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Connected 2 — Dominating Sets and
Connected 2 — Domination Polynomials of the
Complete Bipartite Graph k ,,.
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Abstract

Let G = (V,E) be a simple graph. Let D, (G,j) be the family of connected
2—dominating sets in G with cardinality j and d.,(G,j) = |D.(G,j)|. Then the
1491

J=Ye,(6)
of G where y,,(G) is the connected 2— domination number of G.Let D, (kz,mj) be the
family of connected 2—dominating sets of the Complete bipartite graph k,,, with

cardinality j and let d.,(kymj) = |Dc,(k2mj) |- Then the connected 2— domination

polynomial D, (kymx) Of ky , is defined as D, (kymx) = Zy/:(:“(’;c)l ) de, (kgmJj)x?,

where y,, (k. j) is the connected 2 — domination number of k. In this paper, we
obtain a recursive formula for ch(kzlmj).Using this recursive formula, we construct
the connected 2—domination polynomial D, (kz,m,x) =
Y7 de, (ko j)x!, where d, (kz,mj) is the number of connected 2—dominating sets
of k,, of cardinality j and some properties of this polynomial have been studied.

polynomial D, (G,x) = % dCZ(G,j)xf, is called the 2—domination polynomial
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1. Introduction

Let G = (V,E) be a simple graph of order, |V| = m. For any vertex veV, the open
neighbourhood of v is the set N(v) = {ueV/uveE} and the closed neighbourhood of V is
the set N[v] = N(v) U {v}. For a set S € V, the open neighbourhood of S is N(S) =
U,esN (v) and the closed neighbourhood of S is N(S§) U S.A set D € V is a dominating
set of G, if N[D] =V or equivalently, every vertex in V — D is adjacent to atleast one
vertex in D.The domination number of a graph G is defined as the cardinality of a
minimum dominating set D of vertices in G and is denoted by y(G). A dominating set D
of G is called a connected dominating set if the induced sub-graph < D > is connected.
The connected domination number of a graph G is defined as the cardinality of a
minimum connected dominating set D of vertices in G and is denoted by y.(G).

A graph G = (V, E)is called a bipartite graph if its vertices IV can be partitioned into
two subsets V/; and V, such that each edge of G connects a vertex of V' ;to a vertex of
V,. If G contains every edge joining a vertex of V; and a vertex of V, then G is called a
complete bipartite graph. It is denoted by k,,,, where m and n are the numbers of
vertices in V; and V, respectively. Let k, ,,, be the Complete bipartite graph with m + 2
vertices. Throughout this paper let us take  V(ky ) = {v1 V2 V3,...,Vim41 Vms2} and

E(kz,m) = {(v,, v3),( V1, Vs), (V1,V5),--., (V1, Vins1), (U1, Vinaz), (U2, v3),( Uy, Vs),
(Uz, Vs),..., (Uz, Vm+1)' (Uz, Vm+2)-

m
As usual we use (j ) for the combination m to j. Also, we denote the set
{1,2,......... ,2m — 1,2m} by [2m], throughout this paper.

2. Connected 2 — Dominating Sets of the Complete
Bipartite Graph k; ,,

In this section, we state the connected 2 — domination number of the complete
bipartite graph k, ,,, and some of its properties.

Definition 2.1. Let G be a simple graph of order m with no isolated vertices. A subset

D < V isa2— dominating set of the graph G if every vertex v e V — D is adjacent to
atleast two vertices in D. A 2— dominating set is called a connected 2— dominating set
if the induced subgraph <D> is connected.

Definition 2.2. The cardinality of a minimum connected 2 — dominating sets of G is
called the connected 2 — domination number of G and is denoted by y, (G).

m :
Lemma2.3ForaIImEz+,(j) =0 ifj>morj<0.

Theorem 2.4 dg(kym,j) = {(m + 2) - (m +1

j i )—(jr_nl)forBSjSm+2
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Proof: Let the partite sets of k,,, be V; ={v v, } and V, = {v3v,,....Vp11 Vm+2}-
Since the subgraph induced by the vertex set as {v; v, } is not connected, every
connected 2 —dominating set of k, ,,, must contain the vertex {v,} or {v,} or {v, v, }.
When 3<j < m, every connected 2 —dominating set must contain {v; v, }. Since,

|V(k2,m) | =m+ 2, ky,, contains (m;l_ 2) number of subsets of cardinality j. Since,

the subgraphs induced by {v, v, } and {vs v, ,....Vm+1,Vm+2} are not connected, each
m

time (m]-l_ 1) number of subsets of k, ,,, of cardinality j and (j _ 1) number of subsets

of k,,, of cardinality j —1 are not connected 2 —dominating sets. Hence, k;,,
m+ 2) _ (m +1

A J

—dominating sets, when 3< j < m.

Therefore, dey(kym ) = (71 7) = (" 1) = (1) foratias < m.

When the cardinality is m + 1, every subset of k,,, containing {v;} or {v,} are

connected 2 —dominating sets. Therefore, two more sets are connected 2 —dominating

sets when the cardinality is m + 1.
N _ (m+2 m+1 m .
Hence, d.,(kym,J) = ( j )—( j >_(j—1)+2 ,whenj =m+ 1.

Since, there is only one subset of k, ,,, with cardinality m + 2 and that set is a connected

m
contains ( )‘(j—l) number of subsets of connected 2

2 —dominating set. we get d ., (ko m, j) = (m;_ 2) when j =m + 2.

Theorem 2.5. Let k, ,,, be the complete bipartite graph with m > 3. Then
(D) dea(kom ) = dea(kom-1,J) + dea(kom-1,J — 1)

(i) dea(kom, ) = dea(kom-1,) + 1if j=3.

(i) dea(koym, J) = dea(kom-1,J) + dea(kom-1,j —1) —21ifj =
Proof:

M By Theorem 2.4, we have,

m
dea(kym, J) = (m;{— 2) (m;— 1) (] 1) forall3<j <m+2.

. m+1 m
dcz(kz,m—p]) = ( j ) j (] -1 )

. m+1 m
deollzmsi =1 = (7] ) (")-(723)

j—1
m+1
Con3|der ch(kZm 1:]) + ch(kZm 1’ ) ( ] )

(G
(m +1 (
= ("7 )+ (G20 -1G)+ GRG0+ (2]
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_ m-.l-2_m-.l-1_.7_n .
:C(lcz(]kz,rr?:j)(- ] ) (] 1)

Therefore,
dea(komi ) = dea(kam-1,J) + dea(kam-1,j — 1) forall4<j<m+2 andj # m.

(1) Whenj =3,d,(kym, 3) = (m;_ 2) - (m;- 1) - (2) by Theorem 2.4

= ((mm) > )-(3)

—\1

Conscer, detbamn1 9= ("3 )= ()= ("5 ) = (1) ("7 )
="

=m-—1.

Thatis, dey(kym-1,3) = dea(kpm 3) — 1.

Therefore, d¢y(kym, 3) = dea(kym-1,3) + 1.

Hence, dco(kom,j) = dea(kym-1,)) +1if j =3,
(i)  Whenj=m

dcz(kz,m'm) = (mrjl' 2) - (mr-rll_ !

C rr_L—Z _m+1 m m—1
onS|der,+ fcz(kz_m_l,m) + dcz(liz_m_l,m—l) =("*)-C)- 2+
m —
e ()=, )- (7)) 1
m m —
S i o R e R e
- (1 )-(r)- (1)
= ((77;11711))_ (im 1)*2
+ 2.
= diallmm) +2.
Therefore, dey(komm) = dea(kzm-1,m) + dep(kym-1,m = 1) + 2.

Hence, dcz(kz mrJ ) - dcz(kZm 1,)J )+ dcz(kZm 1,J 1) _ZWhen] -

) — (mrz 1), by Theorem 2.2.

3. Connected 2 —Domination Polynomials of the
Complete Bipartite Graph k; ,,,.

Definition 3.1. Let d,(k,,,j) be the number of connected 2 -dominating sets of the
Complete bipartite Graph k, ,, with cardinality j. Then, the connected 2 — domination
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Polynomial of k,,, is defined as D, (kg mx) =Z|jv_(fz"(”£| )dCZ(kz,m,j)xf, where
=Yea\K2m

Ye,(kam) is the connected 2 — domination number of k p,.

Remark 3.2y, (kom) =3.

Proof. Let k, ., be the complete bipartite graph with partite sets V; ={v, v,} and V, =
{V3V4, . Vims1,Vm+2). L€t vy v,V (k) and vy v, are adjacent to all the other
Vertices vz Vg,...,Vim41,Vm+2 Of ky 4. Also Since, v; and v, are not connected, every
connected 2 —-dominating set must contain the vertices v, v, and one more vertex from
{V3, V4., U1, Vm+2}- Therefore, the minimum cardinality is 3. Hence, y., (kzm)=3.

Theorem 3.3 Let k, ,,, be the complete bipartite graph with m > 3.
Then Dy (kym x)=(1 + x) Dep (kg moq x)+x> — 2x™.
Proof:
From the definition of connected 2 — domination Polynomial, we have,
DCZ (kZ,m,x) = 271;52 dcz (kz,m,j)xj- . .
= dcz(kz,m: 3)X3 + Z;rl:_ztl dcz (kz,m,j)x] + dcz (kz,m,m)xm + ;'nztrzwl d62 (kz,m,j)x]-

m+2
= [dc2 (kz,m—1,3) + 1]x3 + Z [dcz (kz,m—l,j) + dczkz,m—l,j - 1]xj

j=4

+[de,(kym—1m) + d, (kg m-1,m — 1)—2]x™ , by Theorem 2.5
= dcz (kz,m—1: 3)X3 + X3 + 27212 dcz (kz,m—l,j) X]
+ Z;n;f dcz (kz,m—l,j - 1) x) —2x™.

= 2}":32 dcz(kz,m—l,j) x) 4x Z;":*;Z de,(kym-1j— 1) x/™t + 23 — 2x™
= Dy (kpm—1,X) +xDcp(kpm—q,%)+ x* — 2x™.
Hence, Dy (kg mx) = (14 x)Dey(kym—1 x) +x3 — 2x™, for every m = 3.

Example 3.4 Let k,, be the complete bipartite graph with order 9 as given in Figure
2.1.
ky:

V1 V)

V3 V4 Vs Vg V7 Vg Vo
Figure 2.1
D.,(Kyex)=6x% + 15x*+20x° + 15x° + 8x7 + x°.
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By Theorem 3.3, we have,

D, (Ky7x) = (14 x)( 6x3+15x*+20x5+15x+8x 7 +x5)+ x3 — 2x7.

= 63 +15x*+20x°+15x 6 +8x 7 +x® +6x*+15x°+20x°+15x7 +8x8+x% + x3 — 2x7.
= 7x3+21x*+35x>+35x°+21x7 +9x8+x°

We obtain d., (kzlmj) for 3<m < 15and 3<j < 15 as shown in Table 1.

m234567891011121314151617
3103

4 10|4 6| 1

5|0|510]10| 7

6 |0[{6]|15]20| 15

71017121135 |3 (21| 9 1

8 |0/8|28|5 | 70 | 56 | 28 | 10 | 1

910{9|36|84 (126126 | 84 | 36 | 11 | 1

10| 0|10|45 120|210 | 252 | 210 |120 | 45 | 12 | 1

11|10 (11|55 (165|330 | 462 |462 |[330 (165 | 55 | 13 | 1

12| 0(12|66 (220 | 495 | 792 | 924 | 792 {495 |220 | 66 |14 | 1

13|10 (13|78 (286|715 |1287 (1716 (1716 (1287 | 715 | 286 | 78 |15 | 1

14 | 0 (14|91 (364 |1001 |2002 |3003 |3432 |3003 [2002 {1001 {364 |91 |16 | 1

15| 0 | 15105 455| 1365| 3003| 5005| 6435| 6435| 5005| 3003|1369 455|107| 17| 1

Table 1.d62(k2,mj), the number of connected 2— dominating sets of k,,, with
cardinality j.

In the following Theorem, we obtain some properties of d.; (Kymj)-

Theorem: 3.5 The following properties hold for the coefficients of D, (Kz’m,x) for all
m.

(i) de,(kym3) =m, forall m > 3.

(i) d., (kz,m,m + 2) =1, forallm = 3.

(iii) de, (kymm + 1) =m + 2, forallm > 3.

: m+ 2 m+1

(iv) d., (kz'm'm) = ( 5 ) — ( 1 ) —m.

(V) dcz(kz,m,m - 1) = (m;_ 2) - (m;_ 1) - (Zl) ,forallm = 4.

(i) de, (kgmm — 2) = (mi ?) - (m;f N-(%) forallm=s,

(vii) de, (kymm — 3) = (™ ; %) - (m;r HN=(}) forallm=6.
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(viii) d, (Kpmm — i) = (T:ZZ) (T ++1?) ~(") forallm>4andi> 1.
Proof:

(i) de,(kzm3) =m.

We prove this by induction on m.

Whenm =3, d,, (kym3) = 3.

Therefore, the result is true for m = 3.

Now, suppose that the result is true for all numbers less than ‘m” and we prove it for m.
By Theorem 2.6,

de,(kom3) =dc,(kgm-13)+1=m—1+1 =m.

(i) de, (kymm +2) =1, forallm > 3.

Since, there is only one connected 2— dominating set of cardinalities
m+ 2, do,(kymm+2) =1

(iii) ch(kZ,m,m +1)=m+2, forall m>4.

Since, d., (kzmm + 1) = {[m + 2]—x/xe[m + 2]},we have the result.
(iv), (v), (vi), (vii) and (viii) follows from Theorem 2.4.

4. Conclusion

In this paper, the connected 2— domination polynomials of the complete bipartite
graph K, ., has been derived by identifying its connected 2— dominating sets. It also
helps us to characterize the connected. Connected 2— dominating sets of cardinality j.
We can generalize this study to any of complete bipartite graph K,,, and some
interesting properties can be obtained.
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