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Abstract

Let G = (V,E) be any graph with n vertices and m edges. An edge dominating set
which intersects every minimum edge covering set in a graph Gis called an edge
covering transversal edge dominating set of G. The minimum cardinality of an edge
covering transversal edge dominating set is called an edge covering transversal edge
domination number of Gand is denoted byy,..:(G). Any edge covering transversal edge
dominating set of cardinalitiesy,...(G) is called a y....-set of G. The edge covering
transversal edge domination number of some standard graphs are determined. Some
properties satisfied by this concept are studied.
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1. Introduction

Let G = (V,E) be any graph with nvertices and medges. For any graph theoretic
terminlogies not defined here, refer to the book of Bondy and Murthy [3]. One of the
fastest growing areas in graph theory is the study of domination and related subset
problems such as independence, covering and matching. By a graph G, we mean a non-
trivial, finite, undirected graph with neither loops nor multiple edges. Two vertices uand
vare said to be adjacent if uvis an edge of G. The open neighbourhood of a vertex vin a
graph Gis defined as the set N;(v) = {v eV (G): uv € E(G)}, while the closed
neighbourhood of vin Gis defined as N;[v] = Ng(v) U {v}. For any vertex vin a graph
G, the number of vertices adjacent to vis called the degree of v in G, denoted by
deg;(v). If the degree of a vertex is O, it is called an isolated vertex, while if the degree
is 1, it is called an end-vertex. The minimum degree of vertices in Gis defined by
6(G) = min{deg(v)/v € V (G). The maximum degree of vertices in Gis defined by
A(G) = max{deg(v)/v eV (G). A vertex wvis called a universal vertex if
degG(v) = n— 1.Two edges are said to adjacent edges if they have a common
vertex. For any set Sof vertices of G, the induced subgraph < S >is the maximal
subgraph of G with vertex set.

A subset S €V (G) is called a dominating set [3, 6, 7, 8]if every vertex v €
V (G) \ Sis adjacent to a vertex u € S. The domination number, y(G), of a graph
Gdenotes the minimum cardinality of such dominating sets of G. A minimum
dominating set of a graph Gis hence often called as a y-set of G. A subset S € E (G) is
called an edge dominating set [1, 2] if every edgef € E (G) \ Sis adjacent to an
edgeh € S. The edge domination number, y,.(G), of a graph Gdenotes the minimum
cardinality of such edge dominating sets of G. A minimum edge dominating set of a
graph Gis hence often called as a y,-set of G. An edge cover [5] of a graph is a set of
edges such that every vertex of the graph is incident to atleast one edge of the set. A
minimum edge covering is an edge covering of smallest possible size. The edge
covering numberp(G) is the size of a minimum edge covering.Given a graph G and a
collection of subsets of its vertices, a subset of V(G) is called a transversal of G if it
intersects each subset of the collection [4]. In this paper, we studied the concept of the
edge covering transversal edge domination number ofG.

2. On the edge covering transversal edge domination
number of a graph

Definition 2.1. An edge dominating set which intersects every minimum edge covering
set in a graph Gis called an edge covering transversal edge dominating set of G.The
minimum cardinality of an edge covering transversal edge dominating set is called an
edge covering transversal edge domination number of Gand is denoted by yec: (G).
Any edge covering transversal edge dominating set of cardinalitiesy,...(G) is called a
Veect-Set Of G.
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Example 2.2.For the graph Ggiven in Fig. 2.1, D; = {v,v3,vvs} and D, =
{v,vs, v3v,} are the only two minimum edge dominating sets of G.

Also,Sy = {v1V5, 503, 314,52 = {V1V2, V203, 14Vs}, Sz = {v13, V205, U314},

S, = {v1vs, v,v3,v,05} are the only 4 minimum edge covering sets of G. Since D; N
Ss=¢and D, NS, = ¢, D;and D,are not an edge covering transversal edge dominating
sets of G and SO Veee: (G) = 3.NOW, D3 = {v1V;, V513, V4 Us} IS @ Veecr-SeL Of G, SO that

Yeect(G) = 3.
Vi

Vs V2

Va V3
G
Figure 2.1

Theorem 2.3. A set Sof edges of G = K, (r = 2) is a minimum edge covering
transversal edge domination of Gif and only if Sconsists of n-independent edges.

Proof. Let S be any set of r-independent edges of G = K, (2<r <s). ThenSisa
minimum edge covering set of G. Since S N D = ¢for any edge covering transversal
edge dominating set Dof G, Sis an edge covering transversal edge dominating set of G.
Hence, it follows that y...:(G) < 7. If y.ee:(G) < 7, then there exists an edge
covering transversal edge dominating set S, such that |S’| < r. Therefore, there exists
atleast one vertex v of G, such that v is not incident with any edge of S’ and so S’ is not
an edge covering transversal edge dominating set of G, which is a contradiction. Hence,
S is a minimum edge covering transversal edge dominating set of G.

Conversely, let Sbe a minimum edge covering set of G. Let S’ be any set of
nindependent set of edges of G.Then as in first part of this theorem, S* is a minimum
edge covering set of G. Therefore, | S| = r. Hence, |S| = r. If Sis not independent,
then there exists a vertex vof Gsuch that, vis not independent with any edge of S. Hence
Sis not an edge covering transversal edge dominating set of G, which is a contradiction.
Thus, S consists of r-independent edges.

Theorem 2.4. A set S of edges of G = K, (2 <r < s) is a minimum edge covering
transversal edge domination of G, if and only if Sconsists of r — 1 independent edges
of Gand s — r + 1 adjacent edges ofG.

Proof. Let X = {u;,uy,..... yudand Y = {vy,v,,..... , Us} be a bipartition of G. Let
Sbe any set of »r — 1 independent edges of G and s — r + 1 adjacent edges of
G.Since each vertex of Gis incident with an edge of S, it follows that y...:(G) < s.
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If yoeet (G) < s, then there exists an edge covering transversal edge dominating set S
of Gsuch that |S’| < s. Therefore, there exists atleast one vertex vof Gsuch that vis not
incident with any edge of S'and so S'is not an edge covering transversal edge
dominating set of G, which is a contradiction. Hence, Sis a minimum edge covering
transversal edge dominating set of G.

Conversely, letSbe a minimum edge covering transversal edge dominating set of
G. Let S'be any set of r — 1 independent edges of Gand r — s + 1 adjacent edges of
G. Then as in the first part of this theorem, Sis a minimum edge covering transversal
edge dominating set of G. Therefore |S’| = s. Hence |S| = s. Let us assume that S =
S, US,, where S;consists of independent edges and S,consists of adjacent edges of G.
If |S;] < s — 2, then S,must contain atmost edgess — r. Then there exists atleast one
vertex vof X, such that vis not incident with any edge of Sand so Sis not an edge
covering transversal edge dominating set of G, which is a contradiction. Therefore
Sconsists of s — 1 independent edges of Gand s — r + 1 adjacent edges of G.

Corollary 2.5. For the complete bipartite graph, K, s(2 <7 <5), Yeect(G) = s.

Theorem 2.6. For the complete graph ¢ = K, (n = 4) with neven, a set Sof edges of
Gis a minimum edge covering transversal edge domination of Gif and only if Sconsists

of Zindependent edges.

Proof. The proof is similar to the proof of the Theorem 2.4.
Theorem 2.7. For the complete graph G = K,(n = 5)G withnodd, a set Sof edges of
Gis a minimum edge covering transversal edge dominating set of Gif and only if S

consists of”T_‘?’independent edges and two adjacent edges of G.
Proof. The proof is similar to the proof of the Theorem 2.4.

Corollary2.8. For the Complete graph
n
—ifn is even

n+1
2

G = Kn(n = 4’)r yeect(G) =
if n is odd

Theorem 2.9. Forthe Cycle 6 = C,(n = 4),
n
—ifnis even

yeect(G) =3im . .
[E] if nis odd

Proof. Let C,: {vy,v,,v3,....,v,, v} be the cycle.  We consider the following two
cases

Case (i). nis even.

Let n = 2k(k>=2), then S; = {viv,, V3V, VsVg, ..., Vap_1V2x} and S, =
{VoV3, V4Vs, Vg V7, ..., Vok_2Vak—1, V2i V1 Jare the only two minimum edge covering sets
of G. Let D be an edge dominating sets of G. Then itis clearthat D n S; # ¢andD N
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S, # ¢. Therefore S;and S,are the only two minimum edge covering transversal edge
dominating sets of G, so thaty,...(G) = k = 2
Case (ii). n is odd

Let. n = 2k + 1(k = 2), thenSl = {Ulvz,v3v4,vsv6, ...,U2k_1U2k,U2nkU2k+1} iS a

minimum edge covering transversal edge dominating set of G, so thaty,...(G) = E]

% ifnis even
Theorem 2.10. Forthe path G = B,(n = 4), Veect(G) = 7?+1
Tifn is odd

Proof. The proof is similar to the proof of the Theorem 2.9.
Theorem 2.11. For the star graph, G = Kj ,—1, Yeect(G) =n — 1.

Theorem 2.12. For the wheel graph ¢ = K; + C,,_;(n = 5),

ifn —1iseven

Yeect(G) = n+1

ifn—1isodd

vV
V7 V3
V4

V6
Vs
Figure 2.2

PFOOfLetV (Kl) = {x} and Cn_lbe V1,V2,V3,....,Up_1, Vq.

We consider the following cases.

Case (i).n- 1iseven.

Let n—1 = 2k(k = 3). Then S; = {v,1V,, V3V, VsV, ..., Vag_1V2r} and S, =

{VoV3, V4Vs, VgV, ..., Vo _2Vak—1, V2 V1 Jare the only two minimum edge covering sets

of G. Then it is clear that D N S; # ¢and that D N S, # ¢. Therefore S;and S,are

the only two minimum edge covering transversal edge dominating sets of G, so
n-1

thatyeec: (G) = k = >
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Case (ii). n - 1 is odd.
Letn—1 = 2k + 1(k = 2) ThenSl = {Ulvz,v3v4,vsv6, ""v2k—1U2k’v2kv2k+1} is
a minimum edge covering transversal edge dominating set of G, so that y,....(G) =

[t
—|
Theorem 2.13. Let G be a connected graph withmedges (m> 2), then 1 < yeect (G) <m.

Theorem 2.14. For any graph G,y.(G) < Veect(G) < v.(G) + A(G).

Proof. Let Dbe a y,..t-Set of G. Then Ditself is an edge dominating set. Therefore
Ye(G) < |D| = Veect(G). Now, let S be a y.-set in G and let v be a vertex of
maximum degree. Therefore deg(v) = A(G). Then every minimum edge covering
transversal edge dominating set of Gcontains an edge of < E[N(v)] > so S U<
E[N(v)] >is an edge covering transversal edge dominating set. Also, since Sintersects
< EINW)] > [SU< E[N®)] > | < 7.(6) + AG).  Thenye(6) < Yeer(6) <
Ye(G) + A(G).

Remark 2.15. The bound in the Theorem 2.14 is sharp.

Vi

V2

V4 V3
G

Figure 2.3

For the graph given in Figure 2.3,S; = {v vy, v3v,} IS a y,-Set of G and y,...-Set of
Gso that v, (G) = Veect(G).

3. Conclusions

In this paper, we obtain some results related to edge covering transversal domination in
graphs and this work gives the scope for an extensive study of various domination
parameters of these graphs.
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