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Abstract

Let GG be non-trivial graph. A subset D of the vertex set V(G) of a
graph G is called a dominating set of G if every vertex in V' — D is
adjacent to a vertex in [). The minimum cardinality of a dominating
set is called the domination number and is denoted by (G). If V — D
contains a dominating set S of G, then S is called an inverse domi-
nating set with respect to D. In an inverse dominating set .S, every
pair of vertices u and v in S such that (deg(u), deg(v)) = 1, then S is
called relatively prime inverse dominating set. The minimum cardi-
nality of a relatively prime inverse dominating set is called relatively
prime inverse dominating number and is denoted by 7;,'(G). In this
paper we find relatively prime inverse dominating number of some
jump graphs.
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1 Introduction

By a graph, we mean a finite undirected graph with neither loops nor mul-
tiple edges. For graph theoretic terminology, we refer to the book by Chartrand
and Lesniak [1]. All graphs in this paper are assumed to be non-trivial. In a graph
G = (V, E), the degree of a vertex v is defined to be the number of edges incident
with v and is denoted by deg(v). A set D of vertices of graph G is said to be a
dominating set if every vertex in V' — D is adjacent to a vertex in ). A dominating
set D is said to be a minimal dominating set if no proper subset of D is a dom-
inating set. The minimum cardinality of a dominating set of a graph G is called
the domination number of GG and is denoted by (G). Kulli V. R. et al. introduced
the concept of inverse domination in graphs [8]. Let D be a minimum dominating
set of G. If V' — D contains a dominating set S, then S is called a inverse domi-
nation set of G with respect to D. The inverse domination number v~ (.9) is the
minimum cardinality taken over all the minimal inverse dominating set of GG. The
Jewel graph J,, is a graph with vertex set V' (.J,,) = {u, z,v,y,v; : 1 <i < n} and
edge set E(J,) = {uz, vz, uy, vy, zy, uwv;, vv; © 1 < i < n}[7]. Bistar B,,, is
the graph obtained by joining the center vertices of star graphs K ,, and K, ,, by
an edge. The vertex set of B, ,, is {u,v,u;,v; : 1 <i <m,1 < j < n} where
u, v are apex vertices and u;, v; are pendent vertices. The edge set of B,,,, is
{uv, uu;,vv; : 1 <i<n,1 <j<m}and|V(By.,) =m+n+2,|E(By,,)| =
m + n + 1[2]. A spider graph is a tree with at most one vertex of degree greater
than 2[2]. Let P, be a path graph with n vertices. The Comb graph is defined as
P, ® K. It has 2n vertices and 2n — 1 edges[3]. A wounded spider graph is a
graph obtained by subdividing at most n — 1 edges of a star K ,,. The wounded
spider includes K, the star K ,_1[9]. A set S C V is said to be relatively prime
dominating set if it is a dominating set with at least two elements and for every
pair of vertices u and v in S such that (deg(u),deg(v)) = 1. The minimum car-
dinality of a relatively prime dominating set of a graph G is called the relatively
prime domination number of G and is denoted by 7,.,.(G) [5]. The purpose of this
paper is to study about the concept of relatively prime inverse domination on line
graphs.

Definition 1.1. [6]Let D be a minimum dominating set of a graph G. If V. — D
contains a dominating set S of G, then S is called an inverse dominating set with
respect to D. If every pair of vertices w and v in S such that (deg(u), deg(v)) = 1,
then S is called relatively prime inverse dominating set. The minimum cardinality
of a relatively prime inverse dominating set is called a relatively prime inverse
domination number and is denoted by ’y&}(G). If the relatively prime inverse
dominating set is absent, then 7y, (G) = 0.

Definition 1.2. [4]A line graph L(G) of a simple graph G is obtained by associ-
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ating a vertex with each edge of the graph and connecting two vertices with an
edge if only if the corresponding edges of G have a vertex in common.

Example 1.1. Consider the graphs G and L(G) which are given Figure 1. Clearly
{e1,e4} is a minimum dominating set of L(G) and {ea, €5} is a corresponding
minimum inverse dominating set of L(G) and (deg(ey),deg(es)) = (4,3) = 1
and so ;' L(G) = 2.

€1

€g ey

€7 €3
€4

€6
€5
L(G)

Figure 1: G, L(G)
We use the following theorem:
2 af 3<n<5
Theorem 1.1. [8] For a path P,, v, (P,) = (3 if n=6,7
0  otherwise

2 Relatively prime inverse domination on line graph
Theorem 2.1. For the spider graph K ,, ,, fy;pl(L(Kl,mn)) =n.

Proof. Let v be the centre vertex and the end vertices of K ,, be vy, v, ..., v,. Let
Uy, Us, ..., Uy, represent the vertices connected with vy, v, ..., v, respectively. The
resulting graph is the spider graph K, ,, with vertex set V(K1 ,,.,) = {v,v;,v;
1 <i < n}and E(Ky,,) = {vv,vv;, : 1 <i < n}. Clearly, deg(v) = n,
deg(v;) = 2, and deg(v;) = 1,1 < i < n. Let the line graph of the graph K,
be L(K ). Denote the edges vv; by e; and v;v; by e; . Clearly V(L(K1pn)) =
{eie; 1 < i < n}and E(L(K1,,)) = {eiej, eie; - 1 < i # j < n}. Let
D be a minimum dominating set of L(K;, ) and S be a corresponding mini-
mum inverse dominating set of L(K ). Although L(K, ,) contains n end

334



C. Jayasekaran, L. Roshini

vertices, any minimum dominating set of L(K ,,) must include at least n ver-
tices of L(K ). Clearly, D = {¢; : 1 < i < n} is a minimum dominating set
and S = {e; : 1 < i < n} is the corresponding minimum inverse dominating set of
L(K\ ). Since deg(e;) = deg(e;) =1forl <i# j<mn,S isaminimum rela-
tively prime inverse dominating set of L((K1n,)). As aresult, v, (L(K1nn)) =

n. ]

v €1 €2 ,

G o €2
€

I

€3

(/> 4 €3 ©
€4
L(K1,44)

Figure 2: Ky 44, L(K14.4)

Theorem 2.2. For the wounded spider graph K\, s, 7, (L(G)) = s + 1 where
s <n.

Proof. Let v be the centre vertex and vy, v, ..., v, be the end vertices of K ,,.
Attach uq, us, ..., us to vy, vy, ..., v, as appropriate where s < n. The resulting
graph is the wounded spider graph K ,, ; with vertex set V (K1, ) = {v,v;, uj
1 <i<nl<j<s}and E(Ky,s) ={vv,vu; 1 <i<n1l<j<sh
Clearly in K ,, 5, deg(v) = n,deg(v;) = 2,1 <i < s,deg(vy) =1,s+1<i<n
and deg(u;) = 1, 1 < ¢ < s. Let the line graph of the graph K ,, ; be L(K )
where we denote the edge vv; by e; and v;u; by e;-, 1 <1< n,1 <5 <s. Clearly,
V(L(K1 ) = {e, e; :1<i<n,1<j<s}and E(L(K;,;)) = {eiek,eje;- ;
1 <i#k<n1<j<s} Alsoin L(Ky,y), deg(e;) = n, deg(e;.) = 1 and
deg(e;) =n—1,1<j <sand s+ 1 < i < n. Let D be a minimum domi-
nating set of L(K , ;) and S be a minimum inverse dominating set of L(K ,, ;)
with respect to D. Since L(K , ;) contains s end vertices, any minimum dom-
inating set of L(K , ) must include at least s vertices of L(K ). Clearly, D
={e; : 1 < j <s}and S = {e,, e;- : 1 < j < s} is a corresponding mini-
mum inverse dominating set of L(K , ). Since the degree sequence of vertices
in S'is (n,1,1,...,1), S is a minimum relatively prime inverse dominating set of
L((K1n,s)) and hence v, (L(K1 ) = s + 1. O
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v €4 €5
e I
e 1 gl
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L(Ki53)

Figure 3: K153, L(K153)

Theorem 2.3. For the jewel graph J,,, 7, (L(J,)) = 2 ifn > 1.

Proof. Consider a 4-cycle zwyux. Join x and y. Now adding n new vertices
vi,1 < 1 < n. Join v; with v and w,1 < ¢ < n. The resulting grph is the
jewel graph J,, with vertex set V' (J,) = {z,y,u,w,v; : 1 < i < n} and edge
set E£(J,) = {ei,e;-,e;' 1 < i <51 < j < n}, where e; = zw, ey =
wyY, ez = YU, €4 = UT,€5 = xy,e;- = uvj,e;-' = wvj,. Let the line graph of J,
be L(J,) where V(L(J,)) = E(J,) = {ei,ej,e; : 1 < i <51 < j<n}
and E(L(J,)) = {eieiﬂ,6164,e5ej,e;ei,e;-e;€,e;-'em,e;e; 1 <i<3,1<75<
k,p<n,3<1<4,1<m<2},i%#k. LetD beaminimum dominating set
of L(.J,) and S be a corresponding minimum inverse dominating set. In L(.J,),
the number of vertices is 2n + 5 and the maximum degree is 2n — 1 and so any
minimum dominating set contains at least two vertices. Now e; is adjacent to
all vertices except es and e;, 1 <11 <mn; e’l is adjacent to eg, ey, elll and e;, 2 <
i < n. Hence D = {ey,e;} is a minimum dominating set of L(.J,,). Clearly,
S = {es,e;} € V — D is also a minimum dominating set of L(.J,). Hence,
S is a minimum inverse dominating set of L(.J,,). In L(.J,,), deg(es) = n + 3,
deg(e]) = n + 2 and therefore (deg(es),deg(e})) = (n + 3,n + 2) = 1. This
implies that .S is a minimum relatively prime inverse dominating set of L(.J,,) and
50 7, (L(J)) = 2. O
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Figure 4: Jy, L(J7)

2if (m,n) =1

Theorem 2.4. For the bistar graph B, ,,, fy@}(L(Bm n)) = _
’ ’ 0 otherwise

Proof. A bistar graph B,, ,, consists of two star graphs K ,, and K, having
center vertices uy and v, respectively. Join 1 and vy with an edge. The resulting
graph is a bistar graph B,, , with the vertex set V(B,,,,) = {u;,v; : 0 < @ <
m,0 < j < n} and edge set E(B,,,) = {uou;, vovj, upvp : 1 < i < m,1 <
j < n}. Let the line graph of B,, ,, be L(B,,,) with the vertex set V (L(B,,,,)) =
{eo,ei,e;- 1 <1 <m,1 <75 <n} where ey = ugvp, €; = ugl;, e;» = vov; and
edge set E(L(B,,.)) = {eoes, eoe;-, eiek,e;eg 1 <i#kE<m,1<j#I1<n}
Clearly in L(B,,,), deg(eg) = m + n,deg(e;) = m and deg(e;) =n,1 <
i <m,1 < j <n.LetD beaminimum dominating set of L(B,,,) and S be
a corresponding minimum inverse dominating set of L(B,,,). In L(B,,,), the
vertex ey dominates all other vertices and so the unique minimum dominating set
ofis D = {eg}. In V — D, each e, dominates ey and all other ¢;,1 < i < m
and 7 # x and also each e; dominates all other e;-, j#wyand 1 < j < n. Hence
a minimum inverse dominating set S = {e,, e;} for some x,y where 1 < z <
m,1 <y < n.Now in L(B,, ), (deg(ex),deg(e;)) = (m,n). This implies that
S is a minimum relatively prime inverse dominating set if and only if (m,n) = 1.
Hence the proof.

]
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Figure 5: B3 4, L(Bj34)

Theorem 2.5. For the comb graph P,, ® K,

2ifn=2,3
Y (L(P, © K1) = 3if n=4,5

0 otherwise

Proof. Consider the path P,, = v,vs....v,,. For 1 <7 < n, add vertex u; which is
adjacent to v;. The resulting graph G = P,, ® K is a comb graph with vertex set
V(GQ) = {vi,u; : 1 < i <n}andedge set £(G) = {ei,e; 1<i<n—1,1<
Jj <n}wheree; = viviﬂ,e; = vju;,1 <i<n—1,1<j < n. Letthe line graph
of comb graph G be L(G) where the vertex set V(L(G)) = E(G) = {e;, e;- 1<
i <n—1,1<j<n}andedge set E(L(G)) = {eie;s1,¢je;,e5e; 1 : 1 < i <
n—2,1<j<n-—1} Clearly in L(G), deg(e;) = 4,2 < i <n—2,deg(e;) =
deg(en—1) = 3, deg(e}) =22 <j<n—1landdeg(e;) = deg(e,) = 1. Let D be
a minimum dominating set of L(G) and S be a corresponding minimum inverse
dominating set of L(G). Now we cosider the following five cases.

Casel.n =2
Then L(G) is Ps. By Theorem 1.1, 7, (L(G)) = 2.
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Figure 6: P2 ® K19 L(P2 ® Kl)

Case2.n =3

In L(G),e; is adjacent to all vertices except e;), e; is adjacent to es only.
Hence, D = {e;, 5} is a minimum dominating set of L(G) and a correspond-
ing minimum inverse dominating set S = {ey, ¢, }. In L(G), (deg(es), deg(e;)) =
(3,1) = 1. This implies that .S is a minimum relatively prime inverse dominating
set of L(G) and so v, (L(G)) = 2.

e €2
U1 V2 (%]
€1 €2
6 ! ! !
1 e, €3 ey
Uy Uz Uus / ,
€3 e,
Py o K,
L(P;© Ky)

Figure 7: P; ® Ky, L(P3 ©® K;)

Case3. n=14

In L(G), e, is adjacent to all vertices except ez and e;, i = 3, 4; ey is adjacent to
all vertices except e, e;, i =1,2. Hence, D = {ey, e3} is a minimum dominating
set of L(G) and a corresponding minimum inverse dominating set S = {e, €], ¢, }.
The degree sequence vertices in S is (4,1,1). This implies that S’ is a minimum
relatively prime inverse dominating set of L(G) and so v,,'(L(G)) = 3.
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Figure 8: P, ® K1, L(Py ® K;)

Case4.n =5

In L(G), e, is adjacent to all vertices except e;,7 = 3,4, ¢}, ey, es; e3 is ad-
jacent to all vertices except ey, e}, €y, €l5; 6l5 is adjacent to all vertices except ey.
Hence, D = {ey, €3, €l5} is a minimum dominating set and a corresponding min-
imum inverse dominating S = {e,, e4, €, }. In L(G), the degree sequence of ver-
tices in S is (4, 3,1). This implies that S is a minimum relatively prime inverse
dominating set of L(G) and so v,,' (L(G)) = 3.
Case5.n>6

The degree sequence of L(G) is {4,4,--- ,4(n—3)times, 3,3,2,2,--- ,2(n—
2)times, 1,1}. Any minimum dominating set must contain at least four vertices
and so any minimum inverse dominating set S as at least four vertices of dif-
ferent degrees and thereby, there exists a pair of vertices (z,y) in S such that
(deg(x),deg(y)) = 2 or 4. Hence, v, (L(G)) = 0.

Thus the theorem following five cases. 0

3 Conclusion

Inspired by inverse dominating set and relatively prime dominating set, we
introduce the relatively prime inverse domination number on line graph. We have
determined the relatively prime inverse domination on line graph of some stan-
dard graphs like spider graph, wounded spider graph, jewel graph, bistar graph,
and comb graph. Furthermore our results are also justified with suitable examples.

340



C. Jayasekaran, L. Roshini

The relatively prime inverse domination number can be obtained for many more
graphs.
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