Ratio Mathematica Volume 44,2022

Reach Energy of Digraphs

V. Mahalakshmi”
B. Vijaya Praba’
K. Palani*

Abstract

A Digraph D consists of two finite sets (V,A), where V' denotes the vertex set and
A denotes the arc set. For vertices u, v € V, if there exists a directed path from u to v
then v is said to be reachable from u and vice versa. The Reachability matrix of D is the
nXn matrix R(D) = [r;], where r; =1, if v; is reachable from v; and r; =0
otherwise. The eigen values corresponding to the reachability matrix are called reach
eigen values. The reach energy of a digraph is defined by Er(D) = Y- |4;lwhere 4; is
the eigen value of the reachability matrix. In this paper we introduce the reach spectrum
of a digraph and study its properties and bounds. Moreover, we compute reach spectrum
for some digraphs.
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1. Introduction

In this paper we considered simple and connected graph. A directed graph or
digraph D consists of two finite sets (V,A ) where V denotes the vertex set and A
denotes the arc set. For two vertices u and v, an arc from u to v is denoted by uv. Two
vertices u and v is said to be adjacent if either uv € A or vu € A . In 1978 Gutman [4]
defined the energy of a simple graph as the sum of the absolute values of its eigen
values and it is denoted by E(G). i.e., E(G) = Y]=,|4;|. The concept of graph energy
was extended to digraph by Pena and Rada [8] and Adiga et al. [1]. Khan et al. [5]
defined a new notion of energy of digraph called iota energy. In this paper, we
investigate the properties and some bounds on reach energy.

Definition 1.1. A path is said to be directed path in which all the edges are directed
either in clockwise or in anticlockwise direction and it is denoted as P,. Let
{v1,v2, ..., v} be the vertex set of a directed path. Then the set {v,v;44| i=12,...,n—

1} is the arc set of P,,.

Definition 1.2. A path is said to be alternate path in which the edges are given alternate
direction and it is denoted as AP,

Definition 1.3. A star graph K ,, in which all the edges are directed towards the root
vertex is called an instar and is denoted as 1K ,

Definition 1.4. A star graph K, ,, in which all the edges are directed away from the root
vertex is called an outstar and is denoted as oK ,

2. Reach Energy

Definition 2.1. Let D = (V,A) be a directed graph with n vertices. The reachability
matrix [2] R(D) = [r;;] is the n X n matrix with r;; = 1, if v; is reachable from v; and
r;; = 0 otherwise. We assume that each vertex is reachable from itself. The
characteristic polynomial of R(D) = [r;;] is denoted by f(D, 1) = det(R(D) — I1). Let
{1, A3, ..., A, be the reach eigen values of D. The reach eigen values of the graph D are
the eigen values of R(D) and is called as reach spectrum of D. The spectrum of D is

denoted by
A Ay o An}

spec D = {
mymy ... My
where m; is the algebraic multiplicity of the eigen values 4;,,for1 <i <n
Then the reach energy of D is defined as the sum of absolute values of reach spectrum
of D.
i.e., ER(D) = ?zllll'l
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Example 2.2.
Ve
® >
vl (&) 173 174
Figure 1.
Reachability matrix is
1 1 1 1 1 1
0 1 1 1 1 1\
o011 0 1
RDY=10 0 0 1 0 o
\0 0 0 1 1 0/
0 0 0 0 0 1

Characteristic polynomial of R(D) is given by
f(D,2) = 2% —64° + 152* — 2043 + 1542 — 61 + 1.

Hence, the reach spectrum is {é}
Therefore, the reach energy of D is Ex(D) = 6.

3. Reach Energy of Some Graphs

Theorem 3.1. Directed path and alternate path attains same Reach Energy.

Proof: Let P, (D) be the directed path with vertex set V = {vy, v,, ..., v}

Let AP, (D) be the alternate path with vertex set V = {v,",v,/, ..., v,,'}.

The reachability matrix of B,(D) is in the upper triangular matrix form with the entries
1.

The reachability matrix of AP, (D) is of the form

1 1 0 0
o1 0 - 0O
o1 - 1 0O
R(APTL(D)) = 0 O 0 .. 1 O
T |
0 0 -~ 0 1 1
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Characteristic polynomial of B, is f(B,(D),A) = det(R(B,(D)) — A1)

1-2 1 1
0 1-4 1 :

feon=| 0 T
0 0 1-21

=E=D"@ =D

Characteristic polynomial of AP, is f (AP,(D),A) = det(R(AB,(D)) — 1 1,)

1-1 1 0 0 0
0 1-1 0 0 0
1o 1 10 0
f(APTl(D)’A) - O O 0 .. 1 0
: : 0 :
0 0 - 0 1 1-2
= (D" (- D"

Clearly, f(P,(D),A) = f(AB,(D), A).

Since the characteristic polynomial of B,(D) and AP, (D) are same, Spectrum of R(B,)
and R(AR,) are same.

Hence, the Reach Spectrum of R(B,(D)) and R(AB,(D)) are {Tll} and its Reach Energy
IS

n

ER(Po(D)) = Eg(APy(D)) = ) 1=n

1
Therefore, the directed path and alternate path attains same Reach Energy.

Theorem 3.2. Reach energy of directed star is independent of its orientation.
Proof: Let K; ,_1 (D) be the directed instar with vertex set vy, vy, ..., V4
Let K'; ,—1(D) be the directed outstar with vertex set v, v/, ..., v,_;’
The reachability matrix of K; ,,_1 (D) is of the form

0 01 xn—
R(Kina (D)) =1+ b1 )

n—1x1 0n—1><n—1

The reachability matrix of K’y ,,_; (D) is of the form
/ 0 Jixn—
R (K 1,n—1(D)) =1I,+ (0 b=t )

o . n—1x1 0n—1_xn—1
Characteristic polynomial of Ky ,,_; (D) is
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f(Kyne1(D), 2) = det(R (Kyp-1(D)) = A 1)

1-2 0 0

1 1—-1 0 :

f(K1,n—1(D),/1) = . 0 0
1 0 0 1-21

= (D" (A= D"

Characteristic polynomial of K'; ,_; (D) is

f(K'1yn-1(D), 2) = det(R (K'snoa (D)) = A1)

1-21 1 -

/ 0 1-14 0

f(K 1,n—1(D):/1) = : 0
0 0 1

| ©o o R

A

=Dt @A-Dn
Clearly, f(K1,n—1(D) :/1) = f(K’1,n—1(D) ;/1)-

Since the characteristic polynomial of K; ,,_1(D) and K’y ,_; (D) are same, Spectrum of
R(Kyn-1(D))and R(K'y,,—1(D) ) are same.

Hence, the Reach Spectrum of R(K;,,—,(D)) and R(K'; ,—1(D)) are {711 and its Reach
Energy

Ep (K1,n—1(D)) =Ep (K’1,n—1(D)) = Z 1=n
1

Therefore, the Reach Energy of directed star is independent of its orientation.

4. Properties of Reach Eigen values

Theorem 4.1: Let D be any digraph. If A4, 4,, ..., 4,, are the reach eigen values of R(D),
then the following condition holds.
i. ?=1 /11' =n
i. Y A =n+a+p;
where a = Y5 ;11 and B = X< 17
Proof:
i. Sum of eigen values of R(D) is same as the trace of R(D).
e, Xt =X Tu s
Since each vertex is reachable from itself, all the diagonal entries must be 1.
=14+1+1+--41(ntimes)
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Therefore,

n
;)lizn

Since, the sum of squares of the eigen values of R is the trace of [R(D)]?

n n
2 _

n n

= Z Tyt + z TijTji

i=j=1 i%j=1
_ 2
= Z(rii) + z Tt + Z TijTji

i=j i>j i<j
=n+a+ B ; where a = Zi>jrij7jii and ﬁ = Zi<jrijrji
Therefore,

n
Zli2=n+a+ﬁ
i=1

5. Bounds for Reach Energy

Theorem 5.1: Let D be a directed graph. Let Z be the absolute value of determinant of
the reachability matrix R of D i.e., Z = |det R(D)]|
Then

nyn+a+f < Ex(D) SJ(n+d+ﬁ)+n(n—1)ZZ/n

Proof:

We know that Cauchy Schwarz inequality is
2 2 2

o) ()

i=1 i=1 i=1

Put a; = 1, bi = |}'l|
n 2 n 2 ,n

(Zw) < (Z 1> <2Mi|2>
i=1 i=1 i=1

[ER(D))? <n’(n+a+p)

ExD) <nn+a+p 1)

Since arithmetic mean is not smaller than geometric mean, we have
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1

n(n-1)
1)Z|/1 10 = { ] Jadla)
i#j i#j
n(n 1)
— HM |2(n 1))
i=1
. n
_ —[I/l I
‘l=1
2
n n
[T
i=1 2 2
= |detR(D)|r = Zn
Therefore,
2
YizjlAil|4j]| = n(n—1) za (2)

Now consider,

[ER (D) (ZM |)
ZM 24 ) 12l

li]

> (n+a+p) +nm—1)2z%); by (2)

Hence, Ex(D) = \/(n +a+f)+nn—-1) 7
From (1) and (2),

nyn+a+ f < Ezx(D) S\/(n+a+ﬁ) +n(n—1)z2/n
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