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Relationship Between Weight Function and
1 —-Norm
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J. Robert Victor Edward’

Abstract
- . . . . . 0ifx=0
The & function on a subset E of R is the function defined by &(x) = {1 if x =0
For x= (x1,%x5 ...,x,) € R™, we define 6(x) = (8(x,),8(x5),...,6(x,)) . The Hamming
weight wix) of x is the number of non — zero coordinates of x, where x € R™. From
this one could see that w(x) = [[é(x)[l, , where Il [l; is the 1 — norm of x given
byllxll, = E%,|x;| , where = (xy,%5...,x,) . This gives a relationship between the

weight function and the 1 — norm.In this paper we establish certain properties of the
weight function using the properties of norms.
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1. Introduction

Let ¥ = R", where R is the set of real numbers. Then, X is a vector space over R of
dimension n. The Hamming weight function on X is the function wy : X — IR given
by wy; (x) = number of non —zero co-ordinates of x,

Forx = [x[l),x[zj,...,x[n)) e R",

Thus wy,; satisfies the conditions:

wy (x) = 0 forall x e R™ and wy (x) = 0 if and only if x = 0.(1)

wy (ax) = wy (x)forallxeR"and 0 # a e R, (2)

wy (x4 v) £ wy (x) +wy (v) forall x,y e R™.(3)

A norm on R™ is a function || |l: X — R satisfyingllx|l = 0 for all x € R™ and if and
only if x = 0(4)
laxll = lal llxll forall xe X and @ e B. (5)

and  llx+ vl = llx|l + llvll forall x,y e R".(6)
We see that wy; satisfies the condition of a norm except the condition (5). Instead, it
satisfies (2). We may call such a function a mininorm. Let us formalize the definition.
Definition:1.1Let X be a vector space over K =R or . A mininorm on X is a function
p: X — R satisfying the following conditions:
plx) =0forallxe X andp (x) = 0 ifand only if x = 0(7)
plax)=p(x) forallxe X and 0 = a e K.(8)

plx+y)= plx) +p(y forall x,ye X.(9)

a vector space with a mininorm defined on it is called a mininormed spaces.
It is clear that wy is a mininorm on R".

2.The weight function and the 1- norm
The 1-normorll ll;on E" is defined by
lxlly = Eylx() ], where x = (x(1),x(2), ..., x(n)).(10)

We cannot connect the weight function with the 1- norm using the & - function.
0ifx=0

The & — function on R is defined by &(x) = {1 iFx 20

(11)

The & — function can be extended to ™ in the following way:
5(x) = (8(xy),8(x2), ..., 6(x,)), (12)
where x = (x'[:l},x'[E}, ...Jx'[}n}}.

This & — function satisfies the following [1] :
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§(x) =z0forallxe R" andd (x) = 0 ifand only if x = 0(13)
§ (ax) = &8 (x) forall xeR" and 0 = acR.(14)
and d(x+y)= &d(x)+5(y) forall x,yeR".(15)
Hence the partial order relation = on R" is defined as follows:
For x = (x(1),x(2),..,x(n)) and v = (¥(1), ¥(2), ..., ¥(n)) in B*,
x=yifandonly if x(j) =v{7),j = 1,2, .., n(16)
Now let x = (x(1),x(2), ..., x(n)) € R",
Then, 8(x) = (8(xy),8(x,), .., 8(x,))
Now, 3(5) = {1 =0
Hence || 6(x) 1, = Ej,-‘=1|6(x.;,-;.}|: = number of non- zero components of x.
Thus, [ 8(x)l; = wg (x).(17)

This gives the connection between the Hamming weight function and the 1- norm, via
the
& — function.

3.Topological Properties of the s — function

Proposition:3.1The & — function on E™ is bounded.
Proof:Letx, eR" .
” a{x} ”J_ = ” L?{XJ_}J L?{x:}ﬂlwa{xn} ”l
= Nioylx(D]
< n, since |8(x;)| = 1forall j.

Hence & is bounded.

Proposition:3.2The & — function on E™ is not continuous.
Proof:First we show that wg is not continuous,
Let x, eR",

1 1
Then ||—x|| = - |lxlly, =0 asn — co.
n 1 n

That is, i x = 0in B™ with lx]l,.

270



M. Melna Frincy and Dr. J. R. V. Edward
1 .
But || HH(; x )”1 = || wg(x )| forall n.
So, MHG x) + 0.
Hence wy is not continuous.
Now wy(x) = || 8(x)l, forall x € R™.
Thus, wg = || lly= &, where = denotes the composition of functions.
Il lly is continuous [3].
Suppose & is continuous.

Hence wgis continuous, since the composition of two continuous functions is

continuous.
This is not possible.
Hence &is not continuous m
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