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Abstract: This paper presents a generalized model, by which the dynamic and steady-state behaviour of the
Brushless Doubly-Fed Induction Machine (BDFIM) can be precisely predicted. The investigated doubly-fed
machine has two sets of three-phase stator windings with different pole numbers. The rotor is a squirrel-cage
type with a simple modification in order to support the two air-gap rotating fields that are produced by the sta-
tor windings and have different pole numbers. The machine model is derived in the qdo-axis variables. The qdo-
axes are attached to rotor and hence, it rotates at the rotor speed ( m).  The electromagnetic torque expression
is also obtained based on the presented model. The winding function method is applied as a convenient approach
that can be used for machine-winding inductances calculations. Sample case studies are introduced to examine
the performance of the proposed model in both steady-state and dynamic conditions.
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1.   Introduction

SQUIRREL-cage induction motors are the most wide-
ly used motors in AC-drive applications. This is attributed
to their ruggedness, low cost, and few maintenance
requirements. The number of industrial applications,
which utilize AC adjustable speed drives (ASDs), is
increasing rapidly. The primarily reason for this develop-
ment is the significant advent of power electronics. The
main disadvantage of using singly-fed machines for ASDs
is the need for large and expensive power conditioning
units that should withstand the full motor power. This
increases both the capital cost and the harmonic current
pollution of the overall system (Li et al.  1991).   The
Brushless Doubly-Fed Induction Machines (BDFIMs)
shows a great promise in reducing the rating of power
electronic converters needed for ASDs application (Boger
et al. 1995).  The BDFIM represents a development of
self-cascaded machines with two three-phase stator wind-
ings having different number of poles accommodated in a
single machine frame. In addition, it is required to intro-
duce a modification to the cage rotor structure (Boger et
al. 1996; Boger and Wallace, 1995; Zaiping et al. 1998
and Wing et al. 2002).  

In a BDFIM, the rotor structure determines the mag-
netic coupling between the two stator windings, which in
turn determines the machine behaviour  (Wang et al.
2002). BDFIM is a special form of slip recovery machines 
that reduce the capacity of the required inverter to be used 

if the required speed-control range is limited ((Li et al.
1991; Boger et al. 1995; Boger et al. 1996; Boger et al.
1996; Boger and Wallace, 1995; Zaiping et al. 1998; Wing
et al. 2002 and Wuilliamson et al. 1997).    This will lead
to a significant reduction in the drive cost. Owing to its
brushless property, the BDFIM is mechanically robust and
reliable.  It is found that the BDFIM has the ability to pro-
vide precise  speed  control  and good  power factor with 
reduced converter capacity, as low as 25% of the machine
rating (Boger et al. and Boger and Wallace, 1995).   A fur-
ther advantage of the BDFIM is derived from the fact that
the power electronic converters do not process the bulk
power entering or leaving the machine directly.

The dynamic model of Brushless Doubly-Fed Machines
(BDFMs) was first presented in (Li et al. 1991). However,
the presented model is based on a special configuration of
both stator and rotor winding connections. The configura-
tions of both stator and rotor appear to be complex com-
pared to conventional induction machine. The dynamic
model introduced in (Li et al. 1991),  has addressed the
3/1 (power winding to control winding pole-pair numbers)
exclusively. An extended model, which is appropriate for
any number of pole-pairs, was introduced in (Boger et al.
1995).  However, the structure of the BDFM used is sim-
ilar to that used in (Li et al. 1991).  The main problem of
these models is the complicated structure of both stator
and rotor windings that these models based upon. 

Nomenclature

B, J : Viscous coefficient and rotor inertia respectively.
irk : Rotor loop current.
Nk : Turns per phase of either stator windings.
p : The differential operator "d/dt".
Pk : Pole-pairs of either stator windings.
R, l : Rotor radius and axial length respectively.
rsk : Per-phase stator resistance. 
TL,Tem : Load and electromagnetic developed torque respectively.
isk, vsk : Stator current and voltage respectively.

o : Permeability for vacuum.
m : Rotor mechanical angular position with respect to phase (a) reference axis of the two sets of stator 

windings.
: Angular position along the stator inner surface.

g-1( m : The inverse air-gap function.

N1 ( m : The winding function of winding (i).
L lk  : Stator leakage inductance. 
Lmk : Stator magnetizing inductance. 
Mr : Mutual inductance between two rotor loops. 
Lmr : Rotor loop magnetizing inductance.

m : Mechanical rotor speed in rad./sec.
ek : Stator electrical frequency in rad./sec.

rb, Lb : Rotor bar resistance and leakage inductance respectively.
re, Le : End ring segment resistance and leakage inductance respectively.
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A new model based on a dual stator winding induction
machine is presented in (Munoz and Lipo, 2000). The
two-stator windings are simultaneously fed from two
independent variable frequency power supplies. This
results in increasing the capital cost of the overall system.

The aim of this paper is to present a generalized model
valid for predicting the dynamic and steady-state perform-
ance of BDFIMs under different loading conditions. In
addition, the paper aims at investigating the possibility of
simpler structure of the BDFIM than that used before. The
investigated BDFIM consists of a simply modified squir-
rel-cage rotor and a stator with two separate windings
wound for a dissimilar number of poles. Each stator wind-
ing is fed from an independent power supply.  Only one of
the two stator windings is fed from a variable-frequency
variable-voltage inverter. 

2.  System Description 

Figure  1 shows the schematic diagram of the investi-
gated BDFIM. There are two three-phase windings with
different number of poles, in order to avoid magnetic
mutual coupling, placed in the stator slots (Li et al. 1991).
These windings are simultaneously fed from two inde-
pendent power supplies and each one produces a separate
torque component.  One set of stator windings is called the
power windings; through which full machine power must
pass, and is fed directly from a constant voltage constant
frequency power supply. The other set is called the control
windings, through which partial controlled power passes,
and is fed from a variable voltage variable frequency
power supply. 

The rotor is a squirrel-cage type with a simple modifi-
cation in its structure to support the two air-gap rotating
fields that have different pole numbers produced by the
two-sets of stator windings (Wang et al. 2002).  In
(Williamson et al. 1997),  it is stated that the essential
requirement for brushless doubly-fed machine action is
that the frequency and distribution of currents induced in
the rotor by the first air-gap field match that induced by
the second. The two stator windings will be then coupled
via the rotor, even though they have different pole num-
bers and may be excited at different frequencies. This
implies that the number of rotor bars should be equal to
the summation of pole-pair numbers of both stator wind-
ings. Thus, the number of rotor bars will be small for any
realistic combination of pole-pair numbers which results
in a very high-referred rotor leakage reactance
(Willaimson et al. 1997)

Therefore, more work has been done to increase the
number of rotor slots and distribute each bar between sev-
eral slots. However, all ways used in rotor bars arrange-
ments are not easily fabricated. Furthermore, the cost of
this type of machines is high since both stator and rotor
have to be redesigned.

In this paper, a very simple modification in the rotor
cage is introduced. The rotor bars are divided into number
of groups that equal the required number of rotor bars

(summation of pole-pairs of the two-stator windings).
Separating each group from the others can be easily done
at one side only of the two end rings. This means that one
end ring is divided into a number of sections; each con-
necting a number of bars, while the other end ring con-
nects all rotor bars. For 6-pole and 2-pole stator windings,
the number of required rotor bars or groups equals four.
Therefore, one side of the end rings should be divided into
four groups or sections. A schematic diagram of the
BDFIM is shown in Fig. 1.

(1)

3.  Inductance Calculations 

The machine-winding inductances can be calculated by
a particular convenient approach called winding functions
method (Liang et al. and Xu et al. 1991). The winding
function is defined as the spatial distribution of MMF due
to a unit current flowing in the winding. According to this
method, the machine inductances are calculated by an
integral expression representing the placement of winding
turns along the air-gap periphery. This method is particu-
larly convenient for the analysis of unusual machines
since it assumes no symmetry in the placement of any
motor coil in the slots (Xu et al. 1991). According to the
winding function theory, the mutual inductance between
any two windings (i) and (j) in any machine can be easily
computed from the following expression:

Each stator phase is assumed to be sinusoidally wound
along the air gap and the squirrel-cage rotor is modelled as
"n" identical magnetically coupled circuits or loops
(Munoz and Lipo, 2000).  Each loop encompasses two
adjacent rotor bars and the connection portions of the end
rings between them. A detailed analysis for the inductance
calculations is given in a previous paper (Allam et al.
2008).  

4.  Dynamic Model In Qdo-AxesRotor Refer-
ence Frame

In order to eliminate the time-varying inductances in
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Figure 1.  Schematic diagram of the BDFIM
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voltage equations, the machine was represented in the
qdo- axes reference frame. The qdo-axes are fixed in the
rotor, which rotates at the rotor speed ( m).  Figure 2
shows the phase axes relationship for phase "a" of any of
the two stator windings axes and the nth-rotor loops axes. 

It should be noted that all equations used for the two-
stator windings are similar except for their different num-
ber of poles, turns per phase, resistance, and inductance.
So, instead of writing theses equations twice, the subscript
"k" is used denoting either the power or the control wind-
ings. Hence, the same equation can be used to describe the
two stator windings just by defining "k" with suitable
number related to each one of the two sets of stator wind-
ings.

The transformation matrix that transforms the abck-axis
variables to either stator winding qdok-axis variables is
given by:

(2)
Where, r = m + , = r/2 and r is the angle between

two adjacent rotor bars.
The transformation matrix of either rotor circuits of n-

rotor loops axes to the corresponding qdork-axis variables
can be written based on Fig. 2 as:

(3)
It should be noted that, for a modified cage rotor, which

is presented in this paper and due to the discontinuity of

one of the two end rings, some rotor loops represent open
loops. For the open loops at which the end ring is separat-
ed, the rotor loop current is set to zero and thus, the corre-
sponding columns or elements are eliminated from the
two matrices. The number of these columns equals the
number of end ring sections (ie. summation of pole-pairs
of both stator windings). This reduces the order of the
matrices to be '3*m' instead of be '3*n' , where 'm' is the
total number of closed rotor loops (ie. difference between
total number of rotor bars or loops and open loops at
which the end ring is separated). Mathematically "m" can
be given by:
m = n - Pk, where Pk  is the summation of the pole-pairs
of the two stator windings.

4.1  QDO-Axes Voltage Equations 
The final qdok-axes stator voltage equation can be writ-

ten in a matrix form as:

(4)

Where:
It should be noted that the rotor can be modelled as two

independent circuits. Each one has "n"-rotor loops and is
related to one of the two stator windings with the same
number of poles of the corresponding one. So, the sub-
script 'k' may be also used to define the two different rotor
circuits related to the corresponding two stator windings.
This is attributed to the mutual decoupling of the two sta-
tor windings since they have different number of poles.
Figure 3 shows a schematic diagram of n-rotor loops
winding distribution for any of the corresponding two-sta-
tor windings just after defining 'k'. An open circuit rotor
loop from one side of end rings is also shown in Fig. 3.

The final qdork-axes rotor voltage equation can be writ-
ten in a matrix form as:

Figure 2.  Phase axes relationship of the MDFIM

Figure 3.  Rotor loops winding distribution
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4.2  QDO-Axes Flux Linkage Relations
Since the two stator windings are mutually decoupled,

it should be noted that, in the flux linkage calculations,
there is no component of flux linkage of any of the two
stator windings or rotor circuits due to the current of the
other one. Hence, the flux linkage in each of the stator
windings or rotor circuits is established due to only two
components. The first is due to the current in the same
winding or circuit, and the second is due to the current of
the corresponding one, which has the same number of
poles. The total qdok-axes equation of the stator flux link-
age can be written as:

The qdok-axes stator flux linkage due to the correspon-
ding qdok-axes stator winding current is given by:

(6)

Where:

The qdok-axes stator flux linkage due to the correspon-
ding qdork-axes rotor current is given by:

(7)

The total qdork-axes rotor flux linkage equation can be
written as:

The qdork-axes rotor flux linkage due to the correspon-
ding qdork-axes rotor current is given by:

(8)

The qdork-axes rotor flux linkage due to the corresponding
qdok-axes stator winding current is given by:

The final form of qdo-axes system model in the rotor
reference frame is given in the appendix.

4.3  Electromagnetic Developed Torque Equation
The electromagnetic developed torque of a BDFIM can

be divided into two components. Each one is due to the
mutual coupling between one of the two-stator windings
and the corresponding rotor circuit. Thus, the total electro-
magnetic developed torque is given by the summation of
these two components and can be written in terms of qdo-
axis currents as:

(10)
Where:

(11)

(12)
4.4  The Electromechanical Equation

The electromechanical equation of a BDFIM can be
easily written as:

(13)
Equations (4) through (13) provide a useful dynamic

representation of the machine. Thus, this model can be
used to describe the dynamic performance of the machine
in the qdo rotating axes. 

5.  Steady-State Model 

5.1  Steady-State Voltage Equations
It is well known that the presented qdo-axes dynamic

model is obtained in the rotor reference frame. Hence, in
order to obtain the steady-state voltage equations, the dif-
ferential operator "p" should be replaced by the rotor fre-
quency, ie. P = J ( ek - Pk m).  The final steady-state
voltage equations for both the two stator windings and the
corresponding two rotor circuits can be rewritten in a
matrix form as:

(14)

Where 'sk' is the slip related to both stator windings and
can be given by 

(15)  

Equation (14) has a similar form to the corresponding
steady-state voltage equations of the conventional induc-

λ L  i

where:

Where: (9)
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tion machine. However, it can be observed that the term
representing the mutual inductance between any of the
two stator windings and the corresponding rotor circuits,
Lmkr, is not the same as the mutual-inductance term
between any of the two rotor circuits and the correspon-
ding stator windings, Lmrk. This case is not observed in the
conventional induction machine. The reason is attributed
to the representation of the rotor in the proposed BDFIM
by an equally m-rotor loops or circuits, while the stator is
represented by two equivalent three-phase circuits.
However, in the conventional induction machine, equiva-
lent three-phase circuits are used to represent both the sta-
tor and rotor.

5.2  Steady-State Electromagnetic Torque Express- 
ion

The steady-state electromagnetic torque developed by
each one of the two stator windings can be expressed as:

(16)  

Or, it can be derived in another form as follows:

(17)  

Where, the acronym "Re" stands for "Real Part".      

6.  Sample Case Studies 

Sample case studies are presented using the proposed
model. The presented samples of the simulation results are
obtained using Matlab/Simulink software with the calcu-
lated parameters of an actual set-up system. The stator and
the rotor of a conventional three-phase squirrel-cage
induction motor, rated at 1.1 kW, 460 V and 4-poles, are
modified to fit the nature of BDFIM. One set of the two
stator windings, the power windings, has six poles, while
the other, the control windings, has two-poles. All mutual
and magnetizing inductances are calculated using winding
function method (Allam et al. 2008). Stator resistance and
leakage inductance are measured using standard tech-
niques that used for the conventional induction machines.
Dimensions of both rotor bar and end-ring are used to cal-
culate their resistance and leakage inductance. 

Experimentally, in studying the performance of the
BDFIM under different operating conditions, the six-poles
power windings are connected to a constant voltage con-
stant frequency supply. On the other hand, the two-poles
control windings are connected to an inverter operating in
a constant voltage per hertz (V/f) mode (ie. doubly-fed
operation) or left open (ie. singly-fed operation). 

6.1  Singly-Fed Operation
Figure V4 shows the run-up response of a singly-fed

mode of the BDFIM. In this mode of operation, the power
windings are connected directly to the mains supply, while
the control windings are left open under no-load condi-

tion. The power windings are connected in a star configu-
ration, where the mains supply is set to 100-Volt (line-line
voltage) with a frequency of 50-Hz. To simulate the case
of open circuit in the control windings, a very high resis-
tor is connected to its terminals. 

It can be noted that, the machine gives a response sim-
ilar to that of the conventional 6-pole induction machine,
where the motor runs up to a steady-state speed that is
close to the synchronous speed, ie. 1000-rpm. The predict-
ed 6-pole electromagnetic torque during free acceleration
is also shown in the figure. The similarity between simu-
lated and experimental results confirms that the proposed
model is valid to describe the transient behaviour of the
conventional induction machine operating only with one
set of three-phase stator windings.

6.2  Doubly-Fed Operation
For more understanding of the machine behavior, the

BDFIM is examined in a doubly-fed mode under different
modes of operations in a sequential manner. Figure V.5
shows the run-up response of a doubly-fed mode of the
BDFIM followed by two different operating conditions. In
the simulation process, the power winding is firstly con-
nected directly to the mains supply while the control
winding is left open under no-load condition up to 4.0 sec-
onds, when a 0.25 N.m load torque is applied. Then, the
control winding is connected to the mains supply via an
inverter after 4.0 seconds from the loading time (ie. 8.0
seconds from starting). The power windings and the con-
trol windings are connected in star configuration. 

Experimentally, the voltage of the mains power supply
is set to 100-Volt (line-line voltage) with a frequency of
50-Hz. On the other hand, the control-winding inverter is

Figure V.4.  Run-up response of a singly-fed mode of
the BDFIM under no-load conditions
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operated in a constant voltage per hertz mode (220/50
V/Hz) and the output control frequency is set to 10 Hz.
The control winding is excited with a reversed sequence
with respect to the power-winding sequence. The predict-
ed electromagnetic torque is also shown in Fig. V.5.  It can
be observed from the figure that, the effect of inserting the
control winding with a reversed sequence excitation is to
reduce the steady-state operating speed. 

6.3  Steady-State Characteristics
To highlight the steady-state performance, Fig. 6 rep-

resents the simulated and experimental speed as a function
of the control winding frequency at constant load torque.

where the mains supply is set to 150-Volt (line-line volt-
age) with a frequency of 50-Hz. The control winding is

excited with the reverse sequence of the power winding. It
is clear from the figure that the speed control through the
frequency of the control winding is possible. The range of
the speed variation can be increased with proper voltage
and frequency control of the control winding.

Conclusions

This paper has presented an accurate analysis that is
valid for predicting the dynamic and steady-state perform-
ance of brushless doubly-fed induction machines. A gen-
eral model in the qdo-axes has been derived from the basic
relations of the machine. The winding function method is
used as a viable method for calculating the machine induc-
tances. In addition, a corresponding steady state model is
derived using appropriate relations. In order to confirm
the validity of the proposed model, Sample case studies
have been introduced using actual experimental set-up
parameters. The agreement between simulated and exper-
imental results ensures the validity and effectiveness of
the proposed model.   
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Appendix

A.  Final form of qdo-axes system model in rotor reference frame


