Vne(b) <t.
Hence, a x b~! € C,.44(Q) and C,. 4 +(Q) is a subgroup of G. O

Proposition 3.2. If Q) is PFNSG of G, then C,. ;+(Q) is a normal subgroup of G,
where og(e) > r, Tg(e) > s, and ng(e) < t and e is the identity element of G.

Proof. Leta € C,4,(Q) and u € G be any element. Then,
o0la) = 1, mo(a) 2 5, nla) < .
Also, since () is a PENSG of G,
oo(u xaxu) = og(a) > r, To(u '*axu) = 7g(a) > s, and ng(u™"*axu) = ng(a) <t

Va€ Qandu € G. Therefore, u™' xaxu € C,,4(Q), soaxu € uxChyt(Q)
which implies C,. ; (Q)*u C uxC,.;4(Q). Also, uxaxu™' € C,,(Q), sou*a €
Cr5+(Q) * uw which implies u * C,. 5 ;(Q) C C5+(Q) * u. Hence, u * C, 5 ,(Q) =
Crs4(Q) * u. Thus, C, (@) is a normal subgroup of G. O

Proposition 3.3. Given two PFSGs () and R of a group (G, x). Then, Q N Ris a
PFSG of G.

This proposition has been proved by Dogra and Pal [11] by using PFSG definition.
But, in this paper, a rather simpler approach of cut set of PES is used to prove it.

Proof. By Theorem 2.1, ) N R is a PFSG of G if and only if C, s ;(Q N R) is a
crisp subgroup of G. Since C,.;+(Q N R) = C,5+(Q) N C,.5+(R) (Theorem 2.2,
iv) and both C, (@) and C, s .(R) are subgroups of G and intersection of two
subgroups of a group is its subgroup, C;. ; :(Q) N R) is a subgroup of G. Therefore,
@ N RisaPFSG of G. O
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Notice that the union of two PFSGs of G need not be a PFSG of G [11].

Proposition 3.4. Let () be a PFSG of G and a be any fixed element of G. Then,

(l) a * Cr,s,t(Q) - C’r,s,t<a * Q)

(ii.) Crs+(Q)*a =

Proof. (i.)

Crst(Q=a), Vr s, t[0,]withr +s+t<1.

Crsi(la*x Q) ={u € Gloag(u) > 1, Tag(u) > 8, Nug(u) <t}

with the condition 0 < r + s+ ¢ < 1.
Also

axCrs4(Q) = ax{be Glog(b) >r, 79(b) >
= {axbe Glog(b) >r, 1o(b) > s,

Seta b= wu,sothatb = a~ ! % u.

Therefore,

axCrei(Q) = {ueGlogla™ *xu)>r, mola™ *u) > s,no(a" xu) <t}

€ Clowa() > 7, Tug(n) > 5, () < 1)
= Crsi(axQ)

forall r,s,t[0,1] withr +s+1¢ < 1.

Crst(Q*a) ={u € Glogu(u) > 1, Tow(u) > s, Ngwa(u) <t}

with the condition 0 < r + s+t < 1.
Also

Crst(Qxa) = {be Glog(b) >r, 79(b) > s,mo(b) <t} xa
= {bxa € Glogb) >r, 1(b) > s,n0(b) < t}
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Setb*a = u,sothath=wuxa "

Therefore,

Crst(Q)xa = {u € Glog(u * a )y >r, 7o (u * at) > s, No(u * al) < t}
U € Clogu(®) 2 7, Tgu(u) 2 5, ngulu) < 1}
= Cr,s,t(Q * a)

forall r,s,t [0,1] withr +s+¢ < 1.

Proposition 3.5. Let () be a PFSG of G. Let a,b € G such that

og(a) Nog(b) =1, To(a) AN1o(b) = s, no(a) V ng(b) =t.
Then,

(i.) axQ=bxQ & atxbe . ,(Q)

(ii.) Qxa=Qxbsaxb ™t €C ,(Q)

Proof. (1) axQ=0bxQ & C.1(axQ)=Cs:(b*xQ)
S axCrsi(Q) =0bxC,5:(Q) [by Proposition 3.4

& atxb € C,,4(Q) [since C,5,(Q) is a subgroup of G anda,b € C,,,(Q)].

(i) Qxa=Qxb & Cr1(Q*a)=Cs+(Q*D)
& Crs4(Q) *xa=C,5:(Q) * b [by Proposition 3.4]

& axbt € C5,4(Q) [since C,5,(Q) is a subgroup of G anda,b € C,,,(Q)].
O
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Corolary 3.1. If C, s ,(Q) is PENSG of G, then Proposition 3.4 (i) and (ii) coin-
cide.

Proof.

Cr,s,t(a * Q) =a* Cr,s,t(Q) - CT,S,t(Q) *a = Cr,s,t(@ * CL).

4 Conclusion

In this paper, some of the existing results in fuzzy group and fuzzy cut groups
of a fuzzy group have been extended to picture fuzzy group and cut subgroup
of a picture fuzzy subgroup. In further research, it will be of interest to see the
relationship between a picture fuzzy set and bipolar fuzzy set and establish which
one is a generalisation of the other.
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