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on Fan Digraphs
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Abstract

Gaussian integers are complex numbers of the form y = x + iy where x and y are
integers andi? = —1. The set of Gaussian integers is usually denoted by Z[i]. A
Gaussian integer y = a + ib € Z[i] is prime if and only if eithery = +(1 £ i), N(y) =
a’ + b? is a prime integer congruent to 1 (mod 4), or y = p + 0i or = 0 + pi where p
is a prime integer and |p| = 3(mod 4). Let D = (V, A) be a digraph with |[V| = n. An
injective function f: V(D) — [y,] is said to be a Gaussian twin neighborhood prime
labeling of D, if it is both Gaussian in and out neighborhood prime labeling. A digraph
which admits a Gaussian twin neighborhood prime labeling is called a Gaussian twin
neighborhood prime digraph. In this paper, we introduce some definitions of fan
digraphs. Further, we establish the Gaussian twin neighborhood prime labeling in fan
digraphs using Gaussian integers.
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1. Introduction

Graph labeling is an assignment of integers to the vertices or edges or both
subject to certain conditions. The concept of graph labeling was introduced by Rosa in
[1]. An useful survey on graph labeling by J.A. Gallian can be found in [2]. Spiral
ordering of the Gaussian integer was first introduced by Hunter Lehmann and Andrew
Park in [4]. T. J. Rajesh Kumar and T. K. Mathew Varkey [7] introduced the concept of
Gaussian neighborhood prime labeling of a graph. K. Palani [6] et.al, introduced the
concept of Gaussian twin neighborhood prime labeling in digraphs.

Let D = (V,A) be a digraph of ordern. Then V is the set of vertices of D
with|V| = n, and A is the set of arcs of D consisting of ordered pairs of distinct vertices.
The in-degree d~(v) of a vertex v in a digraph D is the number of arcs having v as its
terminal vertex. The out-degree d* (v) of v is the number of arcs having v as its initial
vertex [2]. Throughout this article we use only digraphs.

In this article, we introduce the definition of fan and double fan digraphs by
orienting fan and double fan graphs. Also, we investigate the existence of Gaussian twin
neighborhood prime labeling in fan digraphs.

2. Preliminaries

The following basic definitions and properties are from [4]
Definition 2.1. Gaussian integers are complex numbers of the form y = x + iy where x
and y are integers andi? = —1. The set of Gaussian integers is usually denoted byZ[i].
A Gaussian integer is even if 1 + i dividesy. Otherwise it is an odd Gaussian
integer.

Definition 2.2. A Gaussian integer y = a + ib € Z][i] is prime if and only if either
Hy=x1x0)

(i) N(y) = a? + b? is a prime integer congruent to 1 (mod 4), or

(iii) y = p + 0i Or = 0 + pi where p is a prime integer and|p| = 3(mod 4).

Definition 2.3. The spiral ordering of the Gaussian integers is recursively defined
ordering of the Gaussian integers. We denote the nth Gaussian integer in the spiral
ordering by y,,. The ordering is defined beginning with y; = 1 and continuing as:

Yn+1 =

(Vn + 1 if Re(y,) = 1 (mod 2),Re(y,,) > Im(y,) + 1
Yn—1 if Im(y,,) = 0 (mod 2), Re(y,) < Im(y,) + 1, Re(yy) > 1
< Y+ 1 if Im(y,,) = 1 (mod 2),Re(y,,) < Im(y,,) +1
Yn + 1 if Im(y,,) = 0 (mod 2),Re(y,,) =1
Yo — 0 if Re(y) = 0 (mod 2),Re(y,) = Im(y,) + 1,Im(y,) > 0
\y, + 1 if Re(y,,) = 0 (mod 2),Im(y,,) =0

and [y,,] denotes the set of first n Gaussian integers in the spiral ordering.

Properties 2.4. 1. A Gaussian integer y = x + iy is called a prime Gaussian integer if
its only divisors are +1, +i, +y or tyi.
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2. Two Gaussian integers x and y are relatively prime if their only common divisors are
the units inZ[i].
3. Let y be a Gaussian integer and let u be a unit. Then y and y + u are relatively prime.
4. In the spiral ordering, consecutive Gaussian integers are relatively prime.
5. In the spiral ordering, consecutive odd Gaussian integers are relatively prime.
6. Let @ be a prime Gaussian integer and y be a Gaussian integer. Then y and y + « are
relatively prime if and only ifa t y.
7. Let y be an odd Gaussian integer, let t be a positive integer and u be a unit. Then y
and y + u(1 + i)t are relatively prime.

The following definitions are taken from [6]

Definition 2.5. Let D = (V,A) be a digraph with |V| =n. An injective function
f: V(D) = [yn] is called Gaussian in-neighborhood prime labeling of D, if for every
vertex v € V (D) withd~(v) > 1, the Gaussian integers in the set {f (u):u € N™(v)}
are relatively prime where N~ (v) = {u € V (D) : uv € A(D)}.

Definition 2.6. Let D = (V,A) be a digraph with|V/| =n. An injective function
f: V(D) = [yn] is called Gaussian out-neighbourhood prime labeling ofD, if for
every vertex v € V (D) withd®(v) > 1, the Gaussian integers in the set {f(u):u €
N*(v)} are relatively prime whereN*(v) = {u € V (D) : vu € A(D)}.

Definition 2.7. Let D = (V, A) be a digraph with|V| = n. A function f: V(D) - [y,] is
said to be a Gaussian twin neighbourhood prime labeling ofD, if it is both Gaussian
in and out neighborhood prime labeling. A digraph which admits Gaussian twin
neighborhood prime labeling is called a Gaussian twin neighborhood prime digraph.

Observation 2.8.
1. If D is a digraph such that N*(v) or N~(v) are either ¢ or singleton set, then D
admits a Gaussian twin neighborhood prime labeling.
2. A neighborhood prime digraph D in which every vertex is such that either its in-
degree or out-degree at most 1 is Gaussian twin neighborhood prime.

The following definitions are referred from [8].

Definition 2.9. Fan graph is defined as the graphP, + K;, n = 2 where K; is the empty
graph on one vertex and P, a path graph on n vertices.

Definition 2.10. A double fan DF, consists of two fan graphs with a common path. In
other wordsDF, = P, + K,,n > 2.

3. Fan Digraphs

In this section, some new digraphs are introduced by orienting fan graphs in
different possible ways and named accordingly. Also we investigate the existence of the
Gaussian twin neighborhood prime labeling of those digraphs.
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Definition 3.1. In a fanF, = P, + K;, orient the edges of the path P, clockwise or
anticlockwise and the spoke edges towards the central vertex. Call the resulting digraph

as in-fan and denote it byiF,.

Definition 3.2. In a fanF, = P, + K;, orient the edges of the path P, clockwise or
anticlockwise and the spoke edges away from the central vertex. Call the resulting

digraph as out-fan and denote it byoF,.

Definition 3.3. A fanF, = B, + K, is said to be an alternating fan (AF,{) if the edges of
the path B, are oriented clockwise or anticlockwise and the spoke edges alternately.

Definition 3.4. In a fanF, = B, + K;, orient the path edges alternately and the spoke
edges towards the central vertex. Call the resulting digraph as alternating in-fan and

denote it byAiF,.

Definition 3.5. In a fanE, = B, + K;, orient the edges of the path B, alternately and the
spoke edges away from the central vertex. Call the resulting digraph as alternating out-

fan and denote it byAoF,.

Definition 3.6. In a fanF, = B, + K;, orient the edges of the path B, alternately and the
spoke edges such that either d*(v) > 0 ord~(v) > 0 Vv € V(B,). Call the resulting

digraph as sole double alternating fan and denote it bySDAF,{.

Definition 3.7. In a fanE, = B, + K;, orient the edges of the path B, alternately and the
spoke edges such that neither d*(v) > 0 nord~(v) > 0 V v € V(B,). Call the resulting

digraph as di-double alternating fan and denote it byDDAFTQ.

Theorem 3.8. In-fan (if,{) admits Gaussian twin neighborhood prime labeling for n >
2.

Proof: Let n > 2 and let vy, v,, ..., v, be the vertices of the directed path E{ and u be
the apex vertex.

Then A(ifn’) ={vv, 411 <i<n-1}u{yull <i < n}isthearc set.

This digraph has n + 1 vertices and 2n — 1 arcs.

Define an injective function £:V(iF,) = [Vns1] bY f(w) = 1 and f(v)) = yi4q forl <
i <n

Here,d~(u) > 1. Further, the labels of the in-neighborhood vertices of u are
consecutive Gaussian integers in the spiral ordering and so they are relatively prime.

N-(v) =¢p AndN~(v;) = {v;_1}for2 <i<n.

Therefore, f is a Gaussian in-neighborhood prime labeling.
Next to prove f is also a Gaussian out-nighborhood prime labeling.
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Now d*(v;) > 1 for 1 <i < n — 1. Here, the out-neighborhood vertices of v;(1 < i <
n — 1) contains the Gaussian integer y; =1 and y, is relatively prime to all the
Gaussian integers.

Further, N*(v,) = {u}andN*(u) = ¢.

Therefore, f is a Gaussian out-neighborhood prime labeling.
Which implies f is a Gaussian twin neighborhood prime labeling.

Hence, in-fan (iE{) admits Gaussian twin neighborhood prime labeling forn > 2.

Theorem 3.9. Out-fan (oF,{) admits Gaussian twin neighborhood prime labeling forn >
2.

Proof: Let n > 2 and let vy, v,, ..., v, be the vertices of the directed path PTL and u be
the apex vertex.

Then A(0oF,) = (Bl < i <n—1}U {uy|1 < i < n} is the arc set.

This digraph has n + 1 vertices and 2n — 1 arcs.

Define an injective function f:V(0F,) = [Yns1] by f(w) =y, and f(v) = yi4q
forl <i<n.

Now d~(v;) > 1 for 2 < i < n. In the above labeling, the in-neighborhood vertices of
v; contains the Gaussian integer y; = 1 which is relatively prime to all Gaussian
integers.

Further, N~ (v,) = {u} andN~(u) = ¢.

Therefore, f is a Gaussian in-neighborhood prime labeling.
Next to prove f is also a Gaussian out-nighborhood prime labeling.

Now d*(u) > 1 and the labels of the out-neighborhood vertices of u are consecutive
Gaussian integers in the spiral ordering and so they are relatively prime.

Also, N*(v;) = {vj;3fori<i<n—1and N (v,) = ¢

Therefore, f is a Gaussian out-neighborhood prime labeling.
Which implies f is a Gaussian twin neighborhood prime labeling.

Hence, out-fan (oF?) admits Gaussian twin neighborhood prime labeling for n > 2.

Theorem 3.10. Alternating fan (AFTQ) admits Gaussian twin neighborhood prime
labeling for n > 2.

Proof: Let n > 2 and let vy, v, ..., v, be the vertices of the directed path PTL and u be
the apex vertex.

This digraph has n + 1 vertices and 2n — 1 arcs.
Case (i): nis odd
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. n-1 [ — , n-1 _ , n+1
1<i< T} U {U21U21+1|1 <i< T} U {vzl_1u|1 <1< T} U

A(AE;) = {V21—1V21

—
{uvzl

1<i< nT_l} is the corresponding arc set.

n+1

fa) = I forl <i < "T‘l

Clearlyd (u) >1andd (vy;) >1for1 <i < nT_l

Now N~ (u) = {vy,v3, .., 05,1} fOr1 <i < "TH and the labels of the in-neighborhood
vertices of u are consecutive Gaussian integers in the spiral ordering and hence are
relatively prime.

Further, N~ (vy;) = {u,vy;_1} for 1 <i < "T_l and the label set of the in-neighbors of
v,; containsy; = 1.

AISO, N_(vl) = ¢ and N_(vzi_l) = {vzi_z} fOI’ 2 < i < nTH
Therefore, f is a Gaussian in-neighborhood prime labeling when n is odd.
Next to prove f is also a Gaussian out-neighborhood prime labeling.

Now d*(u) >1and d*(v,_,) > 1forl1 <i < "TH

Nt(w) = {vy, vy, .., 09} for 1<i < "T_l and the out-neighborhood vertices of u are

labeled with the consecutive Gaussian integers in the spiral ordering and so by the result
1.4(4), the labels are relatively prime.

Now N*(v;-1) = {u, v} for 1 < i <™= and N*(v,) = {u}.

Also, the out-neighborhood vertices of vy (1 <i < nT_l) contains the Gaussian
integer y; = 1.

Further, N*(vy;) = {vgi41} for1 <i < nT_l

Therefore, f is a Gaussian out-neighborhood prime labeling when n is odd.
f is a Gaussian twin neighborhood prime labeling when n is odd.
Case (ii): nis even

A(AE:) = {V21—1vzz

. - . -2 - .
1<i<Yu{mmmn|t<i<Zu{moui<i<u

{uvzj 1<i< %} is the corresponding arc set.
Define f: V(AF,:) = [Yne1] bYf (W) = y1; f(vgi-1) = vip for1 <i < g and f(vy;) =
. n
Y, fort <i< >
2

Clearly d~(u) > 1and d~(vy;) > 1forl <i < 2

Now N~ (u) = {vy,v3, ..., V9;_1} fOr 1 <i sg and the labels of the in-neighborhood

vertices of u are consecutive Gaussian integers in the spiral ordering and so are
relatively prime.

14



Gaussian twin neighborhood prime labeling of fan digraphs

Further, N~ (vy;) = {u, vy} for 1 <i sg and the label set of in-neighbors of v,;
contains the Gaussian integery; = 1.

IA\ISO7 N_(vl) == ¢ and N_(Uzi_l) ES {vzi_z} f0r 2 S l S g

Therefore, f is a Gaussian in-neighborhood prime labeling when n is even.

Next to prove f is also a Gaussian out-nighborhood prime labeling.

Now d*(u) > 1and d*(vy;_) > 1fort <i <=

N*t(u) = {vy, vy, ..., 05} Forl <i Sg and the out-neighborhood vertices of u are

labeled with the consecutive Gaussian integers in the spiral ordering and so they are
relatively prime.

Further, N*(v,_¢) = {u, vy} for 1 < s% and the out-neighborhood vertices of
vi1(1<i < g) contains the Gaussian integery; = 1.

Also, N* (v;) = {vz101} for 1 < i < == andN*(v,) = ¢.

Therefore, f is a Gaussian out-neighborhood prime labeling when n is even.

f is a Gaussian twin neighborhood prime labeling when n is even.
Cases (i) and (ii) imply f is a Gaussian twin neighborhood prime labeling.

Hence, alternating fan (AFn)) admits Gaussian twin neighborhood prime labeling forn >
2.

Theorem 3.11. Alternating in-fan (AiF,{) is a Gaussian twin neighborhood prime
digraph forn > 2.

Proof. Let n > 2 and let vy, v,, ..., v, be the vertices of the directed path P? and u be
the apex vertex.

Case (i): nis odd
AAiF) = [t < i < v (Tt < i < o w1 < < 25 o

{vmu’ll <i< "T_l} is the corresponding arc set.

Define an injective function f: V(AiE,) = [yns1] by f(W) = y4;

fWaim1) =via for 1 < i <Z=and f(vy) = Yoy, for1 <i <™=
2

Hered (u) >1landd (vy;) >1for1 <i < nT_l

Clearly, the label set of in-neighborhood vertices of u contains consecutive Gaussian
integers in the spiral ordering and so they are relatively prime.

Now N~ (vy;) = {vgi_1, V41 fOr 1 <i < nT_l and the labels of the in-neighborhood
vertices of v,; are consecutive Gaussian integers in the spiral ordering

Further, N~ (v,;_1) = ¢ for1 <i < nTH

Therefore, f is a Gaussian in-neighborhood prime labeling when n is odd.
Next to prove f is also a Gaussian out-neighborhood prime labeling.
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Now d*(v,_;) >1for1<i< nT“ and the labels of vertices in N*(v,;_;) contains
the Gaussian integer y; = 1 which is relatively prime to all the Gaussian integers.
Further, N* (v;) = {u} for 1 < i <™= and N*(u) = ¢.

Therefore, f is a Gaussian out-neighborhood prime labeling when n is odd.

By (1) and (2), f is a Gaussian twin neighborhood prime labeling when n is odd.

Case (ii): nis even
A(AIR,) = {vaiva

{vzlu

. JE— . -2 JEE—— .
1<i<Y vl <i < u{moai i<

1<i< g} is the arc set.
Define an injective function f: V(AiF,) = [Yne1] byf(w) = y4;

f(vyi_q) =vig forl <i < %and f(vy) = Vi for1<i< %

Hered (u) >1andd (v,;) >1forl <i < nT_Z

Clearly, the label set of in-neighborhood vertices of u contains consecutive Gaussian
integers in the spiral ordering and so they are relatively prime.

Now N~ (vy;) = {vp;_1, U941} for 1 <i < nT_Z and the label set of in-neighborhood
vertices of v,; are consecutive Gaussian integers in the spiral ordering.

Als0, N™(v,) = {vp_g} and N™(vy;;) = p for 1 < i <,

Therefore, f is a Gaussian in-neighborhood prime labeling when n is even.

Now d*(v,_4) >1for1 <i< g and the out-neighborhood vertices of v,;_; contains
the Gaussian integer y; = 1 which is relatively prime to all the Gaussian integers.
Further, N*(vy;) = {u}for1 <i < g

Therefore, f is a Gaussian out-neighborhood prime labeling when n is even.

By (3) and (4), f is a Gaussian twin neighborhood prime labeling when n is even.
Cases (i) and (ii) imply f is a Gaussian twin neighborhood prime labeling.

Thus, an alternating in-fan (AiE) Is a Gaussian twin neighborhood prime digraph for
nz=2.

Theorem 3.12. Alternating out-fan (Aofn)) is a Gaussian twin neighborhood prime
digraph for n > 2.

Proof: Letn > 2.
Let vy, vy, ..., vy, be the vertices of the directed path F,{ and u be the apex vertex.
This digraph has n + 1 vertices and 2n — 1 arcs.
Case (i): nis odd
- E— . -1 - . -1 JEN . +1
A(AOFn) == {le_1v21|1 S l S nT} U {1721+11721|1 S l S nT} U {uv21_1|1 S l S nT} U

— . -1) - .
{uvzl|1 <i< ”—} is the corresponding arc set.
2

Define an injective function f:V(A0F,) = [Yns1] by f(W) = v
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f(vyi21) =vig  forl <i < "T“ and f(vy;) = Yoy, ., for1<i<2
2
Now d=(v,;) >1 for 1 <i < nT_l and the label set of in-neighbors of v,; are the
consecutive Gaussian integers in the spiral ordering.
Further, N~ (vz;-y) = {u} for 1 < i <™= andN~(u) = ¢.
Therefore, f is a Gaussian in- neighborhood prime labeling when n is odd.
Next to prove f is a Gaussian out-neighborhood prime labeling.

Now d*(u) > 1 and d*(vy,) > 1forz <i <™=
Clearly, the label set of out-neighborhood vertices of u contains all the vertices of the
path P, which are labeled with the consecutive Gaussian integers in the spiral ordering.
Further, N*(v,_q) = {vy_2, vy} for 2<i< "T_l and the labels of the out-
neighborhood vertices of v,;_; are consecutive Gaussian integers in the spiral ordering.
Also, N*(v;) = (v}, N* () = {vs_q}and N* () = p for 1 < i <™=,
Therefore, f is a Gaussian out-neighborhood prime labeling when n is odd.

(1) and (2) imply f is a Gaussian twin neighborhood prime labeling if n is odd.

Case (ii): nis even

g [ — . - . -2 _ .
A(AoE,) = {v21_1v21|1 <i< %} U {v21+1v21|1 <i< nT} U {uv21_1|1 <i< %} U

—
{uvzl

1<i< %} is the corresponding arc set.

Define an injective function f:V(40F,) = [Yns1] bY f() = y4;
fWaio1) = Vg for 1 < i <Zand f(vy) = Vo, for1<is >

Now d~ (vy) >1for1 <i < 2 and the label set of the in-neighborhood vertices of v,;
are consecutive Gaussian integers in the spiral ordering and so they are relatively prime.
Further, N™(u) = ¢ and N~ (vy;_;) = {u} for 1 < i< 2.

Therefore, f is a Gaussian in-neighborhood prime labeling when n is even.

Next to prove f is also a Gaussian out-neighborhood prime labeling.

Here d*(u) > 1and d*(vy;_y) > 1for2<i <=

Clearly, the labels out-neighborhood vertices of u contains consecutive Gaussian
integers in the spiral ordering and so are relatively prime.

Further, N*(v,;_,) = {v,;_,,v,;} for 2 <i Sg and the labels of out-neighborhood
vertices of v,;_, are consecutive Gaussian integers in the spiral ordering and so they are
relatively prime.

Also, N*(vy) = vy} and N*(vy) = ¢ for 1 < i <~

Therefore, f is a Gaussian out- neighborhood prime labeling when n is even.

(3) and (4) imply f is a Gaussian twin neighborhood prime labeling if n is even.

From the cases (i) and (ii), f is a Gaussian twin neighborhood prime labeling.

Thus, an alternating outfan (4oF,) is a Gaussian twin neighborhood prime digraph for
n=2.
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Theorem 3.13. Sole double alternating fan (SDAF,{) is a Gaussian twin neighborhood
prime digraph for n > 2.

Proof: Let V(SDAE,) = {u, v;|1 < i < n} be the vertex set where v; represent the ith
vertex of the directed path F,{ and u is the apex vertex.
This digraph has n + 1 vertices and 2n — 1 arcs.
Case (i): nis odd
n-1

A(SDAR,) = (Tt <i < vt < i < S u ot < i < 22 o

— . -1) . .
uv, |1 < i <==lis the corresponding arc set.
2

Define an injective function f: V(SDAF,) = [Vns1] by f(W) = y4;

fWaim1) = Yia forl S i <2and f(vy) = Ynen,,, for1< i<
2

Nowd (u) >1landd (vy;) >1forl <i < nT_l

The label set of in-neighborhood vertices of u are consecutive Gaussian integers in the
spiral ordering and so are relatively prime.

Also, the in-neighborhood vertices of v,; contains the Gaussian integer y; = 1 which is
relatively prime to all the Gaussian integers.

Further, N~ (vy;_¢) = {u}forl <i < nTH

Therefore, f is a Gaussian in-neighborhood prime labeling when n is odd.

Next to prove f is also a Gaussian out-nighborhood prime labeling.

Now d*(u) > 1and d*(v,_4) > 1forl <i < ”T“

The label set of out-neighborhood vertices of u are consecutive Gaussian integers in the
spiral ordering and so those are relatively prime.

Also, the label set of out-neighborhood vertices of v,;_; contains the Gaussian integer
y1 = 1 which is relatively prime to all the Gaussian integers.

N*(vy) = ¢ forl <i <™.

Therefore, f is a Gaussian out-neighborhood prime labeling when n is odd.

Case (ii): nis even

n-2

A(SDAR,) = {Tama|t i s Y u |t < i s 2 u{moaf1 < i < Hu

2
{uvzl

1<i< g} Is the arc set.

Define an injective function f: V(SDAF,) = [Vns1] by f(W) = y4;
f(wai_1) =vigfor1 <i < gand f(vy) = y§+i+1 for1<i< g
Now d~(u) > landd (vy;) >1for1 <i < 2

The label set of of in-neighborhood vertices of u are consecutive Gaussian integers in
the spiral ordering and so those are relatively prime.
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Further, the label set of in-neighborhood vertices of v,; contains the Gaussian integer
y1 = 1 which is relatively prime to all the Gaussian integers.

Also, N™(vy;_y) = pfor1 < i<z,

Therefore, f is a Gaussian in-neighborhood prime labeling when n is even.
Next to prove f is also a Gaussian out-nighborhood prime labeling.
Nowd*(u) >1andd*(v,_;) >1for1<i < %

The label set of out-neighborhood vertices of u are consecutive Gaussian integers and
so they are relatively prime. Then the out-neighborhood vertices of v,;_; contains the
Gaussian integery; = 1.

Also, N*(vy) = ¢p forl < i <.

Therefore, f is a Gaussian out-neighborhood prime labeling when n is even.

Case (i) and (ii) imply f is a Gaussian twin neighborhood prime labeling.

Hence, the Sole-double alternating fan (SDAF,{) is a Gaussian twin neighborhood prime
digraph forn > 2.

Theorem 3.14. Di-double alternating fan DDAFn is a Gaussian twin neighborhood
prime digraph forn > 2.

Proof: Let n > 2 and let V(DDAF,) = {u,v;|1 < i < n} be the vertex set where v
represent the ith vertex of the directed path E{ and u is the apex vertex.

This digraph has n + 1 vertices and 2n — 1 arcs.

Case (i): nis odd

n—-1

A(DDAR,) = {1 < i < o w1 < i < 2 ufmafr < i < 22 o

_ . 1) -
{uv21_1|1 <i< %} is the arc set.

Define an injective function f: V(DDAFE,) = [Yns1] by f(u) = y4;
. +1 . -1
fai-1) =Yg forl <i < nT and f(vy;) = )/(nz;l)-”-'-l for1<i< ”T

Nowd~(u) > 1. The label set of in-neighborhood vertices of u are consecutive
Gaussian integers in the in the spiral ordering and so they are relatively prime.
Also, d (vy,;)) >1for1<i < "T_l and the in-neighborhood vertices of v,; are labeled

with the consecutive Gaussian integers.

Further, N~ (vy;_¢) = {ulfor1 <i < nT“

Therefore, f is a Gaussian in-neighborhood prime labeling when n is odd.

Now d*(u) > 1 and the out-neighborhood vertices of u are consecutive Gaussian
integers in the labeling and so they are relatively prime.

Also, d*(vy;_) >1for2<i < nT_l and the label set of the out-neighborhood vertices
of v,;_4 contains the consecutive Gaussian integers in the spiral ordering.
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Further, N*(v,) = {v,}and N*(v,) = {v,,_1}.

N*(vy) = {u} for1 < i <™=
Therefore, f is a Gaussian out-neighborhood prime labeling when n is odd.
Case (ii): nis even

A(DDAF,) ={m’|1stsg}u{mhsts%‘z}u{mh <i<u
{u—172_l__1’|1 <i< %} is the arc set.

Define an injective function f: V(DDAE:) = [Vns1] DY f(U) = yq;

fzio1) = yisa for 1 < i< Zand f(vy) = Vrp fori<is >

Now d~(u) > 1 and labeling of the in-neighborhood vertices of u are consecutive
Gaussian integers in the spiral ordering and they are relatively prime.

Also, d (vy;)) >1for1 <i< "T_Z and the in-neighborhood vertices of v,; are labeled
with the consecutive Gaussian integers and so are relatively prime.

Further, N~ (v,) = {vp_1}and N~ (vy;_4) = {u}for1 <i < %

Therefore, f is a Gaussian in-neighborhood prime labeling when n is even.
Next to prove f is also a Gaussian out-nighborhood prime labeling.

Now d*(u) > 1 and the labeling of the out-neighborhood vertices of u are consecutive
Gaussian integers.

Also, d*(vy_;) >1for2 <i < gand the label set of the out-neighborhood vertices of
V12 <0 < g) are consecutive Gaussian integers in the spiral ordering and so are
relatively prime.

Also, N*(v;) = {v} and N*(v) = {u}for 1 < i <.

Therefore, f is a Gaussian out-neighborhood prime labeling when n is even.
Cases (i) and (ii) imply f is a Gaussian twin neighborhood prime labeling.

Thus the di-double alternating fan (DDAF,) is a Gaussian twin neighborhood prime
digraph forn > 2.

4. Double fan digraphs

In this section, some new digraphs are introduced by orienting double fan graphs
in different possible ways and named accordingly. Also, the Gaussian twin
neighborhood prime labeling is proved for those digraphs.

Definition 4.1. In a double fanDE, = B, + K, orient the edges of the common path P,
clockwise or anticlockwise and the spoke edges are towards the central vertex. Call the

resulting digraph as double in-fan and denote it byDiFTT
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Definition 4.2. In a double fanDF, = P, + K, orient the edges of the common path P,
clockwise or anticlockwise and the spoke edges away from the central vertex. Call the

resulting digraph as double out-fan and denote it byDan).

Definition 4.3. A double fanDF, = P, + K, is said to be a double alternating fan

(DAF,{) if the edges of the common path B, are oriented in clockwise or anticlockwise
and the spoke edges alternately.

Definition 4.4. In a double fanDF,, orient the edges of the common path B, alternately
and the spoke edges are towards the central vertices. Call the resulting digraph as

double alternating in-fan and denote it byDAoFTL.

Definition 4.5. In a double fanDF,, orient the edges of the common path B, alternately
and the spoke edges are away the central vertices. Call the resulting digraph is called a

double alternating out-fan and denote it byDAIF,.

Definition 4.6. In a double fan DF,, orient the edges of the common path B, alternately
and the spoke edges such that either d*(v) =0 or d~(v) =0V v e V(B,). The
resulting digraph is called a double sole-double alternating fan and denoted it as

DSDAE,.

Definition 4.7. In a double fan DF,, orient the edges of the common path B, alternately
and the spoke edges such that neither d*(v) =0 nor d~(v) =0V v € V(B,). The
resulting digraph is called a double di-double alternating fan and denote it by

DDDAF,.

Theorem 4.8. Double in-fan (Dif,{ )is a Gaussian twin neighborhood prime digraph.
Proof: Let V(DiF?) = {u,w,v;| 1 <i < n} where u and w are the apex vertices and
v; represent the ith vertex of the directed path P,.

Then A(DiF,) = (U7l 1<i<n—-1U@HE[l <i<n}Uu{Lw|1<i<n}is the
arc set.

This digraph graph has n + 2 vertices and 3n — 1 edges.

Define an injective function £:V(DiF,) = [Yns2] by(w) =1, f(W) = v, and f(v;) =
Yivo for1<i<n.

Hered=(w) > 1,d”(w) > 1.

By the definition of f, the in-neighborhood vertices of u and w are labeled by
consecutive Gaussian integers y; and y, in the spiral ordering and so are relatively
prime.

Now, N~ (v;) =¢pand N~ (v;) = {v;_}for2 <i <n.

Therefore, f is a Gaussian in-neighborhood prime labeling.
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Next to prove f is also Gaussian out-neighborhood prime labeling.

Now, d*(v;) >1for1 <i<n.

Further, N*(v;) = {u,v;;,,w} for 1 <i <n—1 and the labels of vertices in N*(v;)
contains the Gaussian integer y; = 1 which is relatively prime to all the Gaussian
integers.

Also, N*(v,,) = {u,w} and labels of u and w are consecutive Gaussian integers.
Further, N*(u) = NT(w) = ¢.

Therefore, f is a Gaussian out- neighborhood prime labeling.

f is a Gaussian twin neighborhood prime labeling.

Thus, double fan(Dif,:) is a Gaussian twin neighborhood prime digraph.

Theorem 4.9. Double out-fan(DoFT,) admits Gaussian twin neighborhood prime
labeling.

Proof: Let V(Dofn)) = {u,w,v;| 1 <i <n} where u and w are the apex vertices and
v; represent the ith vertex of the directed path P,.

Then A(DoF,) = (w1 1<i<n—-1Ju{uy|1 <i<n}u{wy|1<i<n}isthe
arc set.

This digraph has n + 2 vertices and 3n — 1 edges.

Define an injective function f: V(DoF,) = [yn2] by

fW =y1, fw) =y, and f(v;)) =y, forl<i<n

Now,d™(v;) >1for1 <i <n.

N~ (vy) ={u,wland N~ (v;) = {u,v;_;,wifor2 <i <n.

Clearly, label set of vertices in N~ (v;) contains the Gaussian integer y; = 1 which is
relatively prime to all the Gaussian integers.

Also, N~ (u) = N~ (w) = ¢.

Therefore, f is a Gaussian in-neighborhood prime labeling.

Next to prove f is also Gaussian out-neighborhood prime labeling.

Here d*(u) > 1,d*(w) > 1.

By the definition of f, the set of out-neighborhood vertices of u and w are labeled by
the consecutive Gaussian integers in the spiral ordering and which are relatively prime.
Further, N*(v;) = {vi;1}for1 <i<n-—1and N*(v,) = ¢.

Therefore, f is a Gaussian out-neighborhood prime labeling.

f is a Gaussian twin neighborhood prime labeling.

Hence, double out-fan (DoF,) admits Gaussian twin neighborhood prime labeling.

Theorem 4.10. Double alternating fan (DAFTQ) is a Gaussian twin neighborhood prime
digraph.

Proof: Let vy, v,, ..., 1, be the vertices of the path Fn) and u, w be the apex vertices.

Let V(DAF,) = {u,w,v;|1 < i < n} be the vertex set.

This digraph has n + 2 vertices and 3n — 1 arcs.

Case (i): nis even

A(DAR,) = (031021 S i S U a1 S i S ZH U Tl < i < YU

v W1 <i< g} Ufuvy, |1 <i< g} Ufwrg |l <i< g} is the arc set.
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Define an injective function f: V(DAE,) = [yns2] by f(1) = y4; f(W) =y, and
f(W2i—1) = vz and f(vy) = V%+i+2 for1<i< g

Here,d (u) >1,d (w)>1landd (vy) >1for1 <i < %

Clearly, the label set of in-neighborhood vertices of u and w are consecutive Gaussian
integers in the spiral ordering.

Further, N~ (vy;) = {vyi,u,w}for1 <i < g By the definition of f, the vertex u is
labeled as y; = 1, which is relatively prime to all the Gaussian integers.

Also, N~ (vy) = ¢ and N~ (vy;_1) = {vy; o} for2 <i < g.

Therefore, f is Gaussian in-neighborhood prime labeling when n is even.

Next to prove f is also Gaussian out-neighborhood prime labeling.

Now d*(uw) > 1,d*(w) > 1and d*(vy_,) > 1for1 <i < g.

Clearly, the label set of out-neighborhood vertices of u and w are labeled by
consecutive Gaussian integers in the spiral ordering.

Further, N* (vy;_;) = {v;,u,w} for 1 < i <= and by the definition of £, the label of u
is y; = 1, which is relatively prime to all the Gaussian integers.

Also, N* (v;) = {(vzie1} for 1 < i < Zand N*(v,) = ¢.

Therefore, f isa Gaussian out neighborhood prime labeling when n is even.

f is a Gaussian twin neighborhood prime labeling when n is even.

Case (ii): n is odd.

Then, A(DAF,) = (210211 < i S = U Ui l1 S i S = U Ty quill < i <
SR U oWl < i ST U gl <8< U {wvg |1 < i < T is the arc set.
Define an injective function f:V(DAE,) = [yns2] by f(1) = y4; f(W) = ¥, and
f(@ai-1) = Visg 00 f(v31) = Y(us), ., fOr 1 <0 <55

2
Here,d”(u) > 1,d~(w) > 1and d~(vy) > 1for1 <i <™=,
Clearly, the label set of in-neighborhood vertices of u and w are consecutive Gaussian
integers in the spiral ordering.
Further, N~ (vy;) = {vyi_,u,w}for1 <i < nT_l and by the definition off, the vertex u
has the label y; = 1, which is relatively prime to all the Gaussian integers.
Also, N™(v;) = ¢ and N~ (vzi_1) = {(vai-p} for2 < i <™=
Therefore, f is a Gaussian in- neighborhood prime labeling when n is odd.
Next to prove f is also a Gaussian out-nighborhood prime labeling.

n+1

Nowd*(u) > 1,d*(w) >1landd*(vy_,) >1for1 <i < —

By the definition off, the label set of out-neighborhood vertices of u and w consecutive
Gaussian integers in the spiral ordering.

Also, N*(vy;_1) = {vy,u,w}for1 <i < nT_l and the label of u is y; = 1 is relatively
prime to the Gaussian integers.
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N+(U2i) = {U2i+1} for1<i< nT_l

Further,N*(v,,) = {u,w}. The vertices u and v are labeled by y; and y, respectively.
Since y; and y, are consecutive Gaussian integers in the spiral ordering and so they are
relatively prime.

Therefore, f is a Gaussian out- neighborhood prime labeling when n is odd.

f is a Gaussian twin neighborhood prime labeling.

From both the cases, f is a Gaussian twin neighborhood prime labeling.

Hence, double alternating fan (DAF,{) is a Gaussian twin neighborhood prime digraph.

Theorem 4.11. Double alternating in-fan (DAiFn)) admits Gaussian twin neighborhood
prime labeling.

Proof. Let V(DAIF,) = {u,w,v;|1 < i < n} where u, wthe apex vertices are and v;
represent the ith vertex of the common pathP,.

This digraph has n + 2 vertices and 3n — 1 arcs.

Case (i): n is odd.

A(DAIF,) = (9511 S i S =3 U Tvall S i S “3 U il < <

TR Wl i S TRl < i< umwli i< is the
corresponding arc set.

Define an injective function f: V(DAiF,) = [Vns2] by(w) =y, fW) =7v,,

fii) =vi2  fori<i<™and f(vy) = V(ast)ypp fOr 1S < =

Here,d (u) >1,d"(w)>1landd (vy) >1for1 <i < nT_l

N~ (u) = N-(w) = {vy,v,, ...,v,}. The vertices v,,v,,...,v, are labeled with the
consecutive Gaussian integers in the spiral ordering and so they are relatively prime.
Further, N~ (vy;) = {v3i_1,V2i41} for 1 <i < nT_l and the labels of N~(vy;) are
consecutive Gaussian integers in the spiral ordering.

Also, N~ (v,;_1) = ¢pforl <i < HTH

Therefore, f is a Gaussian in-neighborhood prime labeling when n is odd.

Next to prove f is also Gaussian out-neighborhood prime labeling.

Here d*(vy_,) > 1for1 <i < "T_land dt(vy) >1for1<i < nT_l

Further, N*(v,) = {vy,u,w}and N*(v,;_1) = {u, w, vy;_5, v} for2 < i < nT_l

and the label set of out-neighborhood vertices v,;_;(1 <i < nT_l) contains the
Gaussian integer y; = 1 which is relatively prime to all the Gaussian integers.

Also, N*(vy) ={u,w} for 1 <i < nT_l and the vertices u and w are labeled by the

Gaussian integers y; = 1 and y, = 1 + i respectively.

Now, N*(u) = N*(w) = ¢.

Therefore, f is a Gaussian out-neighborhood prime labeling when n is odd.
f is a Gaussian twin neighborhood prime labeling when n is odd

Case (ii): nis even
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A(DAIFR) = (73, 10511 S i S U T w51 S i S S U g l1 < i < U
(Wil <i< %}u{m’u <i< g} U{mpwll<i< g} is the arc set.

Define an injective function £:V(DAIE,) = [Yn42] by f(w) = y1; f(W) =y, and
f(Wai-1) = Vi andf (vy;) = V§+i+2 fori<i< g

Here,d (u) >1,d"(w)>1landd (vy) >1for1 <i < "T_Z

By the definition off, the label set of the in-neighborhood vertices of u and w are
consecutive Gaussian integers in the spiral ordering and so they are relatively prime.
Further, N~ (vy;) = {v,i_1,V2i41} for 1 <i S"T_Z and the vertices in N~ (v,;) are
labeled by consecutive Gaussian integers in the spiral ordering.

Also, N™ () = {vp_1} and N~ (v ) = pfor1<i <.

Therefore, f admits a Gaussian in-neighborhood prime labeling when n is even.

Now d* (vy;_1) > land d*(vy) > 1for1 <i < %

Here, N*(u) = N*(w) = ¢.

Also, N*(v;) = {vp,u,w} and N*(vy;_1) = {vzi_3, vz u,w} for 2 < i< and the
labels of N*(v,_1)(1<i< g) contains the Gaussian integer y; =1 which is
relatively prime to all the Gaussian integers.

N*(vy) ={u,w} for 1<i< % and the vertices u and w are labelled by the

consecutive Gaussian integers y; = 1 and y, = 1 + i respectively. So the labels of
vertices in N* (v,;) are relatively prime.

Therefore, f is a Gaussian out- neighborhood prime labeling when n is even.

f is a Gaussian twin neighborhood prime labeling.

Hence, double alternating in-fan (DAiF,{) admits Gaussian twin neighborhood prime
labeling.

Theorem 4.12. Double alternating out-fan (DAoE[) is a Gaussian twin neighborhood
prime digraph.

Proof. Let V(DAoF,) = {u,w,v;|1 < i <n} where u,w are the apex vertices and v;
represent the ith vertex of the common path B,.

This digraph has n + 2 vertices and 3n — 1 arcs.

Case (i): n is odd.

A(DAOE,) = {21021 < i S = U D151 S i S = U Ui 1 < i <

nT“} Ufury, |1 <i < nT_l} Ufwr, {1 <i< nTH} U{wry,|l<i< nT_l} is the arc set.
Define an injective function £:V(DAoE, ) = [Vni2] by W) =y, f(W) =y,

. +1 . -1
f(Waic1) =Vige Tfor1<i< nTand f(vy) = )/(n_-l-l)+l.+2 for1<i< nT

2

Here, d~(vy;_,) > 1for1 <i < nT“and d~(vy) >1for1<i< nT_l
The vertices u and w has no in-neighbors.
Thatis, N~ (u) = N~ (w) = ¢.
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Now N~ (v,;_¢) = {u,w}for1 <i < "TH and the vertices u and w are labelled by the

consecutive Gaussian integers y; = 1 and y, = 1 + i respectively. So the labels of
vertices in N~ (vy;) are relatively prime.

Further, N~ (vy;) = {u,w,vy;_1, 0241} for 1§isn7_1 and the label set of in-
neighborhood vertices v,; contains the Gaussian integer y; = 1 which is relatively
prime to all the Gaussian integers.

Therefore, f is a Gaussian in-neighborhood prime labeling when n is odd.
Next to prove f is also Gaussian out-neighborhood prime labeling.

Now, d*(u) > 1, d*(w) > 1and d* (vy—,) > 1for2 <i <.

The out-neighborhood vertices of u and w are labeled by consecutive Gaussian integers
in the spiral ordering and so they are relatively prime.

Also, N*(vy;_1) = {Vai-2,V9;} for 2 <i S"T_l and the vertices v,;_, and v,; are

labeled by V(n_—l—l)+i+1 and ']/(n_-l—l)+i+2 which are consecutive Gaussian integers in the
2 2

spiral ordering.

N+(U1) = {v,} and N+(Un) = {Vn_1}.

Then, N*(v;) = ¢ for 1 < i <™=,

Therefore, f is a Gaussian out-neighborhood prime labeling when n is odd.

f is a Gaussian twin neighborhood prime labeling when n is odd

Case (ii): n is even

A(DAOE,) = {51021 S i S U {Uppvall S i S 20wy 1 < i < Y
{fuvy |1 <i < g} Ufwo,_l1<i< g} Uf{wog |l <i< 2} is the corresponding arc
set.

Define an injective function f:V(DAOE,) = [Vns2] by (W) = v, f(W) = v, ,
fWao1) = v  fori<i<Zand f(vy) = . fori<i<Z

Here, d~(vy;_4) > 1for 1<i<Zandd (vy) > 1for1<i<-.

Further, N~ (u) = N~ (w) = ¢.

Also, N=(vyi_1) ={u,w}for1 <i < 2 and the vertices u and w are labeled with the
consecutive Gaussian integers y; = 1 and y, = 1 + i respectively.

Here, N~ (vy;) = {u,w, vy;_1, Vg4 for1 <i < nT_Z and N~ (v,) = {u,w,v,_1}.
Further, the label of the in-neighborhood vertices of v,;(1 <i < g) contains the

Gaussian integer y; = 1 which is relatively prime to all the Gaussian integers.
Therefore, f is a Gaussian in-neighborhood prime labeling when n is even.
Next to prove f is also a Gaussian out-neighborhood prime labeling.

Now, d*(u) > 1,d*(w) > 1and d*(vy;_q) > 1for2 <i < 2

Clearly, the label of the out-neighborhood vertices of u and w are labeled by
consecutive Gaussian integers in the spiral ordering and so are relatively prime.
Also, N*(v;) = {v,}.
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Nt (vyi_1) = {32, v,;} For2 <i sg. The vertices v,;_, and v,; are labeled by

and yn which are consecutive Gaussian integers in the labeling in spiral

Yryi
2+l+1 2

ordering.

Also, Nt*(v,)) =¢p forl <i < g

Therefore, f is a Gaussian out-neighborhood prime labeling when n is even.
Therefore, f is a Gaussian twin neighborhood prime labeling when n is even.

Thus, double alternating out-fan (DAof,;) iIs a Gaussian twin neighborhood prime
digraph.

+i+2

Theorem 4.13. Double sole double alternating fan (DSDAF,) admits Gaussian twin
neighborhood prime labeling.

Proof: Let V(DSDAF,{) = {u, w,v;|1 < i < n} be the vertex set where v; represent the

ith vertex of the common path PT, and u, w be the apex vertices.
This digraph has n + 2 vertices and 3n — 1 arcs.
Case (i) n is odd.
A(DSDAF,) = (31911 S i S =3 U T qvall S i S =3 U Tl < i <
nT“} Ufuvg |1 <i < nT_l} Uf{vg,_wl1<i< "T“} Ufwrg |1 <i< nT_l} is the arc set.
Define an injective function f: V(DSDAF,) = [yn+2] by (W) = y1, f(W) = v,
. +1 . -1
f(vyi1) = Vi FOr1 <i < nT and f(vy;) = )/(nT-I—l)+i+2 fort <i < nT

Here, d~(u) > 1,d”~(w) > 1and d™(vy;) > 1 forl <i <™=,
Further, N=(u) = N~ (W) = {vy,v3,..., 05,1} for 1 <i< nT“ and the labels of

vertices in N~ (u) and N~ (w) are consecutive Gaussian integers in the spiral ordering
and hence are relatively prime.

Also N7 (vy;) = {u,w,v5;_1, V9413 for 1 <i < nT_l and the label of the vertex u is
y1 = 1 which is relatively prime to all the Gaussian integers.
Here, N™ (1) = ¢ forl <i <™.

Therefore, f is a Gaussian in-neighborhood prime labeling when n is odd.

Next to prove f is also Gaussian out-neighborhood prime labeling.

Here, d*(u) > 1,d*(w) > 1and d*(vy_y) > 1 for1 <i <™=

Now N*(u) = NT(W) = {v,, Uy, ..., Vg forl <i < nT_l

Clearly, the label set of out-neighborhood vertices of u and w are labeled by the
consecutive Gaussian integers in the spiral ordering and so they are relatively prime.
Also, N*(v;) = {u,w,v,}, NT(vy_1) = (Va2 Vo u,w}for2 <i < nT_3 and
N*(vp) = {w, w,vn_1}.

Further, the label of vertices in N*(v,;_,) for 1 <i SnT_l contains the Gaussian
integer y; = 1 which is relatively prime to all the Gaussian integers.

Also, N*(vy) = ¢ for 1 <i <™=,
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Therefore, f is a Gaussian out-neighborhood prime labeling when n is odd.

Therefore, f is a Gaussian twin neighborhood prime labeling when n is odd.

Case (ii): nis even

A(DSDAR,) = (3 1v7|1 S i S U Tqvil1 S i < U ll < i < v
Wl <ic< %} U{Twll<i< g} U{woyll<i< g} is the arc set.

Define an injective function £:V(DSDAE,) — [yns2] by f(W) = y1, f(W) = v,
fWao) =viee  fori<is<Zand f(vy) = Y (@)rine fori<is<Z

Here,d (u) >1,d"(w) >1andd (vy;) >1for1 <i < g

Now N~ (u) = N~ (W) = {v1,v3, ..., Vgi_q}fOr1 <i < gand the label set of vertices in
N~ (u) and N~ (w) are consecutive Gaussian integers in the spiral ordering.

Further, N~ (vy;) = {u, W, vg;_1, Vzizq} for 1 <i < nT_Z and N~ (v,) = {u,w,v,_1}.

By the definition of f, the label of the vertex u is y; which is relatively prime to all the
Gaussian integers.

N~(vy ) =¢pfori<i<Z

Therefore, f is a Gaussian in-neighborhood prime labeling when n is even.

Next to prove f is also a Gaussian out-nighborhood prime labeling.

Here d*(u) > 1,d*(w) > land d*(vy_,) > 1 for1 <i < %

Now N*(u) =N*t(w) ={v,, v, ..., 05} for 1< Sg and the out-neighborhood

vertices of u and w are labeled by the consecutive Gaussian integersy(g)+3,y(g)+4,
2 2

y(§)+i+2 and so they are relatively prime.

Further, N*(v,) = {u,w, v} and N*(vy;_1) = {v3i_2, Vo, u,w}for2 <i < g

and the labels of vertices in N*(v;) and N*(v,;_;) for2 <i < % contains the Gaussian
integer y; = 1 which is relatively prime to all the Gaussian integers.

Also, N*(vy) = p for 1 < i<~

Therefore, f is a Gaussian out- neighborhood prime labeling when n even.

From both the cases, f is a Gaussian twin neighborhood prime labeling.

Hence double sole double alternating fan (DSDAE[) admits a Gaussian twin
neighborhood prime labeling.

Theorem 4.14. Double di-double alternating fan DDDAF,{ is a Gaussian twin
neighborhood prime digraph.

Proof: Let V(DDDAF,) = {u,w, v;|1 < i < n} be the vertex set where v; represent the

ith vertex of the common path E{ and u, w be the apex vertices.

This digraph has n + 2 vertices and 3n — 1 arcs.

Case (i): nisodd

A(DDDAR,) = (2,1 < i S * 3 U ol 1 S i S U g1 < i

nTH} Uf{vu|l <i < nT_l} U{wo,, {1 <i< nTH} U{r,w|l1<i< nT_l} is the arc set.
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Define an injective function f:V(DDDAF,) = [Vns2] by f(W) = y1; f(W) = ¥, and
f(Wai1) =Vig, for1<i< "T“ and f(vy;) = ]/(n+1)+i+2 for1<i< nT_l

2

Here,d (u) >1,d " (w) >1,d (vy_4) >1for1 <i < "TH and d=(vy;) >1for1 <
. n-—1
[ <—

2 -1
Now N~ (u) = N~(w) = {v,, vy, ..., 05} for 1 <i S"T and the label set of in-
neighborhood vertices of u and w are consecutive Gaussian integers in the spiral
ordering and so those are relatively prime.
Also, N~ (vy_1) = {u,w} for 1 <i < "TH and the vertices u and w are labeled with
consecutive Gaussian integers y; = 1 and y, = 1 + i. Since the consecutive Gaussian
integers in the spiral ordering are relatively prime.
Further, N™(vy;) = {vai_1, V2iz1} TOr 1 <i < "7_1 and the labels of the vertices in
N~ (vy;) are consecutive Gaussian integers and so are relatively prime.
Therefore, f is a Gaussian in-neighborhood prime labeling when n is odd.
Hered*(u) > 1,d*(w) > 1,d"(vy_) >1for2<i < "T_l and d*(vy;) >1for1 <
. n—1
[ <—

2
Now N*(u) = N*(w) = {v,v3, .., V13 fOr 1 <i < nTH

By the definition off, the out-neighborhood vertices of u and w are labeled by the
consecutive Gaussian integersys, va, ..., Yi+2. Since the consecutive Gaussian integers
in the spiral ordering are relatively prime.

N+(U1) = {v,} and N+(Un) = {Vn_1}.

Now N*(vy;_1) = {vqi_2, vy} fOor 2<i < nT_l The vertices v,;_,and v,; are labeled
by the consecutive Gaussian integers and which are relatively prime.

Also, N*(vy;) = {u,w}for1 <i < "T_l Since the label of the vertex u is y; = 1 which
is relatively prime to all the Gaussian integers.

Therefore, f is a Gaussian out-neighborhood prime labeling when n is odd.

() and (11) imply, f is a Gaussian twin neighborhood prime labeling when n is odd.
Case (ii): n is even

A(DDDAF,) = (U102l S i S U {Upvall i S ZH3 0 {mpal1 < i < v
{11 < i< 3U{Twll < i< 23U Wiy ]1 < i< Jisthearc set

Define an injective function f:V(DDDAFE,) = [Vns2] by (W) = v, f(W) = v, ,
fWao1) = v  fori<i<Zand f(vy) = Y (@)eisz fori<i<Z

Here, d (u) >1,d " (w)>1,d (vy;_y) >1for1<i< g and d=(vy;) >1for 1<
l.<n_—2
<5

Now N~ (u) = N~ (W) = {vy, vy, .., vy} for1 < i < g Further, the labels of vertices in

N~ (u) and N~ (w) are consecutive Gaussian integers in the spiral ordering and so those
are relatively prime.
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Also, N~ (vy;) = {vyi_1, V413 for 1 < i < "T_z and the vertices in N~ (v,;) are labeled
with the consecutive Gaussian integers and so those are relatively prime.

N_(Vn) = {Vn-1}.

N (vy_) ={u,w}for1<i< g Since the vertices u and w are labeled with the
consecutive Gaussian integers y; = 1 and y, = 1 + i respectively. Then y; and y, are
relatively prime.

Therefore, f is a Gaussian in- neighborhood prime labeling when n is even.

Next to prove f is also Gaussian out-neighborhood prime labeling.

Here d*(u) > 1,d*(w) > 1,d*(vy;_;) >1for2<i < g and d*(v,;) >1 for1<
i<
Now N*(u) = Nt (W) = {v,v3, .., V13 fOr 1 <i < %
By the definition of f, the label set of the out-neighborhood vertices of u and w are
labeled by the consecutive Gaussian integers ys, V4., ..., Vi+2 and so those are relatively
prime.
AISO, N+(v1) = {vZ}.
Now N*(v,_1) = {Vai_0, vy} for 2<i < g and the vertices v,;_, and v,; are labeled
by the consecutive Gaussian integers y» ., andyn_, .

2 2

N*(vy) ={u,w} for 1 <i< 2 Since the label of the vertex u is y; = 1 which is

relatively prime to all the consecutive Gaussian integers.

Therefore, f is a Gaussian out-neighborhood prime labeling when n is even.

(1) and (1V) imply f is a Gaussian twin neighborhood prime labeling when n is even.
From cases (i) and (ii), f is a Gaussian twin neighborhood prime labeling.

Hence, double di-double alternating fan DDDAE; is a Gaussian twin neighborhood
prime digraph.

5 Conclusions

In this article, we established Gaussian twin neighborhood prime labeling in fan
and double fan digraphs. In this way, we extend our thoughts to different types of
labeling in digraphs.
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