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Abstract

In this paper, the definition of complement of multi fuzzy graph, direct sum of two
multi fuzzy graphs are given and derived some theorems related to them. Also, we
examine the different product on multi fuzzy graphs such as Direct product, Cartesian
product, Strong product, Composition, Corona product and some properties are
analyzed.
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1. Introduction

The notion of fuzzy set and fuzzy relations were proposed by L.A Zadeh [18] in 1965
for representing uncertainty. The concept of fuzzy graph was first introduced by
Kauffman [2] from the concept fuzzy relation introduced by L.A Zadeh in 1973. In
1975, Rosenfeld [14] developed the theory of fuzzy graph and several fuzzy analogs of
graph theoretic concepts such as paths, cycles and connectedness. Thereafter in 1987,
Bhattacharya [1] defined some remarks on fuzzy graphs. The operations of union, join,
cartesian product and composition of two fuzzy graphs were defined by Mordeson. J.N,
and Prem Chand S. Nair, [3] in 2000. After that M.S. Sunitha and A. Vijayakumar [17]
extended the concept of operations on fuzzy graph in 2002.Sebu Sebastian, T.V.
Ramakrishnan [15] defined Multi fuzzy set in 2010. Radha. K and Arumugam. S [11,
12] defined the direct sum of two fuzzy graphs in 2013 and strong product of two fuzzy
graphs in 2014.0zgeColakogluHavare and Hamza Menken [10] defined the Corona
Product of Two Fuzzy Graphs in 2016.In 2020R.Muthuraj and S. Revathi [5] introduced
the concept of multi fuzzy graph which is the extension of a fuzzy graph with single
phenomenon into a multi-phenomenon which suits to describe the real-life problems in
a better manner than fuzzy graph. Later on, and Multi anti fuzzy graph defined by
Muthuraj. Ret.al [6]. In this paper complement of multi fuzzy graph, direct sum of two
multi fuzzy graphs and various product on multi fuzzy graphs are defined and proved
some theorems related to them.

2. Preliminaries

Definition 2.1 [2] A fuzzy graph G = (o, 1) defined on the underlying crisp graph
G'=(V,E) Wheree cv xv is a pair of functions o:v —[01] and x:VxV —[01] , & iS a
symmetric fuzzy relation on o such that z(uv) < min{o(u),o(v)} for u,vev

Definition 2.2 [15] Let X be a non-empty set. A Multi Fuzzy Set A in X is defined as a
set of ordered sequences: A={(X, z,(X), £, (X),...... £, (X)...) : X € X } Where 4 : X —>[01]
for all i.

Definition 2.3 [5] A Multi fuzzy Graph (MFG) of dimension m defined on the

underlying crisp graph G'=,E) Wwhere EcVxV , is denoted as
G =((0,,0.-00), (i flyrpty)) ANA o1V —>[0] aNA 4 vV >[04, 4; IS & symmetric
fuzzy relation on o, such that  (uv) <min{o,(u),o,(v)} for all i=1,23...m where

uvevVand uveE
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3. Complement of Multi Fuzzy Graph

Definition 3.1 The complement of a multi-fuzzy graph G =((c,,0,.....0,), (11, ttps.12,))
of dimension m is a multi-fuzzy graph G=((0,,0,...0,),(i, tt,...11,,)) Of dimension m

where o, = o and 4 (U,V) = (o, (u) A o, (v)) - g4 (u,v) for all u,veVv and forall i=1,23...m
Example 3.2
(0.6,0.8) (0.5,0.9) (0.6,0.8) (0.5,0.9)
a (0.4,0.8) b a (0.1,0.2) b

x & ] =
o (=% o (=%
o o - =
=3 e =3 =3
(0.7,0.8) (0.5,0.8) (0.7,0.8) (0.5,0.8)
d c d =
(0.5,0.6)
G of dimension 2 6 of dimension 2
Theorem 3.3 If G is a strong multi fuzzy graph then G is also strong multi fuzzy

graph.

Proof: Let u,ve E. Then

14, (U, V) = (0,(U) A6, (V) = 4 (U, V)

=(o,(u) Ao, (V)= (o,(u) Ao, (v)) =0 since G is strong.

Let u,ve E. Then

14, (U,V) = (0, () A 0 (V) - 4 (u,v) = (07 (U) A 0;(v)) = 0 = (0 (u) A (V)

Theorem 3.4 The complement of complete multi fuzzy graph is a null graph.

Proof: Let g =(v,E) be a multi-fuzzy graph with the underlying crisp graph G* =(v,E)
is complete. ie., x4 (u,v) = (o,(U) Ao;(V)) Vu,veV &uve E

Letu,veE

14, (U,V) = (0, (U) A 0, (V) - 4, (u,V)

=(o,(u) Ao, (V) - (o,(u) Aoy (v)) =0 since G is complete.

So, we have the edge set of G is empty when G is a complete multi fuzzy graph. Hence
the complement of complete multi fuzzy graph is a null graph.

4. Various Product On Multi Fuzzy Graphs

In this section G, =((0,,0,,..0,,), (14, tty,--42,,)) denotes the multi fuzzy graph with
dimension m  with the underlying crisp graph G =(v,E,) and
G, = (o, y,..t,), (B, By 5,)) denotes the multi fuzzy graph with dimension n with the

underlying crisp graphG," = (v,,E,)
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Definition 4.1 The operation Direct sum between two MFG G, and G, is defined as
follows, G ®G,=((6,®a,0,® ..., D), (1, D By, 11, ® Byro st ® ) With  the
: . o) if ueV, -V,
underlying crisp graph G @G," = (v, ®V,, E1®E2),(ai ®a)U) = a () if UeV, -V,
max{c, (u),e; (U)} if ueV, NV,
forall i=123...k and
(u,v) if (u,v)eE
(s © B)(UY) :{Z:Eu,v; if Eu,v; € El2
If m # n, let k = max (m, n). Suppose m < n, then let us introduce n — m membership

values of multi fuzzy graph G; into 0 so as to convert the multi fuzzy graphs G; and G,
have the same dimension as k.

forall j=123...k

Theorem 4.2 The direct sum of two multi fuzzy graph is also a multi-fuzzy graph,
Proof: Let G, =((6,,0,,.0,),(th, tlypty)) @A G, = (e, ty,.-,). (B BorB,)) DE the
multi fuzzy graph with dimension m and n respectively
To prove: G =G, ®G, is also multi fuzzy graph with dimension k where k=max (m, n)
o,(u) if ueV, -V,
(0@ e)(u) = o, u)if ueV, -V,
{max{a (), (U)} if ueV, NV,
Case (i): Let (u,v) e E
(44 ® B)(U,V) = 1 (u,v)
<min(o;(u),0;(v))
=min((c; ® ;) (u), (07 ® ;)(v))
= (@ B)(U,v) <min((o; @ &) (u), (07 ® ) (V)
Case (ii): Let (u,v) eE,
(1 @ B)(U,v) = B,(u,v)
< min(e; (u),o;(v))
=min((o; ® &;)(u),(0; ® ) (v))
2 (1 © B)(u,v) <min((o; © o)), (0, @ ;) (v))

Definition4.3 The operation Direct Product between two MFG G,and G, is defined as
follows, G,*G, =((0,*,0,* .0, * 1), (14 * Bry y * By i * ) With  the
underlying crisp graph G, *G, =(V,E) where V=V, xV, and
E = {(u,V,),(U,,Vv,)/(u,,u,) € E, & (v,,V,) € E, } with
(o, *,)(uy,v,) = mini{o, (u,), o;(v,)} forallu, eV,,v, eV, & (u,V,) €V, xV,

(24 * B)((Uy, V), (Uy, V) = min {:ui (ul’uz)lﬂi(vl’vz)} for all (u,u,)€E; & (v,,v,) €E,forall |
=123, ... k If m=n,let k =min (m, n). Supposem<n, then we take first m
dimensions for G, so as to convert the MFG G,and G, have the same dimension k.
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Example 4.4
(0.9.0.5) (0.8,04) (0.7.06)
a b c.
L 9
07.03) (06.04)
G1 of dimension 2 G2 of dimension 2
Figurel
(0.6,0.9,0.5)
a
(0.8,0.6)
c (0.5,0.4,0.3) b ‘e
(0.5,0.9,0.4) (0.7,0.5,0.6) (0.6,0.5)
@1 of dimension 3 LGl L G1* G2 of dimension 2
Figure2

Theorem 4.5 Direct product of two multi fuzzy graph is also a multi-fuzzy graph.
Proof: Let G, :((0-1!O'zv---o'm)v(ﬂl’/'lzv-"/um)) and G, = (e, @50-0,), (B, By B,)) be the
multi fuzzy graph with dimension m and n respectively

To Prove: G =G, =G, is a multi-fuzzy graph of dimension k where k=min (m, n)

(o, *a;)(u,V,) = min{o, (u,), e (v,)}

(4 * ) (U, V), (Uy,V,)) =min {,ui (ul,uz),ﬂi(vl,vz)}

<min {min(o-i (uy),0,(uy)),min(e; (v,), &; (Vz)}

= (0, (u) A oy (U)) A (e (V) A i (V)

= (o7 (u) Ao (W) A (03 (Uy) A i (V)

=((o; * ;) (U, V) A ((07 * ;) (U, V)

S * B (U V), (Uy,v,)) < min((o; * o ) (U, V), (03 % 05) (U, V) -

Theorem 4.6 If G and G, are strong multi fuzzy graphs then G, «G, is also a strong multi
fuzzy graph.
Proof:

(o *a;) (U, ) = min{ai W), & (Vl)}

(1 * B,)((Uy, V), (U,,V,)) = min {/Ui (U, u,), 5 (Vlvvz)}
=min {min(o-i(ul)’o-i(uz))vmin(ai(vl)lai(VZ)}

= (o7 (U) A oy (U)) A (a4 (V) A (V)

= (o, () A (W) A (07 (Uy) A (V)

= (o7 * &) (U, ) A (o * @) (U, V,))
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S x B)((Ug, ), (U, V) = min((o; * ) (U, V), (0 * ) (U, V)
Remark: If G,and G,are complete multi fuzzy graphs then G G, is not a complete
multi fuzzy graph.

Definition 4.7 The operation Cartesian Product between two MFG G,and G, as
follows, G, xG, =((o,xa,,0,xy,..0, x, ), (14 X B, 1ty X By th X ) With  the
underlying crisp graph G, xG;=(V,E) where V =V, xV, and
E= {(ul'vl)(UZ’VZ)/ul =U,,(V;,V,) € E,0rv; =V,, (U, U,) € El} with
(o, x @) (u,,V;) = min{o, (u,),e;(v,)} for all u, €V, and v, eV, & (u,,v,) €V, xV,

(1 < By, y), (U, V) = {

foralli=1,2,3, ..k
If m=n letk=min (m, n). Supposem <n then we take first m dimensions for G, so as
to convert the MFG G, and G, have the same dimension k.

min{o, (u), £, (v,,v,)} u,=u,=u, forallueV, &(v,,v,)€E,
min{z, (u,,u,),e;(V)} v, =v, =v, forallveV, &(u,,u,) €E,

Example 4.8
(0.8,0.5,0.5) (0.5,0.6,0.5)
(a.c) (0.4,0.5,05) (a,d)
T 3
‘0-3-0-5-0-56} (0.5,05,0.4) (5'6'0'9'0'?) . (0.4,0.5,0.6) - u
o . (be) (0.4,0.506) {b.d)
G1 of dimension 2 (09,0507) G2 of dimension 2 (0.50808) (0.6,0.5,0.7) (0.5.0.8,0.6)
G1 X G2 of dimension 2
Figure 3
(0.6) (0.6)
(ac) (0-6) a.d)
o o
<) e
(0709) l(jo_a__o_S) =
C
0.5
2@ 09 o ¢ (06,04) ¢ EE?} gg%
06) G1 of dimension 2 (0.9) ’ (0.6 ’

G2 of dimension 2 G1 X G2 of dimension 1

Figure 4

Theorem 4.9 Cartesian product of two multi fuzzy graph is also a multi-fuzzy graph.
Proof: Let G, =((0y,05,-00), (4, thz-t)) AN G, = (o, 51, (B, B, 3,)) DE the
multi fuzzy graph with dimension m and n respectively

To Prove: G =G, xG, is a multi-fuzzy graph of dimension k where k=min (m, n)

(o, xe;)(uy,v,) = min{O'i (uy), ¢ (Vl)}

(1 % B)(WU ), (U,V,)) = mino, (u), B, (v, V,)
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< min{o-i (u), min{ai V). (Vz)}}

= min{min{o; (u), & ()}, min{o; (), &; (v,) }f
=min{(c; x &) (U, V), (o7 x &)U, V,) |

(% ,)((Uy, V), (U, V) = min{es (U, U,), @ ()}

< min{min{o, (1), (U,)} &, ()}

= min{min{o; (u,), & ()}, min{o; (u,), & (V) }}
=min{(o; x &)Uy, V), (0 x &) (U, V) |

Theorem 4.10 Cartesian product of two strong multi fuzzy graph is also a strong multi
fuzzy graph.

Proof: LetG, =((0y,05,-00), (44, s tty)) @A G, = (0, @,,-2,), (B By f5,)) DE
the multi fuzzy graph with dimension m and n respectively

To Prove: G =G, xG, is a multi-fuzzy graph of dimension k where k=min (m,n)
(o7 x ) (U, v,) = min{ai (W)« (Vl)}

(5 % B)((U, V), (U, V,)) = min{o, (u), B, (v, V,) |

= min{o; (u), min{er; (v,), & (v,) I}

= min{min{o; (u), & (v;)}, min{o; (u), & (v,) }}

=min{(c; x ;) (u,V,), (o, x&,)(U,V,)}

(5 % B,)((Uy, V), (Uy, V) = min{z (u;,u,), ; (V)

= min{min{o; (u,), 0, (u,)} & (v)}

= min{min{o; (u,), &, ()}, min{o (u,), & () }}

= min{(c; x &, )(u,,V), (0, x ;) (U, V)}

Remark: If Gand G,are complete multi fuzzy graphs then G, xG,is not a complete
multi fuzzy graph.

Theorem 4.11 If G, xG, is a strong multi fuzzy graph then at least oneG,orgG,is a
strong multi fuzzy graph.

Proof: Suppose assume that the contrary that G,and G, are not strong fuzzy graphs.
14Uy, V) <o(uy) Aoy () and Bi(Uu,,v,) <a;(u,) A (V,) )

Without loss of generality, we assume that

BiUy,Vv,) < 14 (Uy, V) <o(uy) Ao (vy) <oi(u,)

Let E ={(u,,v,)U,,V,)/u, =u,,(v,,V,) € E,orv, =v,,(u,,u,) € E, }

Consider (u,Vv;)(u,,v,) € E, by definition of G, xG,& inequality (1)

Gty % (U, V), (U, V,)) = 0, (U) A B (V,,V,) <o, (Uy) A (V) Ay (V) (2)

(i x ) (U, V) = o (U) A e (vy) & (o xa;)(uy,V,) =0 (U) A (V)

(o7 x ) (U, Vi) A (0 x ) (U, V,) = 03 (U) A (V) A oy (U) A (V)

=o,u) A (V) A (Vy) (3)
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From (2) and (3),

(1% B) (U, V), (U, Vp)) < 03 (U) A (V) A (V) = (07 < aq) (U, V) A (05 x ) (U, V)

S < By ), (U, v,) < (0 x ) (U ) A (0 x ) (U, V)

This implies that G, xG, is not a strong multi fuzzy graph.

This gives a contradiction. So, if G, xG, is a strong multi fuzzy graph then atleast one
G,0r G,is a strong multi fuzzy graph.

Definition 4.12 The operation Strong Product between two MFG G and G, is defined
as follows, G «G, = (6, e, 0, ® ..o, @), (14, ® S 1, ® Bt B.))With the underlying
crisp graphG; «G; = (v,E) wherey =y, xv, and
E= {(ulivl)(UZ’VZ)/ul =U,,(v,V,) € E,orv, =v,,(u,u,) € B, or (u,u,) € E; &(W,V,) € Ez}
with (o, e ;) (u,,v,) = min{o; (u,), e, (v,)} for all u, eV, and v, eV, & (u,,V,) €V, xV,

min{o,(u),A(v,,v,)} U =u,=u,forallueV, &,v,)€E,
(14 @ B) (WU V), (U, V) = min{:ui (U, u,), (V)} v =V, =V, forallveV, &(u,u,) e E

min{z, (u,,U,), B (V,,V,)} for all (u,u,) € E, &(v,,v,) €E,

foralli=1,2,3,..k
Ifm=n, let k = min (m, n). Supposem < n, then we take first m dimensions for G, so as
to convert the MFG G,and G, have the same dimension k.

Example 4.13

(0.5,0.8) (0.6.0.7) (0.7,0.9) (0.6.0.8)
a b C (0.5,0.6) d
| J
(0.4,0.7) ] )
. . G2 of dimension 2
G1 of dimension 2 )
(b.c) (0.5.0.6) (b.d)
(0.6,0.7)

G1= G2 of dimension 2

Figure 5

(0.5,0.7}
L=

a .—.(0'4} b d
(0.7} (0.5} 0.8,0.6)
G1 of dimension 1 G2 of dimension 2 G1 =G2 of dimension 1

Figure 6

Theorem 4.14 Strong product of two multi fuzzy graph is also a multi-fuzzy graph.
Proof: LetG, =((0,,0,...0,),(th: thy 1)) @ANA G, = (e, 2y ,nr,) . (B, SoooB,)) DE the
multi fuzzy graph with dimension m and n respectively
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To Prove: g=g, G, is a multi-fuzzy graph of dimension k where k=min (m, n)
(o, 0 a,)(Uy, ;) =min{o; (u,), & (v,)} for all u, eV, and v, eV, & (u,,Vv,) €V, xV,
(1 @ B) (U, V), (U, V,)) = min{o; (u), B, (v, V,) }

< min{o, (u), min{e, (v,), & (v,)}}

= min{min{c; (), (v,)}, min{o; (), ; (v,) }}

= (0,(u) Aa; (V) A (03 (U) A (V) = min{(o; e ;)(U,V,), (0} e )(U, V) }

(1, ® B) (U, V), (U, V) = min{z, (U, u,), & (V)|

< min{min{ai (W), o (uz)}’ &; (V)}

= min{min{o; (1), &, (M)}, minio, (u,), &, M} = (0,(U;) A & (V) A (0 (U,) A (V)
=min{(o; ® &;)(u;, V), (0} ® @)Uy, V) }

(140 B)((Uy, Vy), (U5, V5)) = min{zg (U, 1), B (v, V,) |

< min{min{ai (ul)’o-i (Uz)}, min{ai (V1)-05i (Vz)}}

=(o;(u) Ao (U,)) A (a (V) A e (V)

= (0;(u) A (W) A (0(U,) A e (v))

= min{(o-i *a;)(Uy, V), (o 'ai)(uzyvz)}

Theorem 4.15 If G,and G, are strong multi fuzzy graphs then G, «G,is also a strong
multi fuzzy graph.

Proof: Let G, =((6,,0,..0), (i, ptp0tty)) AN G, = (o, 0,2, (B B f3,)) bE the
multi fuzzy graph with dimension m and n respectively

To Prove: G, « G, is a strong multi fuzzy graph of dimension k where k=min (m, n)

(o, 0 a,)(Uy,Vv,) =min{o,(u,), & (v,)} for all u, eV, and v, eV, & (u,,Vv,) €V, xV,

(1% B)((U.V), (u,V,)) = minfo, (), B (v, V,) |

= min{o_i (U)’min{ai )« (Vz)}}

= min{min{o; (U), &5 ()} min{o; (U), o5 (V)1 = (03 (U) A & (W) A (0 (U) A (1))

= min{(ai °ea;)(u,v,),(o; ® ai)(u,vz)}

(4 ® By, V), (U, v)) = min{e, (U, u,), (V)|

=min{min{o, (u,),c,(u,)},&; (v)}

= min{min{o; (u,), & (W}, min{o; (), o (1} = (03 (W) A e (V) A (01 (U,) A (V)

= min{(o; e &) (U;,V), (0, ® &) (Uy, )}

(45 B) (U, V), (U, V) = min{ﬂi (uy,uy), B (Vl,Vz)}

=min{min{o, (u,),o, (U,)},min{e, (v,),a, (v,)}}

= (o, (U) A oy (U)) A (o (V) A (V)

= (o;(u) A (V) A (o (Uy) A (V)

= min{(ai °;)(u, V), (o; ai)(uzvvz)}

Theorem 4.16 If G and G, are complete multi fuzzy graphs then G, .G, is also a

complete multi fuzzy graph.
Proof: LetG, =((0,,0,..0,),(tty, ttyrtty)) @NAd G, = (@, @prt,), (B, Boren-f3,)) bE the
two complete multi fuzzy graphs with dimension m and n respectively. Then G, and G,
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are strong multi fuzzy graphs whereG; andG; are complete graphs. Therefore, G, «G,is a
strong multi fuzzy graph by the theorem (4.15) with G; andG; are complete graphs.
Hence G, «G, is a complete multi fuzzy graph.

Theorem 4.17 The strong product of two multi fuzzy graphsG,and G, is the direct sum
of the cartesian product of G,and G, and the direct product of G andg, .

Proof:  LetG, =((6y,0,,-0y), (4, fyon-tty)) @A G, = (0, @y, (B Bioe--5,)) DE
the multi fuzzy graph with dimension m and n respectively. LetG, xG,and G, =G, be the
cartesian product and direct product of G and G, with dimension k where k = min(m,n)
TO Prove: G, «G, =(G,xG,)® (G, *G,)

(o, x o) Uy, V) = (0, * &) (U, v,) =min{o, (U,), & (%)} Y (U, V) €V, xV,

S0, (o, x ;) (U, ;) ® (o, * ;) (Uy, v, ) = min{o, (u,), & (v,)} Y(u,,v,) €V, xV,

(0,0 0,) (U, V) = min{ai (W)« (V1)}

S(oy o), v,) =(o, x ;) (U, V) @ (o, * ;) (U, V)

(% ) (U ), (U, V,)) = {Gi ) Ap,v,) fu=uand(v,v,)eE,

o (W) A (uy,u,) if v, =v,and (u,,u,) € E
(44 * B) Uy, V), (Uy,Vv,)) = min{,“i (ul’UZ)Yﬂi(Vl'VZ)}’ if (u,u,) ek &(v,v,) €E,

o (U) A Bi(v,V,) if u =u,and(v,,v,)eE,
(e < B) @ (1% ) Uy, ), (Uy, V) = a; (V) A 4,(Uy, U,) if v =v,and (u,,u,) € E
min{,ui (ul’uz)'ﬂi(vl’vz)} if (u,u,)ek &(v,,v,) ek,

= (g © £) (U, V), (Uy,V,))

Result: LetG, =((6,,0,,..0,), (14, 1ty pty)) ANA G, = (e, tp1.n-20,), (B, B0 f3,)) DB TWO
strong multi fuzzy graph with dimension m and n respectively and G, xG, &G, =G, be the
cartesian product and direct product of G,and G, with dimension k where k = min(m,n)
and G, xG, and G, =G, be the complement of two multi fuzzy graphs then

G, xG, DG, *G, =G, xG,® G, *G,.

Definition 4.18 The operation Composition between two MFGG,and G, as follows
G,[G,]=((0, 00,5, 00y,...0, 01 ), (14, 0 i, 11, 0Byt 03,)) With the underlying crisp graph

G/[G;1=(V,E) where V =V, xV, and
E ={(u,,v,)(U,,v,)/u, =u,,(v,,v,) € E,orv, =V,,(u,,u,) €E, or v, #Vv,,(u,,u,) € E, } with
(o, 0a;)(uy,V,) = min{o, (U,),a; (v,)} for allu, eV, and v, eV, & (u,,V,) €V, xV,
min{a, (u), B, (V,,V,)} u =u,=u, forallueV, &(v,,v,) €E,
(1 0B) (U, V1), (U,,V,)) = min{/"i (U, u,), e (V)} v, =V, =V, forallveV, &(u,,u,) € E,
min{er (v,), @ (v,), 4 (U;,U,)} forall (u,u,) €E,

foralli=1, 2,3, .. k.
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Ifm=n, let k =min (m, n). Supposem < n, then we take first m dimensions forG, so as
to convert the MFG G,and G, have the same dimension k

Example 4.19
(0.9,0.8,06) (0.6,0.5,0.7) (0.6,0.8,0.5) (0.7,0.9,0.6) (0-6.0.8.0.5) (0.7.0.8,0.6)
T b c d (a,c) (a,d)
T Y T T e
(0.5,0.4,0.5) (0.5,0.7,0.4)
G1 of dimension 3 G2 of dimension 3
.
NS
8 g
Q- -0
(0.6,0.5,0.5) @?s‘ ¥ | (060506)
(b.c) (b,d)
4
G1 2 G2 of dimension 3
Figure 7
(0.7,0.5) {0.8,06)
a b
8

(0.6,04)
G1 of dimension 2

(0.6,09,0.7) (0.8,05,0.4) (0.6,0.8,0.5 <
c (0.6,0.4,0.3) d e
050404)  J (0.6,0.4) (0.6,0.4) (b,d) {0.5,0.4) (0.6,06)

(0.8,0.5)
G1 o G2 of dimension 2

G2 of dimension 3

Figure 8

Theorem 4.20 Composition of two multi fuzzy graph is also a multi-fuzzy graph.
Proof: LetG, =((c,,0,,..0,,), (tty, tdy - 1,)) ANA - G, = ((ay, @y 2,), (B, Boo---3,)) DE the multi
fuzzy graph with dimension m and n respectively

To Prove: G =G, oG, is a multi-fuzzy graph of dimension k where k = min (m, n)
(0, 0at)(Uy,V,) = min{o, (u,),a; (v,)} for all u, €V, and v, €V, & (u,,v,) €V, xV,

(44 08) (U V), (U, ;) = minia, (u), B, (v, V,)}

< min{o—i (u), min{ai V) & (Vz)}}

= min{min{o—i U)o (Vl)}' min{ai (), (Vz)}} = (o;(U) A (V) A (o7 (U) A (V)

= min{(ai o,)(u,v,), (o, oai)(u,vz)}

(1 0B)((U, V), (U,, V) = min{yi (U, U,), @, (V)}

< min{min{o; (u,), &; ()} &5 ()}

=min{min{o; (U,), &; (W)}, min{o, (u,), & W} = (07(U) A (V) A (07 (U;) A & (V)

=min{(c; 0, )(uy,V), (o, 0e,)(U,,V)}

(44 08Uy, V), (Uy, V,)) = min{ai (), i (V5), 44 (uy, uz)}

< mine; (v,), & (v,), min{o; (), o, (u,)}}

= min{ai ), i (v,), (o;(U) A oy (uz))}

= (01 (u) A (V) A (o (Uy) A i (V)
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=min{(c; 0a;)(U, ), (07 0, ) (U, V,)}

Theorem 4.21 If G, =((o,,0,...0,), (1, i1y -tt)) AN G, = (o, 0, (BL, B0 3,)) AME
two strong multi fuzzy graphs with dimension m and n respectively and G, oG, is a
strong multi fuzzy graph of dimension k where k = min (m, n). Prove that G G, =G, oG,
Proof: Let G =G, oG, =((0, 0a;,0, 00;,..0, 0, ), (14, 0, 1 0 By 4 0 f5))

G, 0G, = ((0, 0,3, 0,0, 0&,), (s OBy, 4ty O By 15 0 f3,))

6, =((01. 0210, 10110 G, = (01, ), (B B )

To prove G oG, =G, oG, It is enough to prove ,, oz = op foralli=1,2,3, ... k.
To prove the above result, there are different cases may arise depending upon the edges
joining the vertices

Case(i): Consider the edge e=((u,v,),(u,v,)), (v,,v,) €E,

Thene e Eand G is a strong multi fuzzy graph, so 4 o,(e)=0

Also (1, 0)(e)=0SInCe (v,,v,) ¢ E,

If e=(v).uw) v #v,and(v;,v,) ¢ E,ten e ¢ E (4 04)(U,v),(u,v,)) =0
NOW 1 05,(e) = (o c)(u,v,)) A (07 0z (U, V,))

=(o;(U) A (V) A (0 (U) A (V)

=0,(U) Ao (V) A (V)

(1, 0)(€) = 0, (U) A B, (V) = 0, (U) A 5 (V) A (V)

~uop=uop foralli=1,2,3, ..k

Case(ii): Consider the edge e = ((u,,v),(u,,v)), (u,,u,) € E,

Thene e Eand G is a strong multi fuzzy graph, so ;o (e)=0

AlSO (1, 08,)(e) =08INCE (u,,u,)

It e=(,v), V), (u,u,)2E then egE (4 08)((uw).u,v,)=0

NOW,ui o3 (e) = (o7 0ar;) (U, V)) A (07 0ar) (U, V)

= (o:(U) A (V) A (07 (U) A (V)

=)Ao () A (v)  SINCE (u,u,)eE

(14 08)(€) = 14Uy, U,) A, (V) = 0, (Uy) A 0, (U,) A ct; (V)

~mop =popforali=1,2,3, ..k

Case(iii): Consider the edge e =((u,,v,),(u,,v,)), (U, u,) €E, & v, #V,

Thene e Eand G is a strong multi fuzzy graph, So . o (e)=0

since (u,,u,) ¢ E,» (1 08)(©)=0

If €= ((ul’vl)!(UZ’VZ))i (uliuz) & E1 & V) #V,

Thene ¢ E (404)) =0

1 0,(8) = ((o; ;) (U, ) A (07 ) (U,, V) = (07 (Uy) A e (V) A (03 (U,) A (V)
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Since (u,u,) € E, We have

@ 0:371)(6) = ;i(ull Uy) Aoy (V) A e (Vy) = 0, (U) Aay (Uy) A (V) Ay (V,) =08 (e)
s mop =uop foralli=1,2,3, ..k

Case(iv): Consider the edge e =((u,,v,),(u,,v,)), (U, U,) £ E, & (v,,V,) ¢ E,
Since®€E (1 08)@€) =0

14,0,€) = (07 o) (U, ) A (07 0) (U, V,)) = (05 (U) A e (V) A (0. (U,) A (1))

If (u,u,)eE, and if v =v,then we have case (ii)

If (u,u,)¢E, andif v, = v, then we have case (iii)

In all the cases we have, uop =uop foralli=1,2,3, ...k

Definition 4.22 The operation Corona Product between two MFG G, and G, is
defined as follows, G ®G,=((0,9x,0,80a,,..0, @), (16 ® By, 11, ® B,... 14 @ [3)) with the
underlying crisp graphG; ® G; = (V,E) = (V, UV,,E, UE,)
(u,v), (u,v)e

oi(u),ueV, and (. @ 5)(u.v) = ;;:((u,v)), EU’V;EEZ where E' is the set of

min{o; (u), & (v)}, uve E'
all edges joining by an edge the i vertex of G, to every vertex in the i" copy of G,
Ifm=n, let k = max (m, n). Supposem < n then let us introduce n — m membership
values of multi fuzzy graph G,into 0 so as to convert the multi fuzzy graphs G,andG,
have the same dimension as k.

(0 ® ;)(u) ={

a;(u),ueV,

Example 4.23
(0.6,0.5) (0.6,0.5)
c1 c2
G 06\
(] Y
a = (0504) b ¢ (0503 d =1 =1
— 1 g (0.5,0.4) I77) g
G1 of dimension 2 G2 of dimension 2 ~ ‘?\0‘9 =
d1 d2
(0.504) G1®@G2 of dimension 2 0.504)
Figure 9
(0.6,0.3,0) (0.5,0.9,0)
d1’ (0.4,020) el
(0.6,0.2,0.1)
.;\ a
S o (0.6,0.3) (0.509) (0.6.0.3,0)
(0.7,0.9,0_3) 040507 G50.6.0.1) 402 o a2

G1 of dimension 3 G2 of dimension 2

ez d3
(0.5,0.9,0) (0.6,0.3.0)

G1® G2 of dimension 3

Figure 10
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Theorem 4.24 Corona product of two multi fuzzy graph is also a multi-fuzzy graph.
Proof: Let Gl:((0-1'02""O-m)!(/ul’/uzl"'/um)) and G, :((al’aZ""an)!(ﬂl!ﬂZ""ﬁn)) be the multi
fuzzy graph with dimension m and n respectively

To Prove: G =G, ®G,Is a multi-fuzzy graph of dimension k where k= max (m, n)

(0, ® ) ={Z((:‘));‘ ;\f

Case(i): If (u,v)eE,

(1 @ £)(U,V) = 14;,(u,v)

<min{o; (u),o;(V)}

= min{(c; ® ;)(u).(o; ® ) (V)}

Case(ii): If (u,v)eE,

(1, ® B)(U,v) = S (u,v)

< minfe; (u), & ()}

=min{(o; ®a;)(u), (0; ® ) ()}

Case(iii): If (u,v)eE'

(4 ® B)(u,v) = min{o-i u). (V)} = min{(o-i ®a;)(u),(o; ®ai)(v)}

5. Conclusion

In this paper, the complement of multi fuzzy graph and direct sum of two multi fuzzy
graphs are defined and proved some results connected to them. Also defined various
product on multi fuzzy graphs such as direct product, strong product, cartesian product,
composition, corona product and proved some properties related to them.
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