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ABSTRACT: The paper presents the behavior of the motion properties of the variable mass test particle (third body),
moving under the influence of the two equal primaries having electromagnetic dipoles. These primaries move on the
same circular path around their common center of mass in the same plane. We have determined the equations of
motion of the test particle whose mass varies according to Jean's law. Using the system of equations of motion we have
evaluated the locations of equilibrium points, their movements and basins of the attracting domain. Finally, we
examine the stability of these equilibrium points, all of which are unstable.
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1. Introduction

elestial Mechanics is a part of applied mathematics; basically it is the study of the motion properties of satellites
Cunder the influence of celestial bodies. The motion of these satellites or spacecraft is affected by the celestial

bodies in many ways, such as by the different shapes of the bodies (i.e. heterogeneous body, homogeneous body,
irregular triaxial bodies, oblate body, finite straight segments, cylindrical shape, etc.), radiation pressure, resonances,
magnetic dipoles, charged bodies, Yarkovskii effects, the albedo effect, variable mass effects, etc. For more details, see
[1] and [2].

An artificial body (satellite or spacecraft) is also perturbed by the electromagnetic dipoles which are studied by
[3-5]. [3] presented the motion properties of charged particles as equilibrium points and their stability in the field of
two magnetic dipoles. [4] has investigated the three-dimensional equilibrium points in a magnetic-binary system and
then, by using the method of characteristic exponent, examined their stability. In continuation of the work of [4], [5]
studied the basins of attraction in the electromagnetic Copenhagen problem.

The Copenhagen problem where two primary bodies of equal mass are moving on the same circular path in the
same plane is also commonly studied in celestial mechanics. [6] used the methods of chaotic scattering to investigate
this problem. [7] used studied the asymptotic orbits and terminations of families in the Copenhagen restricted three-
body problem. [8] studied the Copenhagen problem with quasi-homogeneous potential or Manev-type potential and
illustrated the equilibrium locations and the regions of permitted motion. [9] derived the translational-rotational
equations of motion and investigated the stability of its equilibrium points. [10] have investigated equilibrium positions
as well as the basins of attraction in the Copenhagen restricted three-body problem numerically.
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After careful study of the literature presented, we became interested in studying and extending this topic with
variable mass. Variable mass is an interesting topic in celestial mechanics and dynamical astronomy, which is widely
studied in the restricted problem (two-body, three-body, four-body and five-body) [11-21].

However, no article yet exists in the literature addressing the combination of electromagnetic dipole and variable
mass.

This paper is organized as follows. The literature review is presented in section 1. The equations of motion are
presented in section 2 while section 3 contains the investigation of equilibrium points and basins of attracting domain.
The stability of these equilibrium points are examined in section 4. Finally the manuscript completes with a conclusion
in section 5.

Figure 1. Geometric configuration of the electromagnetic Copenhagen problem

2. Equations of motion

The well-known Copenhagen problem where two bodies of equal masses m; and m, both are taken as point
masses which are moving in circular orbits on the same circular path around their common center of mass. In this
paper two bodies are also taken as electromagnetic dipoles with magnetic moments M; (i = 1, 2). Now we are interested
to determine the equations of motion of the third variable mass (m) body of charge q (Figure 1) with dimensionless
variables in the synodic coordinate system where the variation of mass of the test particle originates from one point and
has zero momenta ([17] and [3]) which reveals as:

m . .. . . qw g4 94
—G-oy+(E-fAy+ g2 = w2x+m(x—2—ya—;+z42),

ax

m. . " . : q g 9
E(y+wx)+(y—hlz+ fix) = w2y+E(xai;—yai;—A1),

M (% — g% 7) = 12 (x242 _ 1,241
2+ (Z— g1+ hy) = -—(x5Z2 = y3}). ©)
where
= i 4 - 4 = (3 a
fi= (2w+kCurlA) — g1 = (J Curl A) —, h, = (I Curl A) — 2
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with

M, X7 M,XT,
A= (AliA2)A3) = < 3 + 3 )
n Lf)

fl = (X - 0-5»3’;2);7_'2 = (x + 0-5,}7;2).

Ml = (0) 0) 1)1 MZ == (0, O,A),

A x—05 A(x+0.5
A1:<_l3__§]>"42:< 3 T ( 3 )>' Az =0,
T, T T, T
1 2 1 2

and also © is the mean motion of the system, A and ¢ are constants.
We choose the unit of time and charge of dipoles such that ® = 1 and (q/mc) = 1, hence Equations (1, 2) become as

m
E@‘)’)"‘(??—fz)."" 922) = Qy,

G+ 0+ (5 —hz+ fo7) = Oy,

m

3

with
Q= 2@ +y?) + (x4, — yAy) @)
fo = (2 +k CurlA),g2 = (JCurl A), h, = (i Curl A), (5)

Due to variation of the mass of the infinitesimal body, we cannot study the properties of this body directly. Therefore

we will use Jean's law,

am _ _omie
dt - Alm ) (6)

where A4 is constant coefficient and A; is within the limits 0.4 < A, < 4.4, for the stars of the main sequence. While for
the rocket A, = 1, therefore the mass of the rocket m = m, e”," varies exponentially where mq is the mass of the test
particle at time t = 0. We will use the Meshcherskii space time transformations to preserve the dimension of the space
and time

x = )l;l/za, y = /'1;1/23, z = l;l/zy, dt =dt (7

where A3 = m/mg, now we can express the components of velocity and acceleration as

2= 23" (a+a), y= 23728 +uB)2 = 257 (1 +2ary), (8)

= 2370+ Ma+22a), 5= 25728 + LB +22B), 2 = A3V + My + 2azy), (9)
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After using Equations (6, 7, 8 and 9) in Equation (3), we get

(d_f3[’3+ 937)2 Vo + V4,

(B—hsy + fzd) = Vg + 1y,

(¥ —gsd + hsp) = V, + Vs, (10)
2
where, V= 2(a?+ %) +2(a? + 7 +y?) + ;" (aB; — BBy) (11)
% _/13/2)2( 0By _ 0By 631)
1=4 5 P = Pap % )
% _/13/212(_ 6BZ+ 0By _ 632)
2= 405 Ao aﬁ Y35, )
v, = 13/2ﬁ(a%+ iy
37 2 Moy ay )’
fi =22 (225 + k.curl B), g5 = 3/* (j.Curl B), hy = 23*(i.Curl B), (12)

B = (B1,Bz,33),
1 a—217%05 Aa+21%05
B,=-=-=—=],B, = 3 + 3 B, =0
L 0B ) 23 23 ’ 3T

2
£1=\/(a—/1§/20.5)2+ﬁz+1/2, ez=\/(a+lé/20-5) B Y (1)

3. Analysis of Equilibrium Points and Basins of Attracting Domain

3.1 Equilibrium points
We will put all the derivatives with respect to time on the left hand side of the system (10) to zero, hence

V,+V, =0, (14)
Vs +V, =0, (15)
V, +V; =0. (16)

After solving equations (14), (15) and (16), we can find the locations of equilibrium points. We have plotted the

locations of equilibrium points numerically in a-f-plane as shown in Figures 2, 3 and 4.

64



VARIABLE MASS IN ELECTROMAGNETIC COPENHAGEN PROBLEM

1.5F
a2l
1.0+
1+ —_ o -
//, '“‘\.: ( \\ 0.5l
! : / \'\., N
ol !I L1 J 'LE ! LE I |3 0.0f
\ / f
] A - L
1l \\--,_____/ \_ 0.5
-1.0
-2l
. . -1.51
-2 -1 0
1.5 1.5} r
1.0 1.0F
0.5 05F-
0.0 B o0.0f
-0.5 -0.5+
-1.0 -1.0+
-1.5 -1.5+

(¢) m=0.2and A3=0.8
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Figure 2. Locations of equilibrium points at A = 1 in a B-plane
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(€©) M =0.2and A3=0.8 (d) M =02and Xs=1.4

Figure 3. Locations of equilibrium points at A = 7 in o f-plane.
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(c) m=0.2and A3=0.8 (d mq=02and 23=14

Figure 4. Locations of equilibrium points at A =15 in o B-plane.
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Figure 5. Movement of equilibrium points at A; = 0, A3 = 1 (Blue) and A; = 0.2, A3 = 0.4 (Green), 0.8 (Red), 1.4 (Cyan)

in a B-plane.

Figure 2 presents the locations of equilibrium points at A = 1 where figure 2(a) presents the classical case (A; =0
and A3 = 1) which coincides with [5], where three equilibrium points (L, , 3) were also obtained i.e. only collinear
equilibrium points. Out of these equilibrium points L, is situated at the origin, which is also the center of mass of the
primaries, while L; and L3 lie left and right of the origin. Further, figures 2(b), 2(c) and 2(d) present the locations of
equilibrium points when A; = 0.2, A3 = 0.4, 0.8 and 1.4, respectively i.e. the variation of mass cases. In these three cases
we observe that at A; = 0.2 and A3 = 0.4, the two equilibrium points (L; and L3) move toward the origin as well as
moving anti-clockwise from the a-axis. As we increase the value of A3, we find that these two equilibrium points move
away from the origin keeping L, at the origin. We can see the movement of the equilibrium points (L; and L) in figure
5(a).

Again, figure 3 presents the locations of equilibrium points at L = 7, where figure 3(a) presents the classical case
which also coincides with [5], where seven equilibrium points were obtained. But as we increase the value of A3 by
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keeping the value of A, the same at 0.2, we find only five equilibrium points, which mean that due to variation of mass,
the number of equilibrium points reduces to five. The movement of all equilibrium points due to change of A3 can be
seen in figure 5(b).

In the same way, figure 4 represents the case when A = 15, where figure 4(a) represents the classical case and
shows five equilibrium points, out of which three (L;, L, and Ls) are collinear and two (L, and Ls) are non-collinear.
But when we consider the variation of mass case, i.e. A; = 0.2, Az = 0.4, 0.8 and 1.4, we observe that L; and L3 move
downward from the a--axis. We can see the complete movement of these equilibrium points in figure 5(c). In this way,
the variation parameters are working as catalytic agents.

3.2 Basins of the Attracting Domain

To solve the multivariate functions, we will use a simple, fast and accurate N-R iterative method. Therefore we
illustrate the basins of the attracting domain for our present model. This method is activated when an initial condition is
given to the configuration plane, while it stops when the positions of the equilibrium points are reached with some
predefined accuracy. The regions of convergence are composed of all the initial values that tend to a specific
equilibrium point. This is one of the most important qualitative properties of the dynamical systems. It is illustrated in
the following way:

After classifying a dense uniform grid of 1024x1024 initial conditions, a multiple scan of the configuration plane was
done.

By setting the maximum number of iterations to be 500, we set the predefined accuracy as 10™.

Using the above iterative method, we plotted the basins of attracting domain for three cases. The mathematical
formulae for our model in a-B-plane when y = 0, is presented by:

(Vat+V))(Vpp+Vap)=(Va+V2) (Vap+Vip) )
VaatV1d) (Vgp+V2p)~(Vap+Vip)(Vpa+Vza) (@n.Bn)

Ony1 = Uy — ( ) 17)

(Vg+V2) Vaa+Via)-(Va+V1) (Vpa+Vaa) )
(Va’a+V1a’)(Vﬁﬁ+V2,8)_(VaB+V1B)(VBa+V2a) (an,Bn).

(18)

s = B (

where ap, B, are the values of a and B coordinates of the n™ step of the Newton-Raphson iterative process in Equations
(17) and (18). The first and second derivatives are obtained from the right hand sides of the equations of motion (10). If
the initial point converges rapidly to one of the equilibrium points then this point (a, p) will be a member of the basin
of attracting domain. This process stops when the successive approximation converges to an attractor (in the dynamical
system attractor means equilibrium point). For the classification of different equilibrium points on the plane, we used a
color code.

Here we have represented the basins of attracting domain at A= 1, 7, and 15 (taken from [5]) and these are shown
in figures 6(a), 7(a) and 8(a). Figures 6(b), 7(b) and 8(b) are the zoomed parts of figures 6(a), 7(a) and 8(a)
respectively. From figure 6(b), we observe that all the equilibrium points belong to cyan colored regions which extend
to infinity. From figure 7(b), we observe that there are seven attracting points (equilibrium points) out of which L;, Ly,
Ls and L, belong to the cyan, blue, light green and green colored regions which are extended to infinity respectively
while L, belongs to the light blue colored region which covers a finite region. Again from figure 8(b), we observe that
L, belongs to the cyan colored region, L,, L4 and Ls belong to the light blue colored region, while Lz belongs to the
light green region, all of these regions extending to infinity.
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-40

@@ r=1 (b) Zoomed part of figure (a) near primaries

Figure 6. Basins of attracting domain at A; = 0.2, 23 = 1.4 in a B-plane.

-40

@ r=7 (b) Zoomed part of figure (a) near primaries

Figure 7. Basins of attracting domain at A; = 0.2, A3 = 1.4 in a B-plane.
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Figure 8. Basins of attracting domain at A; = 0.2, A; = 1.4 in o, B-plane.

4. Stability of Equilibrium Points

To reveal the stability properties of the small body's motion in its vicinity (oot o, Bot B1, Yo + v1), where ag, By, v1
are small movements from the equilibrium points (ag, Bo, vo). The variational equations for the system (10) can be

written as:
- f331 + 93]/1 (Vaolal + Vlal)al + ( aq1B1 + Vlﬁl)Bl + ( a1Y1 + V10)/1)Ylt
B1 — h3ys + fzdy = (Vé)lal + Vzoal)% + (Vé)lﬁl + 231)81 + (Vﬁlyl + VZyl)YL

Y1 - gBdl + h3B1 ( Y11 + V??al)al + (V\;)lﬁl + 361)81 + ( Y1Y1 + V30y1)Y1- (19)

where the superscript 0 denotes the value at the corresponding equilibrium point.

In the phase space, the above system (19) can be rewritten as:

(Xl = az,
B1 = B
Y1 = V2
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oy = (Vaolal + V10a1)a1 + (Vc({)lﬁl + V1081)81 + (Vacoly1 + Vl%/l)YI + f362 — 93Y2

BZ = (Vé)10(1 + V20a1)a1 + (Vé)131 + VZOB1)BI + (Vé)ﬂh + V20Y1)Y1 + hsy2 — fza,

Y2 = (VYO + V30a1)a1 + (V\?lBl + VSOﬁl)Bl + (Wolw + V30y1)YI + gza; — hsfs. (20)

11

We use Meshcherskii space-time inverse transformations to examine the stability of the equilibrium points because the
mass and distance of the small particle change with time.

. ,-1/2 . ,-1/2 _4,-1/2
a3 = /13 ay, P3 = /13 P1, V3 = /13 Y1,

a, = /1;1/2“2: By = /1;1/2/32, Ya = /1;1/21’2- (21)

With the help of equation (21), the system (20) can be written as follows:

X=MX,
where
(e (&
| B3 | 33 \
x=| Y x=|7|and
(X4_ |’ a4.
B, Ba
Ya Ya
A 10 0 1 0 0
0 2 90 0o 1 0
| 0 0 0 0 5/11 0 0 1 |
M = a'010£1 + Vloal Va'1 1 + V1[31 Vaoly1 + Vloyl %/11 f3 —J3 | '
0 0 0 1
VB10!1 + V20051 Veig, T Vap, Vé)lyl + V20y1 ~fz M 1};3 /
0 0 0 _ 2z
Voa, +Van, Vg, Vs, WOy, +Vs, 93 hy; M

The characteristic equation for the matrix M is

A8 + asA + auAf + azAd + a2 + agd, + ap = 0, (22)

where

1
@ = = (-8(2(—4 (Vl"n V)V, +VEp,) +4 (Vi + VS, ) (V8 + Vf?m)>
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0 0 0
(Vlh + Vaol]’l)(vzal + Vﬁ1a1)

Ve, +V2a,) — 2(—4 Vs, + V)
( 3aq Y1a1) ( <+4‘(V1a1 +Va01a1)(V20y1 _I_Vé)lyl)) ( 3B1 Y1 1)

+2 ( 4 (V1B1 + Vo? )(VZal + V,B’lal) + 4(V1a1 + Vaolal)( 2B + V[;)lﬁl)) (V3Oy1 + Vy?)q))

+8hs (=4 (VS + V2, ) (Ve +VE0) + 4V, + Ve, ) VS, +VE,)) 1)
+8g5 (=4 (Vi3 + iy ) (Vis, + ViE5) + 4V, + V05 ) (VS +V8,)) 1)
+32£3V5, (Vau, + Ve ) — 32£3V5 o (Ve + 132, )
+ 8(4h3Vip, + 4g5Vip, + 4h3Vy g +495VE . ) (Var, + V0, )
+32£3V5 , (Va, + Voo, ) — 3213V, (Vap, + Vi g )
— 32f3Viey, (Vap, + Vi g ) + 32f5Vi (Vs + V2, )
- 8(4h3V1a +493Vsy, + 4hsVo e, + 493Vﬁ1a1)(V30ﬁ1 'V, 1)/11
— 323V, (Vay, + 2y )41 + 32f3V0 5 (V4 + V) )4 — 16f3h3V, 23
— 16395V, AT — 16fV3), A7 — 16f3h3V,) , AT — 4h3(4h3VY,, + 4g3Vay,
+ 4h3Ve o, + 493V5 0 )25 — 493 (4hsVip + 4gsVap + 4h3Vy 5 +4g3Vp 3 VA
+4(— 4( Vi, + VO ) Vo, + VB o) + 4 (Ve + VS, ) (Vi + Vlg’lﬁl)> A2
— 16f393V5 A2 — 16f3h3(Vey, + V2o, )22 — 16VY, (Vay, + V2, )2
— 16Vi0y, (Viu, + V2o, )AT — 16£395(Vap, + V5 p, )22 — 16V5, (Vs + V2 5 )43
— 16V, (Vap, + Vg )43 — 16f7V,2, 23 + 16V, (V4 + V2, )4
+ 16Vyp (V3)y, + V,2y, )23 + 16V o, (V5 + V32, )25 + 16V3 5 (Vs + Vy‘iyl)/ﬁ
— 8f3Vip A} + 893V, A3 + 8fsVip, A} — 8h3Vy, A3 — 8h3Vp,, A3 — 8f3Vy 5 A
+ 893V, A3 + 8f3V3 0 A3 — 893 (Vay, + V20, )23 + 8hs (Vi + V2 5 )43
+ 4f7 2% + 49507 + 4h5AT — 4V, AT — 4Vgp A% — 4V3, AT — 4V, At
—4Vg 5 A% = 4V,2, AT+ 19)
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1
a; = a(_16h3 (—4 (V10V1 + Va01)’1)(V20a1 + Vﬁ010£1) + 4(V100f1 + Vao1a1)(V201’1 + V/;)lyl))

OfZ:

1
6

— 16g3(—4 (V10V1 + VaO1Y1)(V20ﬁ1 T Vf;)1ﬁ1) o 64f3V20V1 (V30a1 + VV?%)
+4(Vi, + V2 VS, +VE,)) + 64f95VS, 4

0 0 0 0
— 16(4h3Viy, + 4gaVip, +4haV g + 495V 5 ) (Vi + Ua)

611) + 64f3V10V1 (V30/31 + V)91 1)
)+ 64f3f3VE, A1 + 64f3h3V0, Ay

— 64 fgvlg’m (Vi + 12

1

+ 6413V, (Vap, + V5,
+ 16(4h3Viy, + 495VEa, + 4h3Via, +493V50,)) (Vip, +V25.)

—64f;Vip (V3y, + Vly,) + 6413V, (Va), + Vi)

— 64£3V0 5 (VS +V2y,) + 64£3V5 o (VS +V,2).) + 64f3h3VE, A

+ 16h3(4h3Vyy, + 493Vsy, + 4h3Vi o, + 495V 0, )21

+16g5(4hsVis, + 4gsVap, + 4hsVE 5 + 4g5VE 5 )

—16(=4(Vip, + Ve ) Vo, + Vaa,) + 4(Vin, + Vo, ) (Vap, + V3 g DA

+ 64f3h3(Viy, + V2, )a + 64£393V5, A + 64V, (Van, + V20, )M
+ 64V20V1 (V30ﬁ1 + V19151)Al + 64Va01)/1 (V30a1 + V)/?al)/ll

+64f395(Vip, + Vy

0 0 0
Y1ﬁ1)/11 + 64Vﬁ1)’1 (V3ﬁ1 + VV1ﬁ1)/11 + 64f3f3VY2Y1Al

- 64V10a1 (V30V1 + V;/?Vl)ll - 64V2031 (V30V1 + V]’?Vl)/ll
- 64V0¢01“1 (V30V1 + I/;/?Vl)ll + 64V[§)1ﬁ1 (V3O)’1 + V)’?h)Al) + 48f3V1031 %
A

a1Y1

— 4893V, AF — 483V, A3 + 48h3V3), A3 + 483V, 5 A3 — 4895V
— 483V o A + 48R3V}, 2% + 4805 (Vay, + V2o )43
— 48h3 (Vg + V2 5 )43 — 32743 — 329323 — 32n3A3 + 32V}, A3

+ 32V, A3 + 32V5, A} + 32V, 4, A3 + 32V 5 23 + 3210, A3 — 1223)

7 (F64f3h3Viy, — 64f393Vz), — 64f3hsViy, — 64f33V3), — 64f3haVary,

— 16h3(4hsVy, + 4g3Vay, + 4hsV2 4 + 4g3V[?1a1)

— 16g3(4h3V10ﬁ1 + 4g3V20ﬁ1 + 4‘h3V£1ﬁ1 + 493Vﬁ01[f’1) - 64f393V[?1V1
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+16 (=4 (Vi + V2 g ) Ve, + V80 + 4(VE, +Viar) Vs, +VE5.))
— 64fs 32, — 64fshy(Viy, + la,) — 64V, (Vie, + V2a,)

— 64V, (Vi +Via,) — 64f393(Vap, + Vypp,) — 64V5), (Vap, +Vyip,)
—64Vy, (Vap, +Vy 5.) + 64V, (V5 + V2, ) + 64V, (V5 +V,2,.)
+ 64V o, (V5 + V,2y,) + 64V 5 (VS + V2, ) —96f3Vip A4

+ 9693V, A + 96f3Viy, Ay — 96£3Vy g Ay + 9693V, A + 96£3V5 o Ay
— 96h3Vy , A1 — 96h3V3), Ay — 9695(Vay, + Ve, ) e

+96h3(Vap, + Vp g )A + 96f725 + 969527 + 96h343 — 96V, 13

— 96VSy, 13 = 96V, 23 — 96V3, 4,13 — 96VS, 5 22 — 96VS, A2 + 6021 ),

az = f3V10/31 — 93V, — f3Vau, + h3V3, + f3V0?1 =93V, — f3V[?1a1 + h3V[?1'y1
+ 2V2°,31/11 + g3(Viu, + V2a,) — hs (V3°B1 + V25 ) — 2fEA, — 295 — 2h34

0 0 0 0 5 3
+ 2V Ay + 2V g, M+ 2V 2+ 200y A — S A,

15
a4 = f32 + 93% + h% - Vlo“l - V20ﬁ1 - V30V1 - Va01a1 - V.[?lﬁl - V?/(ih + Tli

as = —3/11

We have solved equation (22) numerically for three different values of parameter A (1, 7, 15) and evaluated
characteristic roots which are given in tables (1-3). We observed from these roots given in these three tables 1, 2, 3 that
all the equilibrium points are unstable because at-least one characteristic root is either a positive real number or
positive real part of the complex characteristic root, while [5] found in his investigation that some equilibrium points
are stable in some interval values for the parameter L. In this way we can say that these variation parameters convert to
all the equilibrium points as unstable. Therefore it is easy to say that these variation parameters have great impact on
this dynamical system.

Table 1. Corresponding characteristic roots of equilibrium points in a-p-plane at A=1,4; =0.2, A3 = 1.4.

S.N. Equilibrium Point (a, ) Roots Nature

1 1.8922290573, - 0.2249047710 +0.1238455712 + 0.9648772652 i Unstable
+1.8829013676, - 1.7305925101
+ 0.1000000000, + 0.1000000000
2 0.0000000000, 0.0000000000 +0.1919166735 + 15.3247492922 i Unstable
+2.9831536654, + 0.0999999999
- 2.9669870125, + 0.1000000000
3 1.8922290573, 0.2249047710 +0.1238455712 + 0.9648772652 i Unstable
+1.8829013676, + 0.1000000000
+0.0999999999, - 1.7305925101

75



ANSARI, A A.

Table 2. Corresponding characteristic roots of equilibrium points in a-p-plane at A =7, 1, = 0.2, A3 = 1.4.

S.N. | Equilibrium Point (a, B) Roots Nature

1 - 2.9288319681, - 0.5956468434 +0.1244710980 + 0.7705292447 i Unstable
+1.7304695528, - 1.5794117488
+ 0.1000000000, + 0.1000000000
2 0.1420900714, - 0.0070146815 +0.1993522521 + 46.6873463284 i Unstable
+2.8958790218, + 0.1000000000
- 2.8945835262, + 0.0999999999
3 0.4622777422, 0.7320519601 +0.0897598108 + 7.5033419383 i Unstable
+1.8018965165, + 0.0999999999
+0.1000000000, - 1.5814161383
4 0.3598259379, - 0.8004678161 +0.0957408351 + 6.8651530569 i Unstable
+0.1000000000, + 1.6062369651
- 1.3977186353, + 0.1000000000
5 1.0704385208, - 1.5676578978 +1.2156733907 +0.0888414341 i Unstable
+ 0.1000000000, - 0.8781507268
- 1.1531960546, + 0.1000000000

Table 3. Corresponding characteristic roots of equilibrium points in a-p-plane at A= 15,1, = 0.2, A3 = 1.4.

S.N. Equilibrium Point (a, B) Roots Nature

1 - 3.5192043182, - 0.9124002233 + 0.1245222506 + 0.6945789131 i Unstable
+1.6854000078, + 0.0999999999
- 1.5344445091, + 0.1000000000
2 +0.1939056387, - 0.0096053140 +0.1999647710 £ 76.6270430841 i Unstable
+ 2.8730485051, - 2.8729780473
+0.1000000000, + 0.1000000000
3 1.9795166567, - 1.3700857646 + 0.1000000000, - 1.2570087540 Unstable
- 0.5578040967, + 0.8068614037
+ 1.4079514469, + 0.1000000000
4 0.5347180082, 0.6049358108 +0.0922083409 + 17.2608437186 i Unstable
+1.8078564632, + 0.1000000000
- 1.5922731451, + 0.1000000000
5 - 0.6759400828, + 0.4504694723 +0.1005874123 + 15.9957018321 i Unstable
+1.5269661797, - 1.3281410043

+0.1000000000, + 0.1000000000

Conclusion

In this paper we have investigated the effect of variation of mass of the infinitesimal body (test particle) under the
influence of the electromagnetic Copenhagen problem. We have found that these variation parameters have great
impact on the behavior of this dynamical system. In our investigation, firstly we have determined the equations of
motion where both variation parameters A; and A3 are clearly visible. Using this system of equations of motion we
numerically illustrated the equilibrium points for three values of magnetic moment ( A = 1, 7, 15) (taken from [5]) and
respectively we found three, seven and five equilibrium points for the four different values of variation parameters A; =
0, 0.2 and A3 =1, 0.4, 0.8, 1.4. The complete movements of these equilibrium points are presented in figure (5). We
have also performed the Newton-Raphson basins of attracting domain in the above said three cases of A and for fixed
values of A; = 0.2 and A3 = 1.4. The variations of attracting domain are presented in the figures 6, 7 and 8. For a clearer
view, we have shown the figures in the zoomed parts of figures 6(a), 7(a) and 8(a) in figures 6(b), 7(b) and 8(b),
respectively. In the following investigation we have explored numerically the stability of corresponding equilibrium
points, for which we have evaluated the characteristic roots corresponding to the equilibrium points, and these are
given in tables 1, 2 and 3. We observed from the tables that all the equilibrium points are unstable, which finding is
clearly different from that of the investigation done by [5].
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