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Abstract

Let G = (V,E) be a simple graph. The closed neighborhood of v, denoted by N[v], is
the set {u:uv € E} U {v}. A function f:V — {—1,1} is a product signed dominating
function, if for every vertex v € V, f[v] = 1where f[v] = [[yenp) f(w). The weight
of f, denoted by f(G), is the sum of the function values of all the vertices in G.
(i.e.) f(G) = Xyev f (v). The product signed domination number of G, yg;4,(G) is the
minimum positive weight of a product signed dominating function. In this paper, we
establish bounds on the product signed domination number and estimate product signed
domination number for some standard graphs.
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1. Introduction

The fundamental thought of graphs was first presented in eighteenth era by Swiss
Mathematician Leonhard Euler. It has numerous applications in Natural Sciences,
Technology, Information System Research and so on. The quickest developing region in
theory of graph is domination. Ore introduced the terms “Dominating Set” and
“Domination Number”. Dunbar et al. introduced signed domination number
[1].[2].[4].[5]. Hosseini gave a lower and upper bound for the signed domination
number of any graph [3]. In this paper, we introduce the concept of product signed
domination number and find bounds on product signed domination number.

2. Preliminaries

Definition 2.1: A comb graph B, o K; is a graph obtained by joining a pendant edge to
each vertex of a path.

Definition 2.2: A star graph K; ,,_, is a tree on n vertices with one vertex having degree
n — 1 and the other n — 1 vertices having degree 1.

Definition 2.3: A tree containing exactly two non-pendant vertices is called a double
star. It is denoted by D, ,,

3. Main Results

Definition 3.1: Let G = (V,E) be a simple graph. The closed neighborhood of v,
denoted by N[v], is the set {w:uv € E} U {v}. A function f:V — {—1,1} is a product
signed dominating function, if for every vertex v € V, f[v] =1

where f[v] = [Tuenp) f(w). The weight of f, denoted by f(G), is the sum of the
function values of all the vertices in G.

(Le) &) = ) f®)

vev
The product signed domination number of G, yg;,,(G) is the minimum positive weight

of a product signed dominating function.

Observation 3.2. (i) In a graph G, a pendant vertex u and its corresponding support
vertex v get the same functional values (i.e.) either +1 or —1 since otherwisef[u] =

[Ixenpy f(x) = —1.

(if) In a product signed dominating function, all the vertices of a graph should not be
assigned —1 since product signed domination number is positive.
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(iii) In a product signed dominating function, for every vertex v € V, N[v] contains
either zero or even number of vertices with functional value —1, since otherwise
flvl = erN[v]f(x) =-1

(iv) If N¢[1] and N¢[—1] denote the number of vertices with functional values 1 and —1
respectively, then N¢[1]—N[—1] = 1.

Theorem 3.3:
Forp <4, v3i4n(K,) = p, the total number of vertices.

( lif pisoddand P is even

2if pisevenand 22 is odd
Forp > 4, ys*l-gn(l(p) =4 _

2

L 4if pand g are even

3if pand P are odd

Proof:

Let K, be a complete graph on p vertices.

LetV(K,) = {vy, vy, .., vpyand E(K,) = {viv;li #j,1 < i,j < p}.

Since each pair of vertices is connected by an edge, in a product signed dominating
function the number of vertices with functional value —1 must be even.

Caselip<4

Define a function f:V(G) — {—1, +1} as follows.

When p < 4, every vertex should be assigned +1 under f, since otherwise f would not
be a product signed dominating function with a positive weight.

Therefore, Ys*ign(Kp) = Z fw)=p
VEV (Kp)

=the total number of vertices.

Case2:p >4 and pis odd

-1 .
Subcase 2.1:”7 is even

Partition the vertex set V into two sets V;and V, such that |V;| = pTH V2l = pT_l and
_ ) . _ 1vVvveV
V, NV, = @. Define f:V(G) » {—1,+1}as f(v) = {_1 VeV,

Obviously, for every v € V, f[v] =1 and hence f is a product signed dominating
function.

Therefore, )’;ign(Kp)= Z f(w)
VEV (Kp)
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()5 v

Subcase 2.2. =L is odd
3

Partition the vertex set IV into two sets V;and V, such that |V;| = pzﬁ |V, ==
V, NV, =@. Here |V;] is odd and |V,| is even. Define f:V(G) —» {—1,+1} as
(v) = { 1vveV,
F@W=1_1vvev,
Clearly, for every v € V, f[v] = 1.Hence f is a product signed dominating function.
Also, Nf[1]—N¢[—-1] = 3. Since pT_l is odd. This function f gives the minimum value

for product signed domination number. Therefore, )/s*ign(Kp) ZZUEV(Kp)f(U) =

(22)1+(5) (0 =3

Case 3:p > 4and p is even
Subcase 3.1:2 |s even

and

If we partltlon the vertex set V into two sets V;and V, such that |V;| = g AV | = g and

Vi NV, = @ and assign +1 to all the vertices in V/; and —1 to all the vertices in V,, then
the function would be a product signed dominating function but the weight would be
zero.

Since g is even, ”2;2 is odd. Partition the vertex set IV into two sets V;and V, such that

V| =”2il =22 and vV, nV, = 0. Define f:V(G) - {—1,+1} as f(v) =

{ 1vVvel
—-1VvVvevy,
Therefore £ is a product signed dominating function. Also N¢[1]—Nf[—1] = 4. Since g

is even, this function f gives the minimum value for product signed domination number

as before. Therefore, v n(K,) = Yveviy) f(V) = (pH) 1 +( ) -1
=4

Subcase 3.2: g is odd

_2 .
We have pT is even.

Partition the vertex set IV into two sets V;and V, such that |V, | = Z’Zi Vs = p=2

V, NV, = @. Define f:V(G) » {—1,+1}as f(v) = {_i:z g 5;

Correspondingly, for every v € V, f[v] = 1. Hence f is a product signed dominating
function. Also N¢[1]—N¢[—1] = 2. Proceeding as above, this function f gives the
minimum value for product signed domination number.

and
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Therefore,  Vgign(Kp) = Z fw) = (pzi) A+ <E> (=1 =2

2
VEV (Kp)

Therefore, p <4, Vsi,n(Kp) = p, the total number of vertices.

( 1if pisoddand P is even

2if pisevenand ZB is odd
Forp > 4,ys*l-gn(l(p) =4

3if pand P are odd

L 4if pand g are even

Theorem 3.4: For the comb graph, B,  K;, the product signed domination number
Ysign(Pn © K1) = 2n, the total number of vertices.

Proof:

Let G be a comb graph B, o K.

Let V = {v;,u;|1 < i < n} be the vertex set with u;’s representing the pendant vertices

and E = {v;v;,111 <i <n—1} U {vu;|1 < i < n} be the edge set.

Since u; is the pendant vertex to v;, both f(u;) and f(v;) must be either +1 or —1 for

1 <i < n(by3.2(i)).

Case 1:nis odd

Define f:V(G) — {—1,+1} as follows.

If u; and v; are both assigned —1, then u, and v, should be assigned +1 since

otherwise f[v,] would be —1. Further if f(u3) = f(v3) = 1, again f[v,] = —1. Hence

fu) =f) =-1, flug) = f(wo) =1, fug) = f(vs) = -1, fuy) =f(va) =1

and so on. Then f(u,) = f(v,) = —1 and f is a product signed dominating function.

Correspondingly, the weight of the graph is —2 = a negative integer which is a

contradiction to the weight is positive.

Hence, let us start with f(u,) = f(v;) = 1.

Then f(u;)) = f(v;) =1Vi=2ton, since otherwise f is not a product signed

dominating function.

Hence f(u;) = f(v;) =1V i=1ton is the only product signed dominating function

having a positive weight. Hence it is the unique product signed dominating function.
Therefore, Vgign(G) = Yvev(c) f(v) = 2n =the total number of vertices of G

Case 2: nis even

Define f:V(G) - {—1,+1} as follows.

If u; and v; are both assigned —1, then u, and v, should be assigned +1 since

otherwise f[v,] would be —1. Further if f(u3) = f(v3) = 1, again f[v,] = —1. Hence
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fw) =fw)=-1, flux) =f(w) =1, fluz) = f(w3) = -1, f(w) = f(vy) =1
and so on. Then f(u,) = f(v,) = 1 and hence f[v,] = —1.

Therefore, this f is not a product signed dominating function.

Hence, let us start with f(u;) = f(v;) = 1. Then f(w;) = f(v;)) =1Vi=2ton,
since otherwise f is not a product signed dominating function.

Hence f(uw;) =f(v;))=1Vi=1ton is the unique product signed dominating
function.

Therefore, Vgign(G) = Yvev(c) f(v) = 2n = the total number of vertices of G

By cases 1 and 2, y5;4,(G) = 2n.

Observation 3.5: For any graph G, 1 < yg;,,,(G) < p; p = total number of vertices of
G. Here the bounds are sharp since yg;zn(Ks) =1 and yg;gn (B, 0 K;) = 2n = total
number of vertices.

Theorem 3.6:
The product signed domination number of a path on n vertices is equal to n.
Proof:
Let P, be a path on n vertices.
Ifflr))=-12<i<n-1)
Then f(v;_;) = —1and f(v;;1) = +1
(or)

f(isg) = +1and f(vi41) = —1
If fw)=+1(2<i<n-1)
Then f(v;—1) = f(Vi41) = —1
(0N f(Wi—1) = f(Wiyq) = +1
By the above observation, if v,is assigned —1, then v,must be assigned —1 so that
flvi] = +1. Then v; must be assigned +1 so that f[v,] = +1. So v, must be assigned
—1sothat flvs] = +1.
Proceeding like this, we define a function f:V(G) — {—1, +1} as follows.

. _(+1if i = 0(mod3)

Forisisn fv)= { —1 otherwise
So when n = 3k, f is not a product signed dominating function since f[v,] = —1.

When n = 3k + 1, f is not a product signed dominating function since f[v,] = —1
Whenn = 3k + 2, f isa product signed dominating function having a negative weight.
So let us try with +1 assigned to v;.

If v; is assigned +1, v, must be assigned +1 so that f[v,] = +1. Again v; must be
assigned +1 so that f[v,] = +1. Again v, must be assigned +1 so that f[v;] = +1
and so on.

Therefore, f(v;) =+1Vi=1ton. And f is a minimum positive weight product
signed dominating function.
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The weight of this function = n, the total number of vertices.
Therefore, y;4,, (P,) = n, the total number of vertices.

Theorem 3.7:
The product signed domination number of a cycle on n vertices is equal to n.

Proof:
Let C,, be a path on n vertices.
Ifflv)=-12<i<n-1)
Then f(v;_;) = —1and f(v;;1) = +1
(or)
f(Wi—1) = +1and f(vi41) = -1
Ifflv)=4+1Q2<i<n-1)
Then f(v;—1) = f(Vi41) = —1
(or)
fic1) = f(vig,) = +1
By the above observation, if v,is assigned —1, then v,must be assigned —1 so that
flv,] = +1. Then v; must be assigned +1 so that f[v,] = +1. So v, must be assigned
—1sothat flvs] = +1.
Proceeding like this, we define a function f: V(G) — {—1, +1} as follows.
. +1if i = 0(mod3)

< i < 2) =
Fori<is=nf(v) { —1 otherwise
So, when n = 3k, f is a product signed dominating function having negative weight.

When n = 3k + 1, f is not a product signed dominating function since

flvi] =-1.

When n = 3k + 2, f is not a product signed dominating function since

flvil = flva] = -1.

So let us try with +1 assigned to v, .

If v; is assigned +1, v, must be assigned +1 so that f[v;] = +1. Again v3 must be
assigned +1 so that f[v,] = +1. Again v, must be assigned +1 so that f[v;] = +1
and so on.

Therefore, f(v;) =+1Vi=1ton. And f is a minimum positive weight product
signed dominating function.

The weight of this function = n, the total number of vertices.

Therefore, yg; 4, (C,) = n, the total number of vertices.

Theorem 3.8:

The product signed domination number of a star graph K, ,,_,0n n vertices is equal to n.
Proof:

Let K; ,,—1 be a star graph on n vertices.

Let V(Kin-1) = {v,v1, V2, e, VpqJand E(Ky -1 ) = {v1;|1 < i <n— 1}

By 3.2(i), v and v;(1 < i < n — 1) should be assigned same functional value.
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If f(v) = —1, then the weight of f is negative.

Therefore f(v) must be equal to +1 and hence define f: V(G) - {—1,+1} as

f(v;)) =1for1<i<n-—1.Andobviously f is the minimum positive weight product
signed dominating function.

Therefore, y;; 5, (K1,,-1) = n, the total number of vertices.

Theorem 3.9:

The product signed domination number of a double star graph D,,, ,is equal to

m+n.

Proof:

Let D,, ,, be a double star graph on m + n vertices.

Let V(Dipn) = {v, V1, V2, oo, U1, U, Ug, Up, o, Upy—g } AN

E(Dpmpy) ={vwill<i<n-1}u {uuj|1 <j<m-1}u{uv}.

Case 1: Number of pendant vertices to atleast one of u, v is odd.

Without loss of generality, assume that number of pendant vertices to u is odd.

If we assign —1to u, then all the pendant vertices to u must be assigned —1 (by 3.2(i)).
Since number of pendant vertices to u is odd, v must be assigned +1. Hence again by
3.2(i), all the pendant vertices to vget +1. But here f[v] = —1. So this f is not a
product signed dominating function.

Hence define f:V(G) - {—1,+1}as f(v) = +1V v € V(Dy )

Clearly, f is the minimum positive weight product signed dominating function.

Hence, 2 flv) = Z l=m+n

vEV(Dm,n) vEV (Dm,n)
Therefore, y;;5n(Dmn) = m + n, the total number of vertices.
Case 2: Number of pendant vertices to both u and v is even.
If we assign —1to u, then all the pendant vertices to u must be assigned —1 (by 3.2(i)).
Since number of pendant vertices to u is even, v must be assigned —1. Hence again by
3.2(i), the pendant vertices to vget —1. Here this f is a product signed dominating
function having a negative weight.
So, the only possible positive weight product signed dominating function f:V(G) —
{=1,+1}is f(v) = +1Vv € V(Dpyp)

Hence, z flv) = Z l=m+n

VeV (Dmn) eV D)
Therefore, y;;5n(Dmn) = m + n, the total number of vertices.
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