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Abstract

Alan Day’s doubling construction of intervals has been found to affect some properties
of the lattice of weak congruences of chains. Here, in this paper, we study how it affects
the property of O-distributivity of the lattice of weak congruences of chains.
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1. Introduction

Vojvodi¢ G. and Seselja B. initiated the study of the concept of weak congruences
of a lattice in the year 1988 [12]. J. C. Varlet [9] was the first to introduce the concept of
O-distributive lattices. Several other researchers made various contributions in different
aspects of O-distributivity. For example, one can refer to [1], [8], [11]. A. Veeramani
[10] in his thesis, has studied about the lattice of weak congruences of a finite chain,
Boolean lattices and the lattices C,,, M5 Nsfirst by considering 0 and 1 as non-constants
and then considering them as constants, again by considering the Boolean lattice as an
algebra and he studied about some weaker properties like 0-distributivity, 0-modularity,
consistency, etc.

G. Gratzer constructed a new lattice LUfrom a given lattice L by adding an element
aV called the double of a # 0 or 1 in L where LY = L u {aY}with a new order denoted
by <Y [6]. Following that construction, A Day [3] introduced a similar construction
L[I]by doubling an interval 1 of a given lattice L. After that it witnessed many
developments, e.g., see [4], [5], [7]. Alan Day in [2] proved that a distributive lattice
remains distributive when it is doubled by either a lower interval or an upper interval. In
our present study, we analyse the effect of doubling of intervals on the property of O-
distributivity in the lattice of weak congruences of chains.

2. Preliminaries

Definition 2.1 [6] A lattice L satisfying the following identities

o xANyVvz)=x Ay)V(x A2)

o xViy Az)=(@x Vy) AN(x Vz)

forall x,y,z € L is called a distributive lattice. If not, it is a non-distributive lattice.

Definition 2.2 [4] A lattice L is said to be 0 - distributive, if for all x,y,z € L,
wheneverx Ay =0andx Az = 0,thenx A(y Vz)=0.

Lemma 2.3 [10] If L,, is a chain of n elements, then Cy,,(L,,) is O - distributive.

Definition 2.4 [6] An equivalence relation 6 on a lattice L is said to be a congruence
relation on L, if it is compatible with both meet and join, that is, for all a,b,c,d € L,
a=b(@)andc =d (0) implythata Vvc =b vd(f)anda Ac =b Ad (0).

Definition 2.5 [12] A weak congruence relation on an algebra A is a symmetric and
transitive sub-universe of A2,

Note 2.6 The lattice of all weak congruence relations of Lincluding ¢ with respect to
the relation < is denoted by Cy,(L). We consider 0 and 1 of L as non-constants in this

paper.

Remark 2.7 [12] In Cy, (L), we have
o [¢, 4] = Sub(L), the lattice of all sublattices of L.
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. [4,T ] = Con(L), the lattice of all congruences of L.

Definition 2.8 [6] Let I = [a, b] be an interval of a lattice L. The set I X C, is formed
using the two-element chain C, = {0,1}. The set L[I] = (L \ I) U (I X C,) is the lattice
given by the ordering: for x,y € L[I] and i,j € Cy;

x< yifx< yinlL;

(x,i) < yifx < yinlL;

x< (y,Hifx< yinlk;

(xi)< (yj)ifx< yinLandi < jinC,.

L[I] is the lattice got by doubling of the interval IinL. This is Day's definition of
doubling of intervals.

2. Results and Discussions

In this section, we examine whether [Cy,(L,,)](I) is O - distributive or not. It turns
out that [Cy (L,)](I) remains O-distributive in case of lower and upper intervals in
Cw(Ly), whereas in the case of an intermediate interval, 0 — distributivity gets affected.

Theorem 3.1 If L, is a chain of n elements, then [Cy (L,)](D) is O — distributive where 1
is a lower interval in Cy(Ly).

Proof. Let L, = {0< x; < x, < I < x,_; = 1} be a chain of n elements. Let
Cw (L) be the lattice of all weak congruences of L,,. Let I = [¢, 8] where 0 is a proper
congruence relation of L,,. Let [Cy,(L,)](I) be the doubling of Cy,(L,,) by the interval I.
LetA,B,C € [Cy(Ly)](I), where I is a lower interval of Cy,(L,) such that

AANB = (¢,0)and AAC = (¢,0).

To prove that, [Cy, (L,)](I) is O — distributive. That is, we have to prove that
AANBVC) = (¢,0) (3.1)
Suppose({(x;,x;)}L,0) <AA(BVC) = ({(x;,x;)},0) < Aand

({(x;,%)},0) < BV C = ({(x;,x)},0) < Aand ({(x;,x;) },0) < B or

({(x;,x)},0) < Cor({(x;,x;)},0) < both B and C or incomparable with both.

Now,A, B, C € [Cy (L)) = A€ Cy(L,)\Ior A€ I X C,,B € Cy(L,) \1o0r
BeIXC,CeCy(Ly)\IorC €l x C,.

The following cases arise:
i.A,B,C € Cy(Ly) \ I

ii.A,B € Cy(Ly) \ I and C € I X C,

iii.A € Cyy(Ly) \ I and B,C €1 X C,

ivA,C e Cy(Ly) \land Bel X C,

v.A,B,C €1%C,

Vi.A,B €1 X C, and C € Cy(Ly) \ I
vii.A,C €I X C, and B € Cyy(Ly) \ I
viii.A € I X C, and B,C € Cyy (L) \

Case (i): Let A,B,C € Cy, (L) \ 1.A,B,C € Cy (L) \ I implies that
A,B,C € Cy(L,). Therefore, (3.1) follows as Cy, (L,,) is 0- distributive.
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Case (ii): Let A,B € Cy (L) \ I and C € I X C,, that is, C = (65,j) where j = either
0orl.

(l) Let({(xi,xi)}, 0) <B=>= {(xi,xi)} <B=> (xl-,xi) €EB=> (xl-,xl-) EANB

= ({(x;,x;)},0) < A AB. This is a contradiction, since AAB = (¢,0).

(1) Let ({(x;, x:)3,0) < C = (05,)) = {(x;, %)} S 0.

AISO, {(xl-,xl-)} cCA=> {(xi,xi)} C AN 63 = ({(xi,xi)}, 0) < (A N 03 ,]) =AAC.
This is a contradiction, since A A C = (¢, 0).

(I”) Let ({(xl-,xl-)}, 0) <Band(C = (xi,xi) €EB and(xi,xi) € 93 = (xl-,xl-) €EANB

= ({(x;,x;)},0) < A A B. Thisis a contradiction, since AAB = (¢,0).

(IV) ({(x;,x;)},0) is incomparable with both B and C.

But, ({(x;,x;)},0) < BV C = BV (6050) implies (x;,x;) € BV 6; = there exists a
X # x; such that (x;, x;) € B or (x;, x;) € 65. By symmetry and transitivity,

(x;,x;) € Bor(x;,x;) € CAgain we have AAB # (¢,0)or AAC # (¢,0).This
contradiction proves (3.1).

Case (iii): Let A € Cy(L,) \ Tand B,C € I X C,.Let B = (0,,j) and C = (05,j) where
j =either 0 or 1.
(I) Let ({(xi'xi)}J O) <B = (9211) = {(xi'xi)} < 92'
AISO, ({(xl-,xi)}, 0) <A> {(xl-,xl-)} CAN 92
= ({(x1,x1)},0) < (AN 6,,j) = AAB.Thisis acontradiction, since AAB = (¢,0).
(“) Let ({(xini)}J 0) <C = (93']) = {(xilxi)} < 03-AISO’ ({(xilxi)}' 0) <A
= {(xpx)} S AN O3 = ({(x;,x)},0) < (ANYs,j) = AAC.
This is a contradiction, since AAC = (¢,0).
(l”) Let ({(xi,xi)}, O) <B and C = {(Xi, Xl)} c Hzand {(Xi, Xl)} c 93
= {(xi , xi)} C AN 92 and{(xi,xi)} CAN 63
= ({(x1,x:)}1L,0)<(AN6,0) = AABand ({(x;,x)}L,0) < (AN6bs,j) = ANC
This is a contradiction, since AAB = (¢,0)and AAC = (¢, 0).
(IV) ({(xj,x;)}, 0) is incomparable with both B and C.
But, ({(x;,x;)},0) < BVC = (8,V 6y,)) implies (x;,x;) € 6,V 65
= there exists a x;, # x;such that (x;, x;) € 8, or (x;, x;) € 05
= (x;,x;) € 8, or (x;,x;) € 85, by symmetry and transitivity in 8, and 65.
= ({(x;, 1)}, 0) < (62,0) or ({(x1, xx)}, 0) < (63, 0).
That is, ({(x;, xx)},0) < B or ({(x;,x,)},0) < C.
Therefore, we have ({(x;,x;)},0) < B or ({(x;,%;)},0) < C.
This is a contradiction to our assumption. Therefore, (3.1) holds.

Case (iv): Let A,C € Cyy(L,) \ I and B € I X C,, thatis, B = (6,,j) where j = either
Oorl.

() Let ({(x;, %)}, 0) < B = (6,,)) = {(x;,x)} € 0, .

AISO, {(xl-,xl-)} CA=> {(xi,xi)} CAN 62 = ({(xi,xi)}, 0) < (A N 92,j) = AAB.
This is a contradiction, since AAB = (¢,0).

(I Let ({(x;,%:)31,0) < C = {(x,x)}<C= (x;, x,)) EC = (x;,x;)) EANC

= ({(x;,x;)},0) < AAC. This is a contradiction, since AAC = (¢,0).

(l”) Let ({(xl-,xl-)}, O) <BandC = (xi,xi) € 92and (xl-,xi) eEC> (xl-,xl-) eEANC

= ({(x;,%;)},0) < A AC. This is a contradiction, since AAC = (¢,0).
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(IV) ({(x;,x;)}, 0) is incomparable with both B and C.

But, ({(x;,x,)},0) <BVC = (6,VC,0) implies (x;,x;) € 8,V C = there exists a
X, # x; such that (x;, xx) € 6, or (x;, x) € C. By symmetry and transitivity, (x;, x;) €
B or (x;,x;) € C. This is a contradiction to our assumption. Therefore, (3.1) holds.

Case (v): Let A,B,C €1 X C,, thatis, A = (64,j), B = (0,,j), C = (65,)) where
j =either 0 or 1.

(1) Let ({(x, x)},0) < B = (62,)) = {(xi,x))} € 62

Also, {(x;,x))} S A= {(x;,x)} S ANO , = ({(x;,x)},0) < (ANB,,j) = ANB.
This is a contradiction, since AAB = (¢,0).

(1) Let ({(x1, %)}, 0) < € = (63,)) = {(x1, %)} € 63.

AISO,{(xi,xi)} CA= {(xi,xi)} cCANnO 3= ({(xi,xi)}, 0) < (A N 03,j) = AAC.
This is a contradiction, since AAC = (¢, 0).

(1) Let({(x;,x;)},0) < Band C = {(x;,x;)} € 0, and {(x;,x;)} € 05

= {(xi,xi)} CAN 92and{(xi, Xl)} CAn 93

= ({(x1,x)}1L,0) < (AN6H,0) = AABand ({(x;,x)}L,0)<(ANnbs,j) = ANC.
This is a contradiction, since AAB = (¢,0) and ANC = (¢,0).

(IV) ({(x;,x;)}, 0) is incomparable with both B and C.

But, ({(x;,x;)},0) < BV C = (6, V 03,0) implies (x;,x;) € 6,V 65

= there exists a x;, # x; such that(x;, x;) € 6, or (x;, xi) € 65

= ({(xink)}' 0) < (921 0) or ({(xi'xk)}l O) = (93' O)

That is, ({(x;,xx)},0) < B or ({(x;,x)},0) < C. By symmetry and transitivity in B
and C, we have ({(x;,x;)},0) < B or ({(x;,x;)},0) < C. This is a contradiction to our
assumption. Therefore, (3.1) holds.

Case (vi): Let A,B € I X C,, thatis, A = (84,)), B = (8,,j) where j = either 0 or 1 and
C € Cy(Lly)\I

() Let ({(x;, %)}, 0) < B = (65,1) = {(x;,x:)} S 0,

AISO,{(xi,xi)} CA= {(Xi, Xl)} CAA 92 = ({(xi,xi )}, 0) < (A A Hz,j) = ANAB.

This is a contradiction, since A A B = (¢, 0).

(I Let ({(x;,x:)31,0) < C = {(x,x)} < C= (x5, x,) EC = (x;,x;)) EANC

= ({(x;,%;)},0) < A AC. This is a contradiction, since AAC = (¢,0).

(1) Let ({(x;,x;)},0) < Band C = (x;,x;) € 6, and (x;,x;) € C

= {(xi,xi)} <ANC=> ({(xi,xl-)}, 0) <AAC.

This is a contradiction, since AAC = (¢, 0).

(IV) ({(xj,x;)},0) is incomparable with both B and C.

But, ({(x;,x;,)},0) <BVC = (6,VC,0) implies (x;,x;) € 0,V C = there exists a
X # x; such that (x;, x;) € 0, or (x;,x;) € C. By symmetry and transitivity, we have
(x;,x;) € 8, or (x;,x;) € C. This is a contradiction to our assumption.Therefore, (3.1)
holds.

Case (vii): Let A,C € I X C,, that is, A = (8,4,j), C = (65,j) where j = either 0 or 1

and B € Cy(Ly) \ I
(I Let ({(x;,x)},0) <B = {(x;,x))} <B=(x;, x;) EB= (x;,x;) EANB
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= ({(x;,x;)},0) < A A B. This is a contradiction, since AAB = (¢,0).

(1) Let ({(x;, x)},0) < C = (85,)) = {(x;,x)} S C.

AISO, {(xi,xi)} CA> {(xi,xl-)} cCAnN 93 = ({(xi,xi)}, 0) < (A VAN 93,j) = ANC.
This is a contradiction, since A A C = (¢, 0).

(1) Let ({(x;,x;,)},0) < Band C = (x;,x;) € B and (x;,x;) € 05

= (x;,x;) EANB = ({(x;,x)},0) < AAB.This is a contradiction, since AAB =
(¢, 0).

(IV) ({(x;,x;)},0) is incomparable with both B and C.

But, ({(x;,x,)},0) <BVC = (BVB0s0) implies (x;,x;) € BV 08;.= there exists a
X, # x; such that (x;, x;) € B or (x;,x;) € 65. By symmetry and transitivity, we have
(x;,x;) € B or (x;,x;) € C.This is a contradiction to our assumption. Therefore, (3.1)
holds.

Case (viii): Let Ae I xC,, BandC € Cy(L,) \I. Let A = (6,,j)where j = either 0
or 1. This case follows, since B and C € Cy,(L,) \ I implies B and C € Cy,(L,) which
is O-distributive.

Hence, [Cy (L,,)](I) is O-distributive whenever I is a lower interval of Cy, (L,,).

Example 3.2 Consider the O-distributive lattice Cy,(L,) where L, is{0 < a < b < 1}.

Figure 1. Cy,(Ly).

Consider the interval I = [¢, I3,] in the above lattice Figure 1. Let C, = {0,1} be the
two-element chain. We can form the new lattice [Cy (Ly)](I) = {Cy(Ly) \ I}V
(I x C,) given in Figure 2.
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Figure 2. [Cy,(Ly)](I) where I = [¢, I35].

Theorem 3.3 [Cy, (L,)](I) is O - distributive, when I is an upper interval of Cy,(L,,).
Proof. Let I = [{(1,1)},7]. Let A,B,C € [Cy (L,)](I) such that AANB =¢, ANC =
b,
Claim:AA(BVC) = ¢. (3.2
There can be two possibilities, that is, A maybe in I X C, or A maynot be in I X C,.
The following cases arise:
LA€IXCyandB,C € Cy(Ly) \ I
ii.A € Cyy(L,) \ I and B,C € Cy (L) \ I
iii.A € Cyy(L,) \ I and B,C € I x C,
ivA,B € Cy(Ly) \Tand C €1 X C,

Case (i): LetAeIxC,and B,C € Cy (L) \ I

We note that either AA(BVC) €I XC,or AN(BVC) &1 X C,.

Suppose A A (B V C) # ¢. Therefore, there exists {(x;, x;)} < AAN(BV ()

= {(xi,xi)} <A and{(xl-,xl-)} <Bv(C> {(xl-,xl-)} < Aand {(xi,xi)} <Bor
{(x;,x)} < C or{(x;,x;)} < both B and C or incomparable with both.

= {(x;,x;)} < A and {(x;,x;)} < B which is a contradiction, since A A B # ¢.
Similarly, we get a contradiction, when {(x;, x;)} < A and {(x;,x;)} < C and when
{(x;,x;))}<Aand {(x;,x;)} < B&C.S0o,AN(BVC) = ¢.

When {(x;, x;)} £ both B & C, then there exists x;, such that {(x;, x;)} < B or
{(x;,x1)} < C = (x;,x;) € Bor (x;,x;) € C. SO, by symmetry and transitivity, we
have (x;,x;) € B.So, A AB > {(x;,x;)}, a contradiction again. So, (3.2) holds.

Case (ii): Let A € Cy,(L,) \ I and B,C € Cy,(L,) \ I. As Cy,(Ly) is O - distributive, it
follows that AA (B V C) = ¢.

Case (iii): Let A € Cy(L,) \ T and B,C € I X C,.Suppose AA (B V C) # ¢.
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Therefore, there exists (x;,x;) < AA(BV C).Asin Case (i),AA (B V C) = ¢ follows.
Case (iv): Let A,B € Cy(L,) \Tand C € I x C,. Suppose AA (BV C) # ¢.
Therefore, there exists (x;,x;) < AA(BV C).Asin Case (i),AA (BV C) = ¢ follows.
Hence, for an upper interval I, [Cy, (L,)](I) is O-distributive.

Example 3.4 Consider the interval [l;,7] in Figure 1. The lattice formed by the
doubling of the interval is given in Figure 3.

Figure 3. [Cy, (Ly)](I) where I = [y, T].

Remark 3.5 The property of 0 - distributivity doesn’t hold if we consider an
intermediate interval I of [Cy,(L,,)].

Example 3.6 Consider the intermediate interval I = [l4,1,,] in Figure 1. Consider the
elements (4, 1) and (44, 0) disjoint with I3, that is, I3 A (14, 1) = ¢ and I3 A (14,0) =
¢. NOW, l3 N [(14, 1) \ (llo, O)] = l3 A (llo, 1) = l3 F* d)
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